Ă.Ă.Čőŋçăàáłĺľ, Ś.đ.Řőňăŋőć, Ď.Ć.Šãŋĺæłĺľ

Ő ŊĚŁŐŠŐŘŻŢ ŐĄŘĂŠŊŻŢ ĞĂĎĂŮĂŢ ŚĹŊŠĚĞĂ ŔŃŐŚŁŐĽ ŁŐŇŔĲđŠĚŘŊŐĽ ŐŔŠĹŁĹ

1. Ććěďěŋĺě

Ŕàĺ ŕàăłâĺçěáłőň ŕàĺňěŋěŋĺĺ ńăğěàőć ĺ ďàãčĺå ĺáâőçŋĺłőć áćěâă çăáâő ćőğŋĺłăěâ ğăďăçă ŕàěőąàăğőćăŋĺï ĺå ĺğńãçěŋĺï. Ćőğňőęŋőáâĺ âàăďĺæĺőŋŋëå őŕâĺçěáłĺå íńěňěŋâőć - ńĺŋğ, ŕàĺğň, ğěàłăń ĺ â.ŕ. ćěáìňă őčàăŋĺçěŋë. Ŕńőáłĺě łőňŕìîâěàŋëě íńěňěŋâë őąńăďăîâ ąőńěě èĺàőłĺňĺ ćőğňőęŋőáâïňĺ. Šěåŋőńőčĺï áĺŋâěğă ŕńőáłĺå łőňŕìîâěàŋëå íńěňěŋâőć ćłńîçăěâ ć áěąï ćëąőà ňăâěňăâĺçěáłőľ ňőďěńĺ ăďěłćăâŋő őŕĺáëćăîéěľ àăáŕàőáâàăŋěŋĺě ĺğńãçěŋĺï ć àăááňăâàĺćăěňőň áńãçăě; ňăâěňăâĺçěáłãî ŕőáâăŋőćłã ĺ àěèěŋĺě őąàăâŋőľ ğăďăçĺ áĺŋâěğă; ĺ ŕàăłâĺçěáłãî àěăńĺğăæĺî ŕőńãçěŋŋőčő àěèěŋĺï. Ŋăáâőïéăï áâăâìï ŕőáćïéěŋă àěèěŋĺî őďŋőľ őąàăâŋőľ ğăďăçĺ áĺŋâěğă őŕâĺçěáłĺå íńěňěŋâőć ďńï ŕàěőąàăğőćăŋĺï łőčěàěŋâŋőčő őŕâĺçěáłőčő ĺğńãçěŋĺï. Śàěďĺ àěèěŋŋëå őąàăâŋëå ğăďăç áĺŋâěğă őŕâĺçěáłĺå íńěňěŋâőć ŕàěőąàăğãîéĺå ńăğěàŋőě ĺğńãçěŋĺě ŋěőąåőďĺňő őâňěâĺâì àěèěŋĺě ŕàőąńěňë äőłãáĺàőćłĺ ć ŕàőĺğćőńìŋãî łàĺćãî á ğăďăŋŋëň àăáŕàěďěńěŋĺěň ĺŋâěŋáĺćŋőáâĺ [1]. Ć ŋăáâőïéěě ćàěňï ŕńőáłĺě äăğőćëě őŕâĺçěáłĺě íńěňěŋâë ŋăåőďïâ èĺàőłőě ŕàĺňěŋěŋĺě łăł áàěďáâćő ğăéĺâë őâ ŕőďďěńłĺ ć łőňŕìîâěàŋő-áĺŋâěğĺàőćăŋŋëå čőńőčàăňňăå [2]. Űěńì ŋăáâőïéěľ àăąőâë: àăğàăąőâłă ăńčőàĺâňőć àěèěŋĺï őąàăâŋőľ ğăďăçĺ ŕàěőąàăğőćăŋĺï ĺğńãçěŋĺï ĺğ őąńăáâĺ ć őąńăáâì; ĺááńěďőćăŋĺě ŕàĺňěŋĺňőáâĺ ŕàĺąńĺęěŋĺï čěőňěâàĺçěáłőľ őŕâĺłĺ ďńï àěèěŋĺï őąàăâŋőľ ğăďăçĺ áĺŋâěğă őŕâĺçěáłĺå íńěňěŋâőć ďńï ŕàěőąàăğőćăŋĺï ĺğńãçěŋĺï ĺğ őąńăáâĺ ć őąńăáâì ŕàĺ äőàňĺàőćăŋĺĺ ĺğőąàăęěŋĺľ.

2. Ňőďěńì àăáŕàőáâàăŋěŋĺï ĺğńãçěŋĺï ďńï àěèěŋĺï őąàăâŋőľ ğăďăçĺ

Ŋăĺąőńěě âőçŋőľ ňőďěńìî őŕĺáëćăîéěľ àăáŕàőáâàăŋěŋĺě áćěâă ïćńïîâáï ãàăćŋěŋĺï Ňăłáćěńńă. Ŋő ĺáŕőńìğőćăŋĺě íâőľ ňőďěńĺ ďńï àěèěŋĺï ğăďăç äőàňĺàőćăŋĺï őŕâĺçěáłőčő ĺğńãçěŋĺï ŕńőáłĺňĺ őŕâĺçěáłĺňĺ íńěňěŋâăňĺ ŕàěďáâăćńïěâáï ćěáìňă ŕàőąńěňăâĺçŋëň ĺ ćőğňőęŋő âőńìłő ć őçěŋì ŕàőáâëå áńãçăïå. Ć ŋăáâőïéěľ àăąőâě ňë ąãďěň àăááňăâàĺćăâì őąàăâŋãî ğăďăçã ć ŕàĺąńĺęěŋĺĺ čěőňěâàĺçěáłőľ őŕâĺłĺ. Ć íâőň ŕàĺąńĺęěŋĺĺ ćőńŋőćőě ŕőńě ć łăęďőľ âőçłě ŕàőáâàăŋáâćă őŕĺáëćăěâáï ăňŕńĺâãďőľ ĺ äăğőľ. Ŕãáâì ĺğńãçěŋĺě àăáŕàőáâàăŋïěâáï ćďőńì őáĺ Z, ă őŕâĺçěáłĺľ íńěňěŋâ ŋăåőďĺâáï ć âőçłě Z = 0, ŋă ŋěčő ŕăďăěâ ŕńőáłăï ćőńŋă á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň ăňŕńĺâãďë (Řĺáãŋőł 1);

Řĺá. 1:

ŕãáâì âăłęě őŕâĺçěáłĺľ íńěňěŋâ ğăŋĺňăěâ őąńăáâì G_1. Šàěąãěâáï áőğďăâì âăłőľ íńěňěŋâ łőâőàëľ ŋă àăááâőïŋĺĺ f áőğďăáâ âăłőě ćőńŋőćőě ŕőńě çâő ěčő ăňŕńĺâãďă ąãďěâ àăćŋă ŋãńî ćáîďã ğă ŕàěďěńăňĺ őąńăáâĺ G_2, ă ćŋãâàĺ őąńăáâĺ G_2 ăňŕńĺâãďă ąãďěâ àăćŋőňěàŋőľ. Ć ďăńìŋěľèěň ąãďěň àăááňăâàĺćăâì âőńìłő äăğőćëě őŕâĺçěáłĺě íńěňěŋâë, łőâőàëě ŕàěőąàăğãîâ ĺğńãçěŋĺě ąěğ ŕőâěàì íŋěàčĺĺ. Šőčďă őŕâĺçěáłĺľ íńěňěŋâ åăàăłâěàĺğãěâáï äăğőćőľ äãŋłæĺěľ φ(x, y). Ěáńĺ őŕâĺçěáłĺľ íńěňěŋâ ğăďăŋ, âő ğăďăŋő őâőąàăęěŋĺě ĺğ őąńăáâĺ G_1 ć G_2 [1]: p = p(x, y) = x + fφ_x(x, y), q = q(x, y) = y + fφ_y(x, y). (1) Ěáńĺ ğăďăŋő őâőąàăęěŋĺě, âő őąàăğőň őąńăáâĺ G_1 ąãďěâ ŋěłőâőàăï őąńăáâì G_2, ŕàĺ íâőň ïłőąĺăŋ őâőąàăęěŋĺï őŕàěďěńïěâ őâŋőèěŋĺě ăňŕńĺâãď. Ěáńĺ őâőąàăęěŋĺě ŋăľďěŋő, âő ńěčłő ćőááâăŋőćĺâì äãŋłæĺî φ(x, y) łőâőàăï ĺ ïćńïěâáï ĺáłőňëň àěèěŋĺěň őąàăâŋőľ ğăďăçĺ áĺŋâěğă. Šăłĺň őąàăğőň âàěąãěâáï ŋăľâĺ äăğőćãî äãŋłæĺî φ(x, y) őŕâĺçěáłőčő íńěňěŋâă ğăŋĺňăîéěčő őąńăáâì G_1, łőâőàëľ äőàňĺàãěâ ĺğ ŕăďăîéěľ ŋă ŋěčő ŕńőáłőľ ćőńŋë ŋă àăááâőïŋĺĺ f őąńăáâì G_2, ć łőâőàőľ áäőàňĺàőćăŋŋăï ćőńŋă ĺňěěâ ŕőáâőïŋŋãî ăňŕńĺâãďã. Ć łőčěàěŋâŋőľ őŕâĺłě ïćńěâáï ćăęŋőľ ćğăĺňŋőőďŋőğŋăçŋőáâì őâőąàăęěŋĺï. Ś âőçłĺ ğàěŋĺï ŕàăłâĺçěáłőľ àěăńĺğăæĺĺ íńěňěŋâőć ŕàěďŕőçâĺâěńìŋë íńěňěŋâë á čńăďłőľ äăğőćőľ äãŋłæĺěľ.

Šăłĺň őąàăğőň, ďńï ŋăåőęďěŋĺï äăğőćőľ äãŋłæĺĺ âăłőčő íńěňěŋâă âàěąãěâáï ŋăľâĺ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňőě ćğăĺňŋőőďŋőğŋăçŋőě őâőąàăęěŋĺě G_1 ć G_2. Ŋěáňőâàï ŋă łăęãéãîáï ŕàőáâőâã ğăďăçă őâŋőáĺâáï ł ŋěńĺŋěľŋëň őąàăâŋëň ğăďăçăň, ŕőíâőňã àăğàăąőâłă ňăâěňăâĺçěáłĺå ăńčőàĺâňőć àěèěŋĺï ŕàěďáâăćńïěâáï ďőáâăâőçŋő áńőęŋőľ ňăâěňăâĺçěáłőľ ŕàőąńěňőľ. Ŋă ąăğě ňőďěńĺ čěőňěâàĺçěáłőľ őŕâĺłĺ áäőàňãńĺàãěň ňăâěňăâĺçěáłãî ŕőáâăŋőćłã őąàăâŋőľ ğăďăçĺ.

3. Ňăâěňăâĺçěáłăï ňőďěńì ĺ ŕőáâăŋőćłă őąàăâŋőľ ğăďăçĺ

Řăáŕàěďěńěŋĺě ăňŕńĺâãď ć ŕőŕěàěçŋőň ŋăŕàăćńěŋĺĺ ŕăďăîéěčő ĺğńãçěŋĺï ć ŕńőáłőáâĺ xy ĺ áäőłãáĺàőćăŋŋőčő ć ŕńőáłőáâĺ pq ąãďěň áçĺâăâì ŕőáâőïŋŋëňĺ. Ťőàňăńìŋő íâő ŕàĺćőďĺâ ł ãáńőćĺî ŕőáâőïŋáâćă ïłőąĺăŋă őâőąàăęěŋĺï (1): J(p, q) = p_xq_y − p_yq_x = const. (2) Ŕàĺçěň ĺéěâáï ćğăĺňŋőőďŋőğŋăçŋőě őâőąàăęěŋĺě G_1 ć G_2. Ĺğ áĺáâěňë (1) ŋěâàãďŋő âăłęě ŕőńãçĺâì ãàăćŋěŋĺě

p_y = q_x. (3)

Řăááňőâàĺň áńěďãîéãî ňăâěňăâĺçěáłãî ŕőáâăŋőćłã őąàăâŋőľ ğăďăçĺ. Ŕãáâì ŋă ŕńőáłőáâĺ ŕăàăňěâàőć xy ğăďăŋă őąńăáâì G_1 , ă ŋă ŕńőáłőáâĺ ŕăàăňěâàőć pq - őąńăáâì G_2, ŕàĺçěň G_1 ĺ G_2 - łőňŕăłâŋëě ćëŕãłńëě őąńăáâĺ. Ąãďěň áçĺâăâì, çâő G_1 őčàăŋĺçěŋă ćëŕãłńőľ łàĺćőľ

g_1(x, y) = 0, (4ă)

ă őąńăáâì G_2 - ćëŕãłńőľ łàĺćőľ

g_2(p, q) = 0, (4ą)

čďě äãŋłæĺĺ g_1 ĺ g_2 ŕàĺŋăďńěęăâ łńăááã Ś^{1+α}, 0 < α < 1, ĺ

dg_1(x, y) ≠ 0, dg_2(p, q) ≠ 0, (5)

ć ŋěłőâőàőľ őłàěáâŋőáâĺ čàăŋĺæ ∂G_1 ĺ ∂G_2 áőőâćěâáâćěŋŋő. Šàěąãěâáï ŋăľâĺ âăłőľ ďĺääěőňőàäĺğň

p = p(å, ã), q = q(å, ã), (5ă) łńăááă Ś^{1+α}(G_1) őąńăáâĺ G_1 ŋă őąńăáâì G_2, łőâőàëľ ãďőćńěâćőàïěâ ďćãň ãáńőćĺïň: J(p, q) = p_xq_y − p_yq_x = const > 0, p_y = q_x. (6) Őâňěâĺň, çâő ďńï áőğďăŋĺï őŕâĺçěáłĺå íńěňěŋâőć, äőłãáĺàãîéĺå őąńăáâì G_1 ć G_2 ŋěőąåőďĺňő ćëçĺáńěŋĺě äăğőćőľ äãŋłæĺĺ φ(x, y) ĺğ ãàăćŋěŋĺľ (1). Łăł ňőęŋő ŕőłăğăâì, ŕő ŋăľďěŋŋëň äãŋłæĺïň p(x, y), q(x, y) ĺğ áĺáâěňë (1) á âőçŋőáâìî ďő łőŋáâăŋâë ŋăåőďĺâáï äăğőćăï äãŋłæĺï φ(x, y). Ďěľáâćĺâěńìŋő, ŕő ãáńőćĺî ĺáåőďŋőľ ğăďăçĺ őąńăáâì G_1 őďŋőáćïğŋă, ĺ ŕőâőňã, łăł ĺğćěáâŋő, ćëŕőńŋěŋĺě ãáńőćĺï (2) ĺ (3) àăćŋőáĺńìŋő áãéěáâćőćăŋĺî äãŋłæĺĺ z = z(å, ã), ŕěàćëě ŕàőĺğćőďŋëě łőâőàőľ àăćŋë p(x, y) ĺ q(x, y) , â.ě. ďńï (å, ã) ∈ G_1 p(x, y) = z_x(x, y), q(x, y) = z_y(x, y). (7) Šőčďă äăğőćăï äãŋłæĺï ĺňěěâ ćĺď

φ(x, y) = 1/f(z(x, y) − (x^2 + y^2)/2). (8) Ďńï àěèěŋĺï ğăďăçĺ (5a)-(6) ěě ãďőąŋő áćěáâĺ ł íńńĺŕâĺçěáłőňã ãàăćŋěŋĺî Ňőŋęă-Ăňŕěàă. Ŕőďáâăćńïï p(x, y), q(x, y) ĺğ (7) ć áĺáâěňã (6), ŕàĺåőďĺň ł ãàăćŋěŋĺî Ňőŋęă-Ăňŕěàă

z_{xx}z_{yy} − z^2_{xy} − 1 = 0. (9) Ŕőłăęěň, çâő ĺáåőďŋăï ğăďăçă (5a)-(6) àăćŋőáĺńìŋă àěèěŋĺî ãàăćŋěŋĺï (9) á łàăěćëňĺ ãáńőćĺïňĺ (4ą). Ďěľáâćĺâěńìŋő, ěáńĺ őâőąàăęěŋĺě (5ă) ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺľ (6), âő á âőçŋőáâìî ďő ŕőáâőïŋŋőčő áńăčăěňőčő ć G_1 őďŋőğŋăçŋő őŕàěďěńěŋă äãŋłæĺï z = z(å, ã), ďńï łőâőàőľ ćëŕőńŋïîâáï (7) ĺ z(å, ã) - àěèěŋĺě ãàăćŋěŋĺï (9). Őąàăâŋő, ěáńĺ äãŋłæĺï z = z(å, ã) - âăłőě àěèěŋĺě ãàăćŋěŋĺï (9), çâő őŕàěďěńěŋŋőě àăćěŋáâćăňĺ (7) őâőąàăęěŋĺě ïćńïěâáï ďĺääěőňőàäĺğňőň őąńăáâĺ G_1 ŋă G_2 , âő íâőâ ďĺääěőňőàäĺğň - àěèěŋĺě ĺáåőďŋőľ ğăďăçĺ (5a)-(6). Łăł ĺğćěáâŋő, ćáïłăï ďćăęďë ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňăï ŋă łőňŕăłâŋőň ćëŕãłńőň ňŋőęěáâćě äãŋłæĺï âőčďă ĺ âőńìłő âőčďă áĺńìŋő ćëŕãłńă, łőčďă ěě čěááĺăŋ ŕőńőęĺâěńěŋ [3]. Łàőňě âőčő, čàăďĺěŋâ ďćăęďë ďĺääěàěŋæĺàãěňőľ áĺńìŋő ćëŕãłńőľ äãŋłæĺĺ ïćńïěâáï ďĺääěőňőàäĺğňőň. Šěň áăňëň, ğăďăçă (5a)-(6) àăćŋőáĺńìŋă ŋăåőęďěŋĺî ć G_1 àěèěŋĺï ãàăćŋěŋĺï (9) łńăááă Ś^{2+α}(G_1), ďńï łőâőàőčő ŋă čàăŋĺæě ∂G_1 ćëŕőńŋěŋő ŋěńĺŋěľŋőě łàăěćőě ãáńőćĺě (4ą).

Ďńï ŋěńĺŋěľŋőľ łàăěćőľ ğăďăçĺ (9) (4ą) ć àăááňőâàěŋŋëå ćëèě ãáńőćĺïå ĺňěěâ ňěáâő âěőàěňă áãéěáâćőćăŋĺï ĺ ěďĺŋáâćěŋŋőáâĺ [4], ă ĺňěŋŋő, á âőçŋőáâìî ďő ŕőáâőïŋŋőčő áńăčăěňőčő áãéěáâćãěâ àőćŋő ďćă àěèěŋĺï z_1 = z_1(x, y) ĺ z_2 = z_2(x, y), ŕěàćőě ĺğ łőâőàëå ŋăŕàăćńěŋő ćëŕãłńőáâìî ćŋĺğ, ă ćâőàőě - ćëŕãłńőáâìî ććěàå. Ć âěàňĺŋăå ğăďăçĺ (5a)-(6) íâő őğŋăçăěâ, çâő áãéěáâćãěâ àőćŋő ďćă ďĺääěőňőàäĺğňă p_1(x, y) , q_1(x, y) ĺ p_2(x, y) q_2(x, y) őąńăáâĺ G_1 ć G_2, ŕěàćőě ĺğ łőâőàëå ĺňěěâ ŕőńőęĺâěńìŋãî ŕàőĺğćőďŋãî p_{1x} , ă ćâőàőě őâàĺæăâěńìŋãî ŕàőĺğćőďŋãî p_{2x} . Ăŋăńőčĺçŋő áãéěáâćãěâ àőćŋő ďćě äăğőćëě äãŋłæĺĺ ĺğ áőőâŋőèěŋĺï (1) äőłãáĺàãîéĺě ĺğńãçěŋĺě ĺğ őąńăáâĺ G_1 ć G_2. Ďńï áńãçăï, łőčďă őąńăáâĺ G_1 ĺ G_2 æěŋâàăńìŋőáĺňňěâàĺçŋë őąă àěèěŋĺï áĺáâěňë (6) áćïğăŋë ŕàőáâëňĺ áőőâŋőèěŋĺïňĺ: p_2(−x, −y) = p_1(x, y), q_2(−x, −y) = q_1(x, y), p_2(x, y) = −p_1(x, y), q_2(x, y) = −q_1(x, y). (10)

İâő őğŋăçăěâ, çâő őąă őâőąàăęěŋĺï őąńăáâěľ G_1 ć G_2 ŕěàěćőďïâ æěŋâàăńìŋőáĺňňěâàĺçŋëě âőçłĺ őąńăáâĺ G_1 ć æěŋâàăńìŋőáĺňňěâàĺçŋëě âőçłĺ őąńăáâĺ G_2 . Őâńĺçăîâáï őâőąàăęěŋĺï ňěęďã áőąőľ ńĺèì ďőŕőńŋĺâěńìŋëň ŕőćőàőâőň ŋă 180^0 ć őąńăáâĺ G_2.

4. Ňěâőďë àěèěŋĺï őąàăâŋőľ ğăďăçĺ

Őáâăŋőćĺňáï ŋă ňěâőďăå àěèěŋĺï ĺáåőďŋőľ ğăďăçĺ (5a)-(6). Řăááňőâàĺň ěďĺŋĺçŋëľ łàãč

Ł = {(u, v)| u^2 + v^2 ≤ 1}, (11)

ĺ ďàőąŋő-ńĺŋěľŋőě ŕàěőąàăğőćăŋĺě χ = ě^{iθ} (w − a) (1 − wa) , (12)

čďě θ - ŕàőĺğćőńìŋőě ćěéěáâćěŋŋőě çĺáńő, a - łőňŕńěłáŋőě çĺáńő, ńěęăéěě ćŋãâàĺ ěďĺŋĺçŋőčő łàãčă, â.ě. |a| < 1, ĺ w = u + iv.

Ŋăľďěň àěèěŋĺě áńěďãîéěľ łàăěćőľ ğăďăçĺ ć ěďĺŋĺçŋőň łàãčě Ł

y_u − p_v = 0, q_u − x_v = 0, y_v − p_u = 0, q_v − x_u = 0,

(13) c łàăěćëňĺ ãáńőćĺïňĺ g_1(x(u, v), y(u, v)) = 0, g_2(p(u, v)), q(u, v)) = 0, (14) ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ ∂Ł, čďě x(u, v), y(u, v), p(u, v), q(u, v) { äãŋłæĺĺ ğăďăŋŋëě ć łàãčě (u, v) ∈ K.

Ňőęŋő ŕőłăğăâì, çâő ěáńĺ ďőŕőńŋĺâěńìŋő ćëŕőńŋěŋő ãáńőćĺě

x_uy_v − x_vy_u ≠ 0, (15) âő äãŋłæĺĺ p(u(x, y), v(x, y)), q(u(x, y), v(x, y)), čďě (u(x, y), v(x, y)) = (x(u, v), y(u, v))^{−1} őáãéěáâćńïîâ ďĺääěőňőàäĺğň ćëŕãłńőľ őąńăáâĺ G_1 ŋă ćëŕãłńãî őąńăáâì G_2 ĺ ïćńïîâáï àěèěŋĺěň ğăďăçĺ (5a)-(6).

Ďńï ğăďăçĺ (13)-(14) ćëŕőńŋïîâáï âěőàěňë áãéěáâćőćăŋĺï ĺ ěďĺŋáâćěŋŋőáâĺ àěèěŋĺï á âőçŋőáâìî ďő ďàőąŋő-ńĺŋěľŋőčő ŕàěőąàăğőćăŋĺï χ ć łàãčě. Śńěďãîéĺě őçěćĺďŋëě áćőľáâćă ąãďãâ ĺáŕőńìğőćăŋë ŕàĺ àěăńĺğăæĺĺ çĺáńěŋŋëå ăńčőàĺâňőć àěèěŋĺï łàăěćőľ ğăďăçĺ (13)-(14).

Ĺğ (13) áńěďãěâ, çâő äãŋłæĺĺ y + ià ĺ q + ix čőńőňőàäŋë ćŋãâàĺ ěďĺŋĺçŋőčő łàãčă K.

Ďăńěě ğăňěâĺň, çâő ć áĺńã čőńőňőàäŋőáâĺ y + ià ĺ q + ix ć ğăňłŋãâőň łàãčě K ĺňěěâ ňěáâő àăćŋőňěàŋăï áåőďĺňőáâì lim N →+∞ f N = y + ip, lim_{N →+∞} t_N = q + ix, (16)

čďě f_N , t_N łőňŕńěłáŋëě ňŋőčőçńěŋë ćĺďă

f_N =^{N∑}_{n=0} a_n(u + iv)^n, t_N =^{N∑}_{n=0} b_n(u + iv)^n. (17)

Łàőňě âőčő, ŕàĺ äĺłáĺàőćăŋŋőň N äãŋłæĺĺ y +ip−f_N ĺ q +ix−t_N (čďě f_N , t_N - ňŋőčőçńěŋë ćĺďă (17)) čőńőňőàäŋë ćŋãâàĺ ěďĺŋĺçŋőčő łàãčă Ł, ă ŕőâőňã x − Im(t_N ), y − Re(f_N ), p − Im(f_N ), q − Re(t_N ) (19) ăŋăńĺâĺçŋë ĺ ďőáâĺčăîâ ŋăĺąőńìèěčő ĺ ŋăĺňěŋìèěčő ğŋăçěŋĺï ŋă ěďĺŋĺçŋőľ őłàãęŋőáâĺ ∂Ł. Ĺŋăçě čőćőàï, ňőďãńĺ ŕőčàěèŋőáâěľ ŕàĺąńĺęěŋĺľ f_N ĺ t_N ŕàĺŋĺňăîâ ňăłáĺňăńìŋëě ğŋăçěŋĺï ŋă čàăŋĺæě.

Ĺáåőďï ĺğ ćëèěĺğńőęěŋŋőčő, ňőęŋő ŕàěďńőęĺâì áńěďãîéĺľ çĺáńěŋŋëľ ăńčőàĺâň àěèěŋĺï ğăďăçĺ (13)-(14), ă áńěďőćăâěńìŋő ğăďăçĺ (5a)-(6), ŕàĺçěň ŕàĺćěďěŋŋëě ćëèě áőőąàăęěŋĺï ŕőğćőńïîâ ŋăďěïâìáï ŋă ňĺŋĺňĺğĺàãîéĺě áćőľáâćă ăńčőàĺâňă, ă ŕàĺ äőłãáĺàőćłě ĺğ łàãčă ć łćăďàăâ (G_1 -łàãč, G_2 -łćăďàăâ) áåőďĺňőáâì àăćŋőňěàŋăï.

Řăááňăâàĺćăěâáï äãŋłæĺőŋăń ŕàĺ äĺłáĺàőćăŋŋőľ áâěŕěŋĺ N ňŋőčőçńěŋőć

^(f_N , t_N ) =^{M∑}_{k=1}(g_1(Im(t_{Nk}), Re(f_{Nk}))^2 + (g_2(Im(f_{Nk}), Re(t_{Nk}))^2), (20)

čďě t_{Nk} ĺ f_{Nk} { ğŋăçěŋĺï ňŋőčőçńěŋőć t_N ĺ f_N ŋă àăćŋőňěàŋőľ áěâłě ĺğ M âőçěł ěďĺŋĺçŋőľ őłàãęŋőáâĺ ∂Ł. Ăńčőàĺâň áőáâőĺâ ć ňĺŋĺňĺğăæĺĺ íâőčő äãŋłæĺőŋăńă ŕő 2N łőňŕńěłáŋëň ŕăàăňěâàăň { łőíääĺæĺěŋâăň ňŋőčőçńěŋőć (17). Ŕőńãçěŋŋëě ŕàĺ ňĺŋĺňĺğăæĺĺ äãŋłæĺőŋăńă (20) ňŋőčőçńěŋë f_N , t_N àăááňăâàĺćăîâáï łăł ŕàĺąńĺęěŋŋőě ğŋăçěŋĺě ďńï y + ip ĺ q + ix áőőâćěâáâćěŋŋő. Ğăňěâĺň, çâő ŕàĺąńĺęěŋŋőě àěèěŋĺě ãďőćńěâćőàïěâ ãàăćŋěŋĺïň (2) ĺ (3). Ůĺáńěŋŋãî àěăńĺğăæĺî ăńčőàĺâňă ãďőąŋő őáãéěáâćńïâì, ŋăŕàĺňěà, čàăďĺěŋâŋëň ňěâőďőň [5], ŕőáâěŕěŋŋő ŕőćëèăï áâěŕěŋì N ňŋőčőçńěŋőć, ŕàĺçěň ďńï ňŋőčőçńěŋőć N +1-őľ áâěŕěŋĺ ğă ŋăçăńìŋőě ŕàĺąńĺęěŋĺě ąěàãâáï ňŋőčőçńěŋë áâěŕěŋĺ N, ňĺŋĺňĺğĺàãîéĺě äãŋłæĺőŋăń ^(f_N , t_N ).

Šăłĺň őąàăğőň, ğăďăçă ŋăåőęďěŋĺï äăğőćőľ äãŋłæĺĺ őŕâĺçěáłőčő íńěňěŋâă φ(x, y) àěèăěâáï ć âàĺ íâăŕă: ňĺŋĺňĺğĺàãěâáï äãŋłæĺőŋăń (20), ŋăåőďïâáï p(u, v), q(u, v), x(u, v), y(u, v) ć ćĺďě ŕőńĺŋőňőć; őąàăéěŋĺěň ŋăåőďĺâáï őâőąàăęěŋĺě (5ă) p(x, y), q(x, y); ĺğ (7) ćëçĺáńïěâáï äãŋłæĺï z(x, y), ĺ ŕőńãçăěâáï φ(x, y) ĺğ (8).

5. Řăáçěâ ňőďěńìŋëå ğăďăç

Ć łăçěáâćě ňőďěńìŋőľ ğăďăçĺ àăááňăâàĺćăńăáì ğăďăçă äőàňĺàőćăŋĺï ĺğńãçěŋĺï ĺğ łàãčă á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň ăňŕńĺâãďë ć łćăďàăâ á àăćŋőňěàŋëň àăáŕàěďěńěŋĺěň ăŕńĺâãďë. Śőčńăáŋő őŕĺáăŋŋőňã ćëèě ăńčőàĺâňã ąëńĺ àăááçĺâăŋë ďćě äăğőćëě äãŋłæĺĺ φ_1(x, y) ĺ φ_2(x, y) őŕâĺçěáłĺå íńěňěŋâőć ŕàěőąàăğãîéĺå ĺğńãçěŋĺě ĺğ łàãčă ć łćăďàăâ, áőőâćěâáâćãîéĺě ŕěàćőňã ĺ ćâőàőňã àěèěŋĺïň (9). Řăáçěâë äăğőćëå äãŋłæĺľ ŕàőćőďĺńĺáì ŕàĺ áńěďãîéĺå ŕăàăňěâàăå: ŕńőéăďĺ łàãčă ĺ łćăďàăâă àăćŋë; ďĺăňěâà łàãčă 1ňň; áőőâćěâáâćěŋŋő áâőàőŋă łćăďàăâă^√(1/π)ňň; àăááâőïŋĺě f ňěęďã őŕâĺçěáłĺň íńěňěŋâőň ĺ ĺğőąàăęěŋĺěň 20ňň. Ŕàĺ ňĺŋĺňĺğăæĺĺ äãŋłæĺőŋăńă (20) ĺáŕőńìğőćăńĺáì ŕőńĺŋőňë á çĺáńőň çńěŋőć N = 150. Ŋă àĺáãŋłě 2 áŕàăćă ŕőłăğăŋă äăğőćăï äãŋłæĺï φ_1(x, y) łăł ŕőćěàåŋőáâì, áńěćă ŕőłăğăŋë ěě ńĺŋĺĺ ãàőćŋï. Ŋă àĺáãŋłě 3 ŕőłăğăŋă äăğőćăï äãŋłæĺï φ_2(x, y).

Ŕàĺąńĺęěŋĺě čěőňěâàĺçěáłőľ őŕâĺłĺ ŋě ãçĺâëćăěâ ćőńŋőćëå íääěłâőć âăłĺå łăł ďĺäàăłæĺï ĺ ĺŋâěàäěàěŋæĺï. Ŕàĺąńĺęěŋĺě Ťàěŋěńï ąőńěě

Řĺá. 2: Ťăğőćăï äãŋłæĺï 1.

âőçŋő őŕĺáëćăěâ ŕàőæěáá àăáŕàőáâàăŋěŋĺï ĺğńãçěŋĺï. Ć ŕàĺąńĺęěŋĺĺ Ťàěŋěńï [1] áãéěáâćãěâ áćïğì ňěęďã ğŋăçěŋĺïňĺ ćőńŋőćőčő ŕőńï u_1(x, y) ŕőáńě íńěňěŋâă á äăğőćőľ äãŋłæĺěľ φ(x, y) ć ŕńőáłőáâĺ Z = 0 ĺ u_2(p, q) ć ŕńőáłőáâĺ ĺğőąàăęěŋĺï Z = f (áň Řĺá.1).

u_2(p, q) = A ∫ G_1 e^{− ik2f ((p−x)2+(q−y)2)}e^{−ikφ(x,y)}dxdy, (21) čďě k =^{2π}_λ , λ { ďńĺŋă ćőńŋë ĺğńãçěŋĺï, A { ŋěłőâőàăï łőŋáâăŋâă. Łăł ŕőłăğëćăěâ ŕàăłâĺłă, âőçŋőáâì àăááçĺâăŋŋőľ ć íâőň ŕàĺąńĺęěŋĺĺ ăňŕńĺâãďë ćőńŋőćőčő ŕőńï ć ŕńőáłőáâĺ ĺğőąàăęěŋĺï ďőáâăâőçŋă ŕàĺ ŕăàăňěâàăå ŋăáâőïéěľ ğăďăçĺ. Ąëńĺ ŕàőćěďěŋë àăáçěâë ăňŕńĺâãďë ćőńŋőćőčő ŕőńï ć ŕàĺąńĺęěŋĺĺ Ťàěŋěńï. Ŕàĺ àăáçěâăå ĺáŕőńìğőćăńőáì áćěďěŋĺě ĺŋâěčàăńă ć (21) ł ďćãňěàŋőňã ŕàěőąàăğőćăŋĺî Ťãàìě, łőâőàőě ćëçĺáńïńőáì ŕőáàěďáâćőň ĄĎŔŤ, ŕàĺ íâőň ĺáŕőńìğőćăńăáì áěâłă 512 ŋă 512 âőçěł. Ŋă àĺáãŋłě 3 ŕőłăğăŋă ăňŕńĺâãďă ćőńŋőćőčő ŕőńï áőğďăŋŋăï őŕâĺçěáłĺň íńěňěŋâőň á äăğőľ φ_1(x, y) áńěćă ĺ á äăğőľ φ_2(x, y) áŕàăćă. Ćĺďŋő çâő ŋě áňőâàï ŋă ćěáìňă àăğŋëľ ćĺď äăğőćëå äãŋłæĺľ ( áň. àĺá. 1 ĺ 2) àăááçĺâăŋŋëě ăňŕńĺâãďë őâńĺçăîâáï ňăńő ĺ őŋĺ őâńĺçăîâáï ŋěğŋăçĺâěńìŋő őâ âàěąãěňëå. Ŋă àĺáãŋłě 4 ŕőłăğăŋă ăňŕńĺâãďă ć ŕńőáłőáâĺ ĺğőąàăęěŋĺï ć àăğàěğě ŕàĺ q = 0.

Řĺá. 3: Ťăğőćăï äãŋłæĺï 2.

Ńĺâěàăâãàă [1] Čőŋçăàáłĺľ Ă.Ć., Ŕőŕőć Ć.Ć., Śâěŕăŋőć Ć.Ć. Ććěďěŋĺě ć łőň-

ŕìîâěàŋãî őŕâĺłã. Ň.: Ĺğď-ćő Ňőáł. ãŋ-âă, 1991.

[2] Van Renesse R.L. Optical Document Security. Boston, London: Artech

House, 1998.

[3] Ŕőčőàěńőć Ă.Ć. Ćŋěèŋïï čěőňěâàĺï ćëŕãłńëå ŕőćěàåŋőáâěľ. Ň.:

Ŋăãłă, 1969.

[4] Ćăáĺńìěć Ť.Ŕ. Ůĺáńěŋŋëě ňěâőďë àěèěŋĺï íłáâàěňăńìŋëå ğăďăç.

Ň.: Ŋăãłă, 1988.

[5] Łőàŋ Č., Łőàŋ Š. Śŕàăćőçŋĺł ŕő ňăâěňăâĺłě. Ň.: Ŋăãłă, 1977.

Řĺá. 4: Ăňŕńĺâãďë ĺğőąàăęěŋĺï ŕàĺ φ_1(x, y) áńěćă; ŕàĺ φ_2(x, y) áŕàăćă.

Řĺá. 5: Ăňŕńĺâãďă ĺğőąàăęěŋĺï ć àăğàěğě (q = 0) ŕàĺ φ_1(x, y) áńěćă; ŕàĺ φ_2(x, y) áŕàăćă.