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BBEJAEHUE

[Ipu uM3yyeHuu cTallMOHAPHBIX MPOLIECCOB PA3IMYHON (U3HUECKON MpHU-
ponbl (kKojieOaHusi, TEIUIONPOBOTHOCT, TUGGY3HUsS U Jp.) OOBIYHO MPUXOMAAT K
ypaBHEHUSIM 3JUIMNTHYECKOTO Tuna. Hanbosnee pacrpocTpaHeHHBIM yYpaBHEHUEM
JTOTO THUIIA ABJISAETCA YpaBHeHue Jlamiaca

Au=0.

Oynkuus U Ha3blBaeTCs rapMoHU4eckoil B obnactu G, ecnu oHa He-
npepbiBHA B 3TOM 00JIACTH BMECTE€ CO CBOMMM MPOU3BOAHBIMU JO BTOPOIO IIO-
psllKa ¥ yJIOBIIETBOPSAET ypaBHeHUIO Jlarmaca.

[Ipu u3yuyeHuH CBOMCTB rapMoHHUYECKMX (YHKUIMHA OBLIM pa3paboTaHbI
pa3JIMYHbIE MAaTEeMaTUYECKHE METOJIbl, OKa3aBUIMECS IJIOJAOTBOPHBIMU U B IIPH-
MEHEHUH K YpaBHEHUSIM TUNepOoIMYECcKOro 1 napaboaniecKoro THIIOB.

Haubonee o0muM METOIOM HCCIEIOBaHUS IBYMEPHBIX 3a1ad Ui ypaB-
HeHus Jlammaca SBIsIETCS METO/, MCTIOJIB3YIOMINN TEOPUIO (PYHKIINI KOMITJICKCHOM
NEpPEeMEHHOM. 3/1eCh HauOOIbIINKA UHTEPEC MPEACTABISAIOT AHATTUTUYECKHE (PYHK-
. HeoOX0uMbIMU U TOCTATOYHBIMU YCJIIOBUSMH QHATMTUYHOCTH (DYHKIUU SIB-
nsrotest yenosust Ko — Pumana. JleiicTBuTenbHas 1 MHUMasi 4aCTU aHAJIUTHYE-
CKOM B HEKOTOPOi1 007acTh GyHKIIMU yIOBIETBOPSIOT yYpaBHeHuIo Jlamaca.

WuTerpanbHoe MpencTaBieHUEe TapMOHUYECKUX (YHKIUN SBISETCS OC-
HOBHBIM amNmapaTtoM JJisl U3y4eHHUs] OOIIMX CBOWCTB TFApMOHHYECKHX (YHKITH.
Kpaesbie 3amaum ans ypaBHenus Jlannaca wnu Ilyaccona mpu momomm noTeH-
MAJIOB MIPUBOJATCS K MHTErPAIbHBIM YpaBHEHUSAM. C MOMOILBI MHTETPATbHBIX
ypaBHEHUHN yIOOHO MCCIIEOBAaTh BOMPOC O Pa3pelIMMOCTU U €IMHCTBEHHOCTU
penieHus: KpaeBbix 3ajad. Hanbosee BaKHBIMU KpaeBbIMHU 3a/ladaMU U C TeOope-
THYECKOM, U C IPAKTUYECKON TOYKHM 3PEHMS SABILIIOTCA 3anaun Qupuxie u Hen-
MaHa.

Ecnu kpaeBble 3amaun ans ypaBHeHus Jlamnmaca paccmaTpuBaroTcst B 00-
JACTAX C IJIaAKUMM TPAaHWUIAMH, TO IMOJYYaOIIUECS WHTETPAJbHbBIE YPABHEHHUS
ABJSAOTCS TUa PpeArospMa ¢ BIOJHE HENPEPBIBHBIMHU oneparopaMmu. B sTtom
ciayyae Il uX peueHus npuMmenuma teopuss Openronsma. Ecnm ke rpaHuna
paccMaTpuBaeMoOU 00JIacTH He sIBIISETCS TNanakoi (00JlacTu ¢ yriiamu), moJryda-

CTCA HMHTCTPAJIbHOC YPAaBHCHHC THIIA CDpez[ronbMa C UHTCIrpaJIbHbIMU OIICPATO-
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paMH, He SBISIOLIMMUCS BIIOJHE HENPEPBIBHBIMU. B 3TOM ciydae Hemocpencrt-
BEHHOE NpUMEHEHNE Teopur PpearoapMa He NpeICTaBISAETCS BO3ZMOKHBIM.

B manHOU KHMTE paccMmaTpuBaroTcs 3anauu Jupuxie nsa ypaBHenus Jla-
njaca B OTKPBITOM KBajpare. DTH 3aJayd PACCMATPUBAKOTCA B MPOCTPAHCTBAX
HEMPEPBIBHBIX U O'PAHUYEHHO U3MEPUMBIX Ha KBajpare QyHKIIHM.

[TommydeHo mosiHOE OMUCAaHUE ATHX KJIACCOB FApMOHUYECKHX (DYHKUIMN B
TEpMHHAX CBOWCTB TIPAHWYHBIX 3HAYEHUH, IJIOTHOCTEM IOTEHIMANa JBOWHOTO
CJIOSl U BHYTPEHHUX CBOMCTB FapMOHHUYECKUX (YHKIMI B OTKPBITOM KBajpaTe.
N3yuensl cBoiicTBa oneparopa Ilyaccona u BBEJEHHOrO0 aBTOpaMu pETYIISIPU30-

BAaHHOT'O OII€paropa.

1. OCHOBHBIE PE3YJIBTATBI

Paccmotpum 3amauy Jupuxie mis ypaBHeHus Jlammaca

Au=0, (x,y)UG (1.1)
ul. =w(xy), (1.2)
2 2
rae A= Fva +F - onteparop Jlamaca, W(X,Yy) - 3amanHas QyHKIMS Ha TpaHH-
X y
e r={(xy):0sx<sLy=03U{(xy) :0sy< 1x= O} KBapaTa
G=(0,9%(0,7.

Jlnst kpyra rapMOHHYecKasi (YHKIUS SIBHO BBIPAXKAeTCsl Yepe3 CBOE rpa-
HUYHOE 3HAYCHHE ¢ MOMOIIbI0 uHTerpaia Ilyaccona. CyiiecTBOBaHHE PEIICHUS
sagaun (1.1), (1.2) gokasaHo JjIs JOCTAaTOYHO MIMPOKOTO Kiacca (yHKIH

W(X,y) [1-6]; ogHako amis paccMaTpuBaeMoit 001acTH rapMOHUYecKas QyHKIHS

HE UMeEeT IpoCToro mpeactarinenus. Hmwke pemenue 3amaun (1.1), (1.2)0ynem

HCKaTh B BUJC NIOTCHIXAIa ,Z[BOﬁHOI‘O CJI041

_1¢d 1
u(|\/|)_7—TlE In% ®(Q)ds,, (1.3)

rie ®(Q)=®(&,7) — miornocts, M =M (x,y)OG, R,\2,,Q=(X—<z)2+(y_’7)2’

N, —BHEmHsA HOpMash B Touke QUIT (KpoMe yrioBbIX TOUEK).
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CrnenyeTr oTMeTHTh, 4TO ecym 3agada (1.1), (1.2)paccmarpuBaercs B 00-
JacTH C TJaJKON TpaHMIICH, TO MHTErPAIBbHOE YPaBHEHUE, MOJIyd4aeMoe JJIs OIl-

penenenus mioTHoctu P (Q) , ABJISIETCS ypaBHEHUEM TuIa Openronbma u s ee

penreHus npuMeHnMa Teopusi ®pearosnpma [1-6].

B namewm ciydae mosiydaercs MHTErpajibHOE ypaBHeHHE Tuna PDpen-
roJIbMa C MHTEIPAJIBHBIM ONEPATOPOM, HE SIBJIAIOIIMMCS BIIOJIHE HENPEPBIBHBIM.
IIo3TOMY HENOCPEICTBEHHOE NPUMEHEHHE pPEe3yJIbTaTOB TEOPUU HMHTEIPAIBHBIX
ypaBHeHUN PpearosbMa He NMPEICTABISAETCS BO3MOKHBIM. B CBA3M ¢ 3TUM Ipen-
CTaBJIIET MHTEPEC M3YUEHHE PA3PELIIMMOCTH COOTBETCTBYIOLINX WMHTETPAJIbHBIX
YpaBHEHUI U MOJy4YE€HUE TOYHBIX U MPUOIKEHHBIX (GOPMYIT JJIs IPEACTABICHUS
peurenus 3amaum (1.1), (1.2).

3ech IPEMIOKEH METOJ PEIICHHs] JAaHHOM 3aJadd, OCHOBAaHHBIA Ha
CBOMCTBax HEKOTOPBIX MHTEIPAIBHBIX ONEPATOPOB, OAHO3HAYHONW U KOPPEKTHOU
pa3pelIMMOCTH HEKOTOPOM CUCTEMBI MHTETPAJIbHBIX YpaBHEHHU. OTMETUM, UYTO

MPEIJIOKEHHBIA METOJI TO3BOJISIET YCIENIHO uccieaoBars 3amady (1.1), (1.2)B
npoctpancteax Jlebera L, u I'enbaepa H® u momyuuTh Kak TOYHOE pelIEHHE,
TaK ¥ MPUOJIMIKEHHOE PEIICHUE C MOMOIIIBI0 METo1a peryisipu3aryu [7-9].

[Tycte @(X) sBusieTcst U3MEpUMON (QyHKIIMEH Ha (—00,00), 111 KOTOPOM

cymectByeT pu Y >0 uHTEerpai:

¢(é)dé
+(x=¢&)’

DToT MHTErpas Ha3biBaeTcs uHTerpaioM [lyaccona [1,10] m onpenenseT rapmo-

u(xy)=5 ]

HUYECKYI0 (YHKIMIO Ha BepxHeill mnomymnockoctu. Hmwxke unterpan Ilyaccona

npuMensiercs s pemrenns 3agaun (1.1), (1.2)c maotHoCcThIO @(X), HOCUTEID
KOTOPO# MIPUHAIJICKHUT OTPE3KY [O, ZI] :
[TycTs lP(X, y) DC(F), rae C(F) — IPOCTPAHCTBO HENPEPHIBHBIX Ha [

byHKIUI ¢ HOpMOK HWHC(F) = rQDa}x W(Q)‘ . [Tonoxum

@ (x)=W(x,0), ¢,(y)=¥Ly), @(x)=wx1), @(y)=w0O.y).
OueBuHO, 4TO Y, DC[O, ZI] o 2?4, rae C[O, ZI] — IIPOCTPAHCTBO HEMPEPHIBHBIX

Ha OTpEe3Ke [O,ZI] GbyHKIUH ¢ HOpMOK H¢HC[O’]] =trg[1§l]]x‘¢(t)‘.
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Ortsickanue perrenus 3amaun (1.1), (1.2)B Buae moTeHIMaga ABOMHOIO
ciost (1.3)3KBHUBAJIEHTHO HAXOXKICHHIO HCKOMOTO PEIICHHUS B BUIE CYMMBI

u(x,y)=Zui(x,y) (1.%)
YEThIPEX TAPMOHUYECKUX (PYHKITHIA:
yr #()dé
LI1 X, y
!y +(x-&)"
j ¢2(/7)d/7
o ( +(y-n)"
_1- yj ¢3(6)d£ )
T 5 (1- x=¢)°

5} &, (/7)d/7
T x2+

- X
T

(1.4)

rae @.(x), i = 1, 4 — nckoMmble GYHKLMK Ha OTPE3KE [O;l] :

BBexem 0003HaueHUS:

(1.5)

rae

(|_|O¢)(X, y) =7_);J1‘ ¢(’7)d’7 | (1.6)

Torma paBencTBo (1.*) MOKHO TIPECTaBUTH B BHJIE U (X, y) = (I'I qJ)(X, y), rmue

(19)(xy)=3:(N8)(xy). @

OCHOBHBIMU pe3ylbTaTaMU SIBISIOTCS CIEIYIOIINE TEOPEMBbI, KOTOPBIE OT-
HOCATCSI K TapMOHMYECKUM (DYHKUUSAM, MPHUHAICKAIIUM MPOCTPAHCTBAM He-
npepbrIBHBIX QyHKIHH C (G) Y OTPAHUYEHHBIX U3MEPUMBIX QyHKUUH L, (G) :

Teopema 1.1.Cnedyrwouue ycnosus sxkeueanenmmot.

a) capmonuueckan ¢ oonacmu G Qynkyus u(x, y) pasHomepHo Henpe-

pbléna 6 Imoil oonacmu,
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0) capmonuueckasn ¢ oonacmu G pynkuyus u(x, y) umeem Henpepwvle-

HOe nP000JIdIceHUE HA 3AMKHYmMYI0 001acmb G=GUT;
4
B) ynkuus u(x, y) npeocmaguma 6 eude U= Z U, 20e Qynkyuu,
i=1

u =u (X, y), i=1,4 onpeodenenvt pasencmeamu (1.4), a nenpepvienasn eex-

mop-pynkuyus P =(¢1, .. 9.9 4)T y00611emeopsaen ycio8urd co2naco8aHHo-

CMuU 6 y2l108bIX MOYKAX 001aCmU, MO eCmb
¢.(0)=0.(0). ¢.(1)=0.(0). 4:(1)=¢.(1), ¢,(0)=¢.(1).
Teopema 1.2.Cnedyrowue ycnosusn 3xeusaieHmuol.

a) capmonuueckas ¢ oonacmu G gynkyus u(X, y) — ozpanuuena;

4
0) Qynkuusn u(X, y) npeocmasuma 8 euoe u=z:ui 20e pynkyuu

i=1
u =u (X, y), i=1,4 onpeodenenwvt pagencmeamu (1.4), a ¢ynxyuu @, (X),
i =1, 4 npunaonescam nPOCMPaHcmMey 02pAHUYEHHBIX USMEPUMBIX QYHKUUI
Ha ompesKe [O,l] c ¢ 0 Lw[O,ZI.] A =1_,Z.

Teopema 1.3. /[na mozo umoownt 3adaua /JQupuxne (1.1), (1.2)umena
HEnpepvIGHO NPOVVIICUMOe peuienue Ha 3amMKrymylo onacms G, HeoOxo0u-
MO u 0ocmamouHno, ymoovl yHKuus ‘P(x,y) AGNANACL HENPEPLIGHOU HA
epanuye I keaopama G .

JlokazatenwcTBa TeopeM 1.1 — 1.3npuBeaensl B 1. 9.

Teopema 1.4./[na mozo umoowt 3ad0aua qupuxne (1.1), (1.2)umena oz-

panuuennoe peutenue 6 oonacmu G, HeoOXO00UMO U 0OCMAMOYHO, YMOObBL
¢yukyusn ‘P(X, y) Aenanacy ozpanudennoi na cpanuye I keaopama G .
3ameuanme. Onpenencaue rpanuuHoro 3xHadenus (1.2) B teopeme 1.4
naHo B § 11.
HoxazatensctBa Teopem 1.1 - 1.3npuBenens! B 1. 9,a Teopemsr 1.4 8§ 9.



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

2. TPAHUYHBIE 3HAYEHUSI TAPMOHUYECKUX ®YHKIIAN

Omnpenenum B moayiuiockoctd Y >0 ¢ momoineio nHTerpana Ilyaccona
[1,10] bysKIHIO

_y J ¢(f)df 2, 2.1)
T2, y? +(x=¢)
re TUIOTHOCTh ¢(X) SBIIICTCS OTPAHWYCHHOW W3MepuMoOi (QyHKIMEH Ha
(—00,00) , 10 ectb ¢LIL, (R). SInpo Iyaccona
P(xy)= —n( X2y+ yz) (2:2)
SBJsIeTCS TapMoHnYeckoi pyHkuueit B odnactu y>0: AP =0. Iloatomy, npo-
u3Bes onepanuto nuddepenmpoBanus GyHKIUNA u(x, y) I0JT 3HAKOM HHTETpPa-
Ja, KOTopasl sIBIISIETCS 3aKOHHOW B CHJTy OTPAaHMYEHHOCTH (PYHKIIMH ¢(X) [11],

yoexmaemcs, uro uHTerpan Ilyaccona (2.1) ompeaenser rapMOHHUYECKYIO (yHK-
o B objactu Yy >0.

Jnst kaxaoi toukr X[ R pacemorpum mpenen
17
IerO%:[]¢(f+ x)dé, h>0. (2.3)

Ecau nna gannoro XO R cymecrsyer npenen (2.3),To ero 3HaueHne 0003Ha4uM

#(x):
— 17
P(X) = um%:[1¢({+ x)d¢ .

Cornacuno teopeme JlebGera [12], oOnacte ompeneneHus D(E) byHKIIH E(X)

MMEET MOJHYI0 Mepy Ha JIF0OOM OTpe3Ke YHCIOBOU OCH.

UYepes DC(¢) 0003HAYMM MHOKECTBO TOYEK HEMPEPhIBHOCTU (YHKIUH

¢(X) 3aMeTHM, YTO BO BCEX TOUKax MHOXecTBa D, (¢) npenen (2.3) cymecTBy-
eT, T.e. MHO)KeCcTBO D, (¢) COJICPXKUTCS B 00J1aCTH OIpeiesieHus] (PYyHKIIUN E(X):

DC(¢) [] D(E) , ipryeM, eciau X[ DC(¢) , TO
#(x)=4(x). (2.4)
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DOYHKIUIO u(x, y) Ha TPAHUYHBIC TOYKH (X, O) obnactu Y >0 npoaonKum

JBYMs CIIOCOOaAMH:

— 3 u( ,y), ecmn Y >0,—c0<XxX<oo,
Uy (%)= #(x), ecmm y=0,x0OD,(¢);

X

(

- u(x,y), ecii  Y>0,—00<xX<00,

ug(x,y)z E(X), ecIu y=O,XDD(5).
y

OtmetnMm, 9TO QYHKIUA u (X, ) ABIISIETCS IPOAODKEHUEM (DYHKIIUU u ¢(X, y),

~— S

npuueM, eciau X[ DC(¢, t0, B cuay (2.4), chopaBe/IMBO PaBEHCTBO

Gﬁ(x,y) =G¢(x,y).
Ecmu dynkms ¢(X) HENpephIBHA HA BCEH YUCIOBOM OCH, TO (DYHKIUHU
u ) (X, y) u GE (X, y) ompeseseHbl Ha 3aMKHYTON o6siact Y = 0 U TOXIECTBEHHO
paBHBI
G&(x,y)zﬁgj(x,y), y20, —0<x<w.
B o6uiem ciyuae, koraa ¢(X) — MPOU3BOJIbHAS OTPAHUYECHHAS U3MEpUMAast

Gyskuus, To D, (¢) #D (5) , ipudeM D, (¢) MOXET OBITh MTYCTHIM MHOXECTBOM,

B TO BpeMs Kak D(¢) UMEET MOJHYI0 MEpYy Ha JII0OOM OTpe3Ke YHUCIOBOW OCHU U

MOXKET COBIIAAThb C YHUCJIOBOM OCBIO.

Jlemma 2.1. Ilycms ¢(X) — O2PAHUYEHHAA U3MEPUMAA (YHKUUA Ha
eceit yucnogoii ocu u X, 1D, (¢) Tozoa ghynkyus u s (X, y) ozpanuvena 8 00-

aacmu Y >0 u nenpepviéna 6 mouke (XO,O) :
Joka3zarebecTBO. OUeBUIHO, YTO (YHKIIHS u(x, y) npu Yy >0 ynosie-
TBOPSIET HEPABCHCTBY ‘u(x, y)‘ < H¢HL 0.1

Tak kak X, SABIAETCS TOYKOW HENPEPHIBHOCTU (YHKLIUU ¢(x), TO TO 3a-

naHHOMY £ >0 MokHO HaiTh O >0 Takoe, 4TO

‘¢(’7)_¢(Xo)‘<§ mpu |7 = %[ <23. (2.5)
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Hcnonp3ys TOXKIECTBO
y J‘ ¢ (x,)dé
T2,y +(x=¢)

~=¢(%,), y>0,~0<x<oo,
OyneM uMeTh:
_y 28 -2(x)
4xy)=9 _Jooy 2+ (x- 5)2

$(x+t)
_[oxy+t )t_XJJrl

T
JUia nepBoro nHTerpana | ; nmeeM:

=1, +|

20 -

Tis Mo

(o]

<suq¢ (x+t) ¢(x0)‘E—I¥J dt su;j¢(x+t)—¢(xo)‘.

<3 LYt s

OTcrona u u3 HepaBeHCTBa (2.5) umeeM:

| ssudp(x+t)=g(x) <3 mpm  |x-x|<s.  (26)

Jls BTOpOro uHTerpana l,s; nMeem:

<4_f<l£‘¢ (t ‘EIXJ. v m«m ‘[ﬁ - arctg} (2.7)

Tis

N3 cooTHoOIIEHNA

T
lim arCtg__E CJIelyeT CYIIECTBOBAHME TAaKOTO uYHucia
y=0 y

Yo >0, uro npu 0<y <Yy, UMEET MECTO HEPABEHCTBO

0<1—arctgé S
2 y 8 sup|g(t)’

—oo<t<oo

W3 nony4eHHOTO HepaBeHCTBA U U3 (2.7)uMeeM:

&
ool <5 (2.8)

10



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

CienoBaTeiIbHO, UMEEM
u(xy)-@(x)|<e mpu 0<y<y,, [x-x|<d. (2.9)
Iycrs (X,Y) — npoussonbHas Touka. Eciu y >0, To u ¢(x, y)=u(x,y)
IUTSL BCEX XD(—O0,00). Ecimm y=0, To G¢(x,o) =¢(X) 1 Bcex XU DC(¢). ITo-

sTOMYy, ecimu X[ DC(¢) u ‘X— XO‘ <0, 10 B cmiy (2.5)umeem

, (x.0) = ()| =l (x) - #(xc)| <% (2.10)
U3 oneHok (2.9)u (2.10)umeem
‘ , X,y) - (xO)‘<£ mpu 0<y<y,, [x—x|<d.
Jlemma 2.1 nokasasa.
CaencrBue 2.1. Ecau ¢(X) HenpepvleHan YyHKyua Ha écell Yuci060u

ocu, mo U ¢(X, y) A61A€m e HenPePvIeHOUl (YyHKYUell 6 3aMKHYMOIl od1acmu

y 20 u cnpaseonuevt pagencmea

sup |u (x,y)‘= sup‘u(x,y)‘= sup‘¢(x)‘. (2.11)
—wy(Z)B<w —ooy<>x0<oo —00< X <00

JleHcTBUTEIBHO, HENPEPHIBHOCTh (yHKIMHK U ¢(X, y) B 3aMKHYTOH 00-

nactu Y =0 cnenyer u3 nemmel 2.1. 13 onieHku

0 df
YY) S s e 2"
‘U(X Y)‘ _m<uxg>o‘¢(X)‘ ﬂ:[o y2 + (X—f) —00<X<00

¥ HempepsIBHOCTH (GyHKIMH U s (X, y) Ha 3aMKHyTOH obnmactu Y =0 cnenyer pa-
BeHcTBO (2.11).

[Tycts GhyHKIHM ¢1(x) u ¢4(y) OIpeJIeIICHbI Ha YMCIOBON OCH U UX HO-
CUTEJIM COCPEIOTOYCHBI Ha OTPE3Kax [O,ZI] ocell abcimce U OpAUHAT, COOTBETCT-

BEHHO; IIyCTh HA 3TUX OTpe3Kax 00e (PyHKIMU HEMPEPHIBHBI.

IloTennuan

ul(X1y) ( 1¢1 X,y Ey_([ygﬁ_( )dz:)z

ABJIIETCS TAPMOHMYECKOM QyHKIMeH B obmactu Y >0, a moTeHuual

11
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u, (% y)=(Ng,)(xy) =

X
T
—B obmactu X>0. Ux cymma

u(x,y) =u(xy)+u,(x,y) (2.12)

ABJISIETCS] TAPMOHUYECKOW (DYHKIIMEN B MepeceueHrur 3TUX o0sacTew, T.e. B mep-

BOM YeTBEPTH KoopAuHATHOH rtockoct: X >0, y> 0. V3 nemmsbr 2.1 BeITEKAET,
9TO (QYHKIIHS Gl " (X, y) omnpejiericHa U HENPEePhIBHA Ha 3aMKHYTOM IMOTYIIJIOCKO-
ctu Y20, kpoMe, OBITH MOXKET, TOUYEK (0,0) 5 (1, O), a QyHKIMSA u A ¢4(X, y) —
KpOM€ TOYEK (0,0) " (0,1). CrnenoBaTenbHO, QYHKIIHS

u(x,y) =Gl¢1(x,y)+ﬁ4¢4(x,y)
ompe/ieliecHa U HelpephiBHA B 3aMKHYyTOM oOnactu X=0, y= 0, kpome, ObITh

MOXKET, TPEeX TOUEK (0,0) , (1, O), (0,1). N3 3TUX TpeX TOYEK TOJBKO OHA (0,0)
OTHOCHTCS K 00enM ¢GyHKIMsAM. Hac nHTEpecyeT Bompoc CyIiecTBOBaHUS TIpeie-
na Gynknum (2.12),xorna (X, y) - (O+, 0+).

Jlemma 2.2. /lna mozo umoowvt pynkuus (2.12) umena npeoen npu

(X, y) - (O+, 0+) , HEOOX00UMO U 0OCMAMOYUHO 8bINOJIHEHUE DAGCHCM 8A

¢1(O) = ¢4(0) - (2.13)
Ipuuem, ecnu cywecmeyem smom npeoen, mo
lim  u(xvy)= 3¢.(9) . (2.14)

2

Jloka3zatenbcTBo. JloctatouHocth. [IpencraBum ¢yHKIMH ul(x, y),

(x.y)=(0+. 0¢)

u,(X,y) B cienyromenm Bune

U (X Y)=v,(x +¢1(0)Eyl d¢
L(%¥)=vi(xy) e 1[y2+(x—£)2’
u, (% y)=v,(x AU
4 (X y)=va(x.y) o ’([X2+(y—/7)2
e v (x _y(#.(£)-4.(0) e _ x (#4(7) - ¢.(0))
pi | 1( y) 77._([ y2+(X—£)2 dg 4( ly) 77_'([ X2+(y_,7)2 d/]

12



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

W3 nemMmebl 2.1 BbITEKaeT CylIeCTBOBaHME Mpezena (PpyHKIun Vl(X, y) "
V4(X, y) npu (X, y) - (0,0), x> 0,y> ( npuuem
v(xy)= v,(x y) =0.

Takum oOpaszoMm, cymecTBoBaHue mnpenena ¢yakaun (2.12) npu

lim lim
(x.y)-(0+, 0+) (xy)-(0r, &)

(X, y) - (O+, O+) HKBUBAJIEHTHO CYIIECTBOBAHUIO MPEENa y CyMMBI
d 0) X { d
) ¢1( I:yj E 2_'_¢4( ) J‘ > ,7 = (215)
T 3y +( 5) T HX +(y_’7)
Beraucisst ata uaTerpansl, B cuiy (2.13)umeem:

w(x,y)= ¢17(T)(arcth+ arctg;} ¢4( )( arct Y+ arct)é)

¢1( ) (arctg— + arctg—y + arcté(L + arc%} .
s y y X

w(x,y

Tak kak arctg5 + arcth =7—2T st Bcex X>0, y>0mn
y X
: 1-x _ : 1-y
lim arctg——=  lim arctg—— =
X

(xy) - (0+, 0+) y  (xy)-(o.0)

TO OKOHYATEJIHHO MOTYYUM:
3.(9)
(x.y)—(0+, O+) 2
JloctaTouHOCTD U paBeHCTBO (2.14)10Ka3aHbl.
Heo0xoaumocTh. Kak Obl10 OTMEYEHO B JI0Ka3aTeNIbCTBE J1OCTATOYHO-

w(x y)=

CTH, U3 CymiecTBOBaHMs npenena Gpynkmun (2.12)npu (X, y) - (O+,O+) cieny-

CT CYIICCTBOBAHUC IIPCJCiia

lim )W(X, y). (2.16)

(x,y)—(0+, O+

[Tycts cymectByeT npeaen (2.16)./lokaxkemM cripaBeNIMBOCTh PaBEHCTBA

(2.13).
[TpeacTaBuM HyHKIHIO W( X, y) B BUJIE
w(x,y)= AC )arctg Xy 9.(0) arctg 1=y, 2 O)( arcté(t+ arc%]+
y Vs X T y X
W0 ( )_¢1( )arcth _#(9 arctch_ agn #.(9 arctg—y +
m X 7 y m

13



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

+¢1(0) + $,(0) - 4..(0) arcth.
2 T X
— 2 Yy _ X —\2
Ecm y=Xx" m X - 0+, To arctg== arctg— - (, u, ecmtu X=Yy° wu
X X
0)-¢,(0
y - 0+, 10 arctg% = arctg}% - ]—ZT, II03TOMY ¢4( ) ¢1( )arctgz AMEET IIpe-
V4 X

Jie npu (X, y) N (O+, 0+) , TOT/Ia ¥ TOJIBKO TOT/a, Korna @, (O) = ¢1(0).
HeoOxoanmocTs 1 nemma 2.2 1oKa3aHbl.
Teopema 2.1. Ilycmv naomuocmeo CD(X, y) AGNACMCA HENPEPLIGHOU

¢ynukyueii na cpanuue I xkeaopama G. Tozoa zapmonuyeckasn ynkyus, on-
peoensemas nomeHuyuanom 06ounozo croa (1.3), umeem nenpepwienoe npo-

ooicenue Ha 3amkuymom G .
Jloka3areabcTBo. [lomaras

#(x)=®(x0), &,(y)=®(Ly)

2.17
5,()=0(x1), ,(y)=0(0y). @17

noteniyan (1.3) MOKHO IIPeCTaBUTh B BUJIC
u(x, y)=Zui(x, y), (2.18)

rae U, (X, y), i=14 omnpezeneHsl paBeHcTBamu (1.4).

3ameTuM, UYTO TIepecedeHreM oO0JjacTeld TapMOHUYHOCTH (DPyHKUIMN
U, (X, y), i =r4 spisiercs kBaapar G. B cuny nemmbl 2.1 Bo Bcex Toukax rpa-
HUIB! [, KpoMe yrinoBeix, pyHKus (2.18)uMeeT HempepbIBHOE MPOIOIIKECHHUE.
Hccnenyem HerpepbiBHOCTD GyHKINHK (2.18)B yrioBBIX TOYKAX.

PaccmoTpum TOUKy (O, 0) (ocTanmbHBIE TOYKH (1, 0), (0,1), (1, 1) pac-
CMaTPHUBAIOTCS aHAJIOTUYHBIM 00pa3oM).

Tak kak Toyka (O, O) NPUHAIJICKUT 007aCTH TAPMOHUYHOCTH (PYHKITUI
U, (% y) 1 Uy(X y), To B 910il TOuke cymma U, (X, Y)+Uy(X, y) sBnsercst He-
npepbiBHON QyHKIHEH. Clie1oBaTeNIbHO, HEMPEPHIBHAS MPOIOJKUMOCTD (DYHKITHH

(2.18)B TOuKE (O, O) HKBUBAJICHTHA HETIPEPHIBHOM NMPOJOIKUMOCTH (DYHKIIMU

u (X, y)+u,(x,y) (2.19)

B DTOUH TOYKE.

14



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

W3 mepBoro u gerBepToro paBeHcTBa (2.17) 1 HENPEPHIBHOCTH TIOTHO-
CTH CD(X, y) B TOUYKE (O, 0) BBITCKACT: ¢1(O) =¢4(0).

W13 sToro paBeHcTBa 1 1eMMbI 2.2 BbITEKaeT, uto QyHkus (2.19)nemnpe-
PBIBHO TIPOJIODKMMA B TOUKE (O, 0) .

Teopema 2.1 nokazana.

Takum 006pa3oM, HaAMH YCTaHOBIIEHO, YTO, €CIU TUIOTHOCTh CD(X, y) SIB-
JSIeTCsl HeMpephIBHOW QyHKIMEH Ha [, TO QyHKIHs u(x, y), ompesieNieHHas pa-
BeHCTBOM (2.18), HenpephIBHO MPOJOHKMMA Ha 3aMKHYTYIO 00J1acTh G. Jaee,

Tak Kak (yHKIuUs LIJ(X, y) SIBJISICTCS TPAHUYHBIM 3HAYEHUEM TIapMOHUYECKOU

¢byukumu (2.18),1.e. u\ = lJJ(X, y), TO KPOME YIJIOBBIX TOYEK I'PAHUILIBI UMEEM

1 1

ﬂxl ,/772+ I1+ Ix +,7 #:(%),
yj ¢1((<‘) ?) v h,(y)+ 1ﬂyi ¢3(E)d6 5)2+7_17—[1f2(;73d,;7)2=w2(y)’
Jlfl((f)dj 1ﬂxi +)d/7_ ,7)2 ;i )d/7 —u ),
- %(?gf 1jlfz((;7)d,;7) = yj ¢3(§)d‘; +4.00) =U(9)

DT  paBEHCTBA  YCTAHABIMBAIOT  CBSI3b  MEXKIY  IUIOTHOCTSIMHU
@.(X), i =1,4u rpannuabiMu 3Ha4eHUsIMU ; (X), 1=1,4.

BBenem 0003HaueHUS:

X8 oy
(Kg)(x)={To X *¢ (2.20)
&’ X=O,
2
(KW)(@:%E%, 0<x<1, (2.21)
(S¢)(x)=¢(1-x), Osx<1. (2.22)



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

Tor/na BBIIEIPUBEACHHYIO CHCTEMY MOXHO 3aIlHCaTh 60Jiee KOMIIAKTHO
#1(x) + (SK8,) (x) + (Kop5) (x) + (Kp) (x) =9 (x),

(KS)(y) +2.(y) +(SKS:) (v) + (K o) (v) =9 y),

(Ko#)(x) +(SKSp,) (x) + #5(x) + (KSg ) (x) =0 ),
(Ke)(y) +(Koo) (¥) +(SK@3)(y) + Ba(y) =00 i ¥)-

Cucrtema MHTETpANIbHBIX ypaBHEHHH (2.23)sBNsI€TCSI OCHOBHBIM UHCTPY-

(2.23)

MCHTOM B z[aaneﬁmeM HameM UCCJICa0BaHNN.

3.VIAAKOCTb U INIPEJIEJIBHBIE 3HAYEHU A
HUHTEI'PAJIBHOI'O OIIEPATOPA K

HNuTerpanbHbii onepaTrop

1
X

7T

0

Kaxmaon  GyHkiuun @ L Ll[O,]] CTaBUT B  COOTBETCTBHE  (DYHKIIUIO
(K¢)(X) =lﬂ(X), ONPEIEICHHYIO Ha IPOMEXKYTKE (O,ZI] . Touka X=0 nns pyHK-
uuu (X) ABIIAETCS 0CO0OW TOUKOM, U (hopMyJia, OTIPEAEIIAIONIasl €¢ 3HaYCHHUs], B

9TOM TOYKE HE HMMEET CMBICIA. HOI—)TOMy MMpeaACTaBILICT MHTCPCC BBIACIICHUC

KJ1acca GyHKIHUHN @, 7151 KOTOPBIX (PYHKIIHS lﬂ(x) npu X — O umeer mpenen uiu

OCTAaeTCs OrPAHUYEHHOM.

CHavaja M3y4yuM HEKOTOpPbIC CBOWCTBA IIIAAKOCTH (DYHKIUH l/l(X) Ha
IPOMEKYTKE (O,ZI].

Jlemma 3.1. Ilycmo hynxyus ¢(X)EI Ll[O,l]. Tozoa onsa nwéozo O>0
cywecmeytom uucna C_(0) >0, makue, umo pynxuyusn l/J(X) = (K¢)(X) npu-
Haonexcum npocmpancmey C° [5, 1] , @ 0711 BPOU3B0OHBIX CHPABEONUBA OUECH-

Ka
W (x)<C N8l oy (dsxs1).

Joxka3zarenabceTBo. [Ipy m=0 umeem

(Kg) (x| < j parydOL
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Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona

X o o
OyHKIUA 127 0 TIEPEMEHHO ¢ Ha OTpPEe3Ke [O,ZI] ABIISIETCS YOBIBAIOILIEH H,

2

CJIEIOBATEILHO,

X X 1
max —
osést X2 + &2 X2 +0°% X
Otcrona umeeM

<1 71 ploles

<—max 5 #(&)|d 5_—H¢H

Hp:
o X
1
]
JloKaskeM CyIleCTBOBaHUE MPOU3BOAHON (DYHKIIUN (K¢)(X) . IycTthb {Xk} -

MIPOU3BOJIbHAS TIOCIIEOBATENBHOCTD, CXoasmasics K Touke X:O0 < X<1. Cornac-
HO OIIPENEIICHUIO IPOU3BOJHOM, UMEEM

(Ke)(x) —(Kg)(x) _ J & -

X~ X 7T (% + )% +f)¢(g) ¢

[Honoxum

()= XK ),

(% + &)X +E7)

_ fz—x \¢(5)\

f : :
()= <+ ) ———39(@), F()=

[TocnenoBaTenbHOCTD {fk(f)} npu K - oo s kaxmoro & D[O,]] CXOOUTCS K
¢byakmun f (). Jlanmee, HaumHas ¢ HeKoToporo Homepa K, crpaBeymBa oleHKa
‘fk (E)‘ < F(¢é). Torna, cormacHo Teopeme Jlebera o mpeaeabHOM MEPEXOe IO

3HakoM uHTerpana [9,10], Oynem nmets

(K¢) (%) — (K@) (x) _ IE

(KOY(0 = fim === o )2¢(£> ZENCEY
OueHnM NEPBYIO MPOU3BOAHYIO
& - 1t x°
(<gyool=—| (‘ L\W)\ df <] ap@las =

1 ¢ 1
=— [ [#(@)]de<—] 4],
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A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

MaI nosry4uum Takoii sxe pe3yiabtar (eMm. (3.1)),eciau npoaudbdepeHnupyem
PO OTnepaTopa

1 1

K@)(X)=— | 5——= d

(Ke) =7 [ p()de

KaK MHTETrpaJl, 3aBUCAILLIMHN OT nmapamerpa X. JleHCTBUTEIBHO,
1

(K¢)’(x):—j ( o 5zj (&)dé= j(Tcé(f) £

B cuiy 3TOro 3amedanus npoussomHas m-ro mopsaka (K@) ™ (X) mpen-

cTaBHUMa B BUJC

(K™ () =— j(

P (%)
+5j $(&)dé = j( +5)m+1¢(5)5

rae Pm(X, & ) - MHOTOWIEH CTEIIEHW HE BBINIE M IO KAXKIOW NepeMeHHou. Tak

P, (x,¢&)
KaK W SIBIISIETCSI OTHOIIICHUEM BYX HEMPEPHIBHBIX HA OTPE3KE [5,1]
GyHKITHH, npuYeM 3HaMEHATEb YIOBIIETBOPSIET HEPABEHCTBY
(X +EH)™ > 02™Y>0, to (K@) ™(X) sBisieTcss HEHpepbIBHOW HAa OTpe3Ke
[5,1] ¥, CIIeIOBAaTEIbHO, OTPAaHUYCHHON (DYHKITUEH.

Jlemma 3.1 qokazasna.

Caencreue 3.1. Ilycmov pynkyusn ¢(X) O Ll[O,l]. Tozoa ¢ynkuusn
Y (X) =(K¢)(X) aenaemca 0eckoneuno ouggepenyupyemoii Ha npome-
HCymke (O,l] )

[lepeiineM K wu3yYeHHIO TMOBEACHHUS (DyHKUIUU l/J(X) =(K¢)(X) npu
X - 0+.

Jlemma 3.2. ITycms ¢(&)0L [O ZL] U uMeem Mecmo pageHCcmeo

lim j $(£)dE = A. (32)

Tozoa cnpagednueo pasencmeo
A
im (K@) (X)=—.
lim (K#)(x)=7

Jloka3areabCcTBO. I/IHTerppr;[ I10 YacTsM, nonyqaeM'

(Kp)(0 == jf((i)‘:f ﬂ(x )j¢(s)ds+ ”¢(s)d

_¢dd
( 2+§(2)2

(3.3)

18



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

CrenoBaTteibHO,
¢(5)d5 2x fdé
f X+ &2 77(1+ )I p()ds+2 I I ¢(S)ds(x g (3.4)
[Tonaras 3neck @(&) =1, umeem:
1 1_x¢ dé _  x xG e
]—Tarctg——— e )+ ”o—(x2+52)2’ Ox>0. (3.5)

Tak xak arctg— =%T — arctg, To mpu X —» 0 u3 (3.5)monyuaem
X

1 22
% LEZ = i(z—arctg(j _LZ N l (36)
ﬂo(x2+52) 7T\ 2 ml+x) 2

[Tpogomxum paBeHcTBo (3.3):

1

(K¢)0) = (e )j¢(s>ds+2—;£ e ){ [#(s)ds- A}d&

1 2
ZXAJ ¢ de S= 1+, (3.7)
4 o(X +f)
B cuny (3.6),umeem
A
iml, =—. 3.8
mt2=5 (38)

Paccmorpum |,. [l aToro BBoauM 0003HaueHNE

¢
w(f):1j¢(5)ds—A npu £>0; ¢ (0= (

U3 (3.2)cnenyert, 4to lﬂ( ) HEenpephIBHA HA [O ZI] Nmeem

2xj AN Tuzw(xu)
ITO(X +52) (L+u?)?
zéllf uy (X“,Z dus 27U (Xu)du—l (3.9)
T35 (1+u2) ﬂ1/><0(1+u )

rne 0<x<x,<1.
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A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

O0o3naunB M = Sup‘l//(f)‘ (oueBumHO, 4TO0 M < 00), MOTY4YHM

0<é<1
2 1% L2l (xu o Lx 2
1, < I o]y, o | (3.10)
Ty, LHU)° 7T 3, HU7)
Tak kak
gj; gdegz = XU E '/[ 2du _2le gdegz
ﬂO(X2+52)2 df xdu| 779 (L+u?)? 770(1+52) ’
TO U3 paBeHcTBa (3.5)HaxoauM, 4TO
2 &4d 1 1 X
7_7,[ ¢ 52 = (arctg— 1+—) (3.11)
5 (14.5 ) m X X

Hcnone3ys (3.11),npomomkum HepaBenctso (3.10):
2M T u’du _ 2M 1"[X udu llf" u’du | _
T 3, (1+u2)2 @+u®)* ¢ (@+u®)?

\llz\_

M X M
:?{(arctgx0 - arctg<) +(1_|)_<0X§ I xzﬂ <?{ arctg, + 1;_(0)(02} (3.12)

X
1+ %

Tak xak Ha oTpe3Ke [O,]] BBINOJIHSIOTCS. HEPABEHCTBA arCtgx, < X, u

<X,

M 2M
TO “12‘37[)(0"' XO] <7X0.

ITycte € >0-npousBospHoe umcno. Ecim X, BpIOMpaTh U3 yCIOBHSA

2M
—— X, = &, To A moboro X:0 < X < X, BBIIOJIHACTCS HEPABEHCTBO
T

I, <e. (3.13)

®ukcupyeM X, u oueHuM |, :

1/x0 U2 1% 2
[RE RS w ey, usZ [ max |y u)s maxy ). (3.14)
0 0

( ) (1+U ) O<u<i/x, OGsu<1/x,
TaK KakK
M zgllf(o udu <EOJ? u?du _ZOJ? du 1
by (1+u2)2_770(1+u2)2_7701Jru2 |



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

Ho OsrlPS??(XO 7] (XU)‘=0S?QS’§(1?(XO‘I/I (E)‘ - 0 mpu X - 0, cienoBareynbpHO, MO 3a-

nanHoMmy & >0 mHaiinercs O >0, takoe, uro npu 0< X< BHINONHACTCS HEpa-
BEHCTBO max ‘lﬂ(f)‘<£ YuureiBas 310, (3.14)n0myanm

1<E<O/ X
|<e. (3.15)
[Tepexons k moay:ro B paBeHcTBe (3.9)u yuutsiBast (3.13)u (3.15),monyunm
1] <2¢. (3.16)

N3 (3.16), (3.8 (3.7) cnenyeT yTBEpKISHUE JICMMBI.
Jlemma 3.2 nokazasna.

CnencrBue 3.2. Ilycmv hynkyusn ¢(X)IZIL1[0,1] u snenaemcsa Henpe-

puienoit ¢ mouke X =0. Tozoa cnpaeedﬂueo pasencmeo

(#(§)de _1
-[x + &7 ¢()

Joka3zarenbcTBo. B cumy nemmbr 3.2 40CTaTOYHO J0Ka3aTh CIpaBeIv-

lim —
X-0 7T

BOCTb paBCHCTBA

im > J¢ )d¢=4(0). (3.17)
Nmeem
1Iﬂf)df:gjx.[41’(5)—¢(0)]0|5+¢(0) (3.18)
XO xO ) :

W3 HemnpepbiBHOCTH B Touke X =0 (yHKIMH ¢(X) cleayer, 4To I JH00ro
& >0 naitnercs O >0, uro u3 ycnopus 0< X <O BbITEKaeT HEPABEHCTBO
#(x)-¢(0) <e. (3.19)

IToaTomy

1 X
™ j [#(6) - #(0)]dé] <

= [l6(6)-p(oyde < £ [de=¢.
XO XO

Tak xak £ >0 - mpousBosbHOE YKcio, TO U3 (3.18)u (3.19)umeem (3.17).
CrnenctBue 3.2 10Ka3aHO.
CaencrBue 3.3. Onepamop K oeiicmgyem ¢ npocmpancmee Henpepule-

HbIX (pyHKyuil. ecau ¢(X) HenpepvleHan (YYHKuus Ha ompesKe [0,1], mo

¢ynkuusn w( X) = ( K¢)(X) HenpepvleHa Ha ompesKe [0,1] :
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A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

Hcnone3yst TeopeMy Jlebera o mpenenbHOM MEpexoie MoJ, 3HAKOM HUHTe-
rpaja, yCTAHOBUM CBOMCTBa HEMpPEpPHIBHOCTU ornepaTopa K OTHOCHUTENBHO pas-

JIMYHBIX CXO,Z[I/IMOCTCﬁ .

Teopema Jledera [12,13]. ITycmb noumu npu eécex & El[a, b] 6blnoJIHe-
not  ycnoeusn. f, (f) - f (cf), K - o, ‘fk (E)‘SF (f), k=1,2,.. u
F({)EILl[a,b]. Tozoa f({)EILl[a,b], U 803MOJCEH NPEOeIbHbLIL Nepexoo

noO0 3HAKOM unmezpana, mo ecmbo
b b
lim [ £ (£)d& = [ (&€
K=2% a

Jlemma 3.3. Ilycmb nocnedosamenvHocmo {¢k(x)} EIC[O,l] yooeJie-
meopsaem ycinosuam.
lim ¢, (x) =¢(x), x0[0,1], |¢ (x)|s#s(x), k=12, xO[0},
20e ¢O(X)D Ll[O,ZI]. Tozoa
lim K¢, (x)=Kg(x), x0(0,1]. (3.20)

Ecnu ¢(X) aenaemcs nenpepoienou ¢ mouxe X =0, mo (3.20) 6yoem umemos

Mecno Ha 6cem ompes3Ke [0,1] .

Hoka3zareabcTBo. Bocnons3dyeMcst Teopemoii Jlebera o mpeaenbHOM Tie-

pPEXOAC 11O 3HAKOM MHTCTpaJIa. [Tonaras

_ X (%) _ x¢(x) _ Xpy(X)
f =7 f =, f =
k(g) ﬂ(XZ +<(2) (E) ﬂ(X2+§(2) (E) ﬂ(X2+§(2)
JIETKO BUJETH BBINOJHEHHUE Bcex TpeboBaHuii Teopemsl Jlebera mpu X >0. Cre-
JI0BAaTEJILHO,
1 1 1 ¢(<()d<(
lim [ 1, (¢)d¢ {f( )d& = mﬂ x+E ZJ ,

iim K¢, (0) =%|kimo¢k(o)=%¢(o)= K$(0) npu x=0.

Jlemma 3.3 nokasana.
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Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

Jlemma 3.4. Ilycmo nocnedosamensnocms {¢k(x)} O Ll[O,l] yooéne-

meopsaem ycjiaoeuam.

|imj¢k j #(9ds 0O xfoq], (3.21)

ko

20e ¢ Ll[O,l] u

Slkjp‘.([¢k (s) d%s C.
Osxsl

Tozoa umeem mecmo pageHcmeo

lim K@, (x) =Kg(x), 0<xs<1.
Joka3zareabcrBo. HTErpupys mo dactsaM, MNOJIYyYHM CIEAYIOLIUE pa-
BEHCTBa
_xrg(&)dE _x 1 ¢ L 2X Lt d&
K¢(X)—7—T£ Ny —;Xz+5z£¢(5)d%:o+7£5J0¢(5)d5m—
—_ X : =
_n(x2+1)'([¢ ds+ jgj;b (X +52) (3.22)
K, (x)= (x +1)j¢k s)ds ++2xjfj¢k ﬁ (3.23)
X

Bocnons3yemcst Teopemoit Jlebera o nmpenenbHOM Mepexojie MoJ, 3HAKOM HHTe-

rpana. [lonaras

Cé¢
£ 8. (s)ds, (&)= B(s)ds, f,(&)=—">—,
9= lre (0= Fs st o=
yOenuMcs B BBHIIOJIHEHMU BCEX YCIIOBMiA Teopembl JleOera mpu X >0. Ciemosa-
TCHBHO,
im = [[ g, (s &l4(s | (3.24)
oo nj J (x +52) J J (x +5)

Kpowme toro, u3 (3.21)pu X =1 moyryduM CiieIyroIiee paBeHCTBO

II(i[rolojl-ybk(s)dszj%yb(s)ds. (3.25)
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N3 pasenct (3.22)u (3.23),B cuity npenenbHbiXx cootHomenun (3.24)u (3.25),
OyJileM UMETb.

lim Ko, (X) = Kg(x)
npu 0O0<x<1
Jlemma 3.4 noxasaHa.

AmnanmorndHo JieMMe 3.3 TI0Ka3bIBACTCS CIICIYIOIIEEe YTBEPKICHHE.
Jlemma 3.5. Ilycmb nocnedosamenvnocms {¢k (X)} O C[O,l] yooéne-

meopsem yciosusam.
Il(i[rlqbk(x) =¢(x), xO[0,1],

6. (X)|<d(x). k=1.2,.., xO[ 0.},
20e ¢O(X)EI Ll[O,l]. Tozoa

m (Ko@) (x) =(K#)(x), x0O[0,1].

li
k - 00

4. HEITPEPBIBHOCTD, BIIOJIHE HEITPEPBIBHOCTD,
HOPMA U CIIEKTPAJIBHBIN PAJINYC HHTET'PAJIBHBIX
OIIEPATOPOB

B JAAHHOM ITYHKTC YCTAHABJIMBAIOTCA HCIIPCPBIBHOCTDH, BIIOJIHC HCIIPCPBIB-
HOCTb U BBIMHCIIAIOTCA HOPMa U CHCKTpaHBHBIﬁ paanyC HCKOTOPLIX MHTCTpPAJIb-
HBIX OIICPaTOpPOB.

PaccmoTpum MHTErpanbHBIN OIIEpaTOP
1: ¢(&)de
K X)=—|——"——.
( 0¢)( ) 7T2[1+(X—f)2
Omneparop K, neicTByeT B IPOCTPAHCTBE C[O,ZI] U ABJISIETCS BIIOJIHE He-

npepbIBHBIM. Hanbosee o0muM yTBEpKIEHUEM SIBIISIETCS CIISAYIOIIas JIeMMa.
Jlemma 4.1./[nsa 06020 N0 N onepamop

Ko:L,[0,1] - c"[0,1],
20e Ll[O,l] — J1€0€2080 NPOCMPAHCHIEO CYMMUPYEMBIX, A C”[O,l] — npo-

cmpancmeo N paz HenpepvieHo oughepenyupyemvix @GyHKyuil na ompeske

[O, 1] , AGAEMCA BNOIHE HENPEPbIGHBIM.
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JlokazarenbcTBO JJeMMBbI 4.1 IpOBOAUTCSA HETOCPEACTBEHHO.
PaccmoTpum HHTerpaanbIﬁ onepaTop

j 0<x<t (kg)(9=21

2

Jlemma 4.2. Onepamop K oeiicmeyem 6 npocmpancmee C[O,l] u He

A6semcs 6noJjiHe Henpepovl6HbIM .

Joka3atenbcTBo. JlelictBue omeparopa K B mpocTpaHCTBe C[O,ZI] cie-

ayet u3 cnencteus 3.3. Jlokaxem, uro onepatop K He sSBIsSETCs BIIOJIHE HETpe-
PBIBHBIM.
PaccmoTpuM cemMeiicTBO HOPMHUPOBAHHBIX B IMPOCTPAHCTBE C[O,ZI] byHK-

1
1805071 ¢n(x) = Xﬁ, n=12,... Umeem

Xt 5ﬁ G tidt
(K¢n)(x)_ﬂjx + &2 ‘E‘ l+t2 x>0,

(Kg,)(0)=0, n=1,2,..

s kaxxoro X >0, mepexos K npeaeny npu N — oo, MoJdydYuM

1
1% dt 1 1 1
L|£TJO(K¢ )( )_TT!W:]_TarCtg;ZZ IIpHu O<x<l
Orcrona U U3 PaBEHCTB (K¢n)(0) =0, Nn=1,2,.. BBITEKAET, YTO CEMEICTBO

{K¢n} HE MOKET OBbITh PABHOCTENEHHO HENpepbIBHBIM. ClI€JOBATENBHO, B CUILY

TeopeMbl Apiiena [13] 3To ceMelicTBO He MOYKET ObITh KOMITAKTHBIM.
Jlemma 4.2 nokazasna.

Jlemma 4.3.Cnpaseonueo pasencmeo

p(K)=IK]._c =

20e ,0( K) — CHeKmpaavbHulil paouyc onepamopa

K:C[o0,1] - c[o0.,].

N
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Jloka3areqabcTBO. Meem

Xl
Ko (x) Jx +52 7_T'([ X2
XM & _lole . . 1
o L
eciin 0<Xx<1lwu
K¢(O)=%¢(O). (4.1)
CnenoBaTeiLHO,
1
|kl <5 lell. (4.2)

N3 (4.2) BeITekaeT HEMpepbIBHOCTH omepatopa K :C[O,]] - C[ O,.’l U CIpaBel-

JMBOCTH HEPABCHCTBA
1
K]l < (4.3)
PaccMoTpuM GyHKIHIO ¢(t) =1. Torna H¢0H c =1 n u3 (4.1) Gyzner cneno-

1
BaTh HEPABEHCTBO HK¢OHC 25. 13 nonyyenHoro HepaBeHcTBa U (4.3) mOMy4nm

pasercrso K], o =
Jlanee umeem
n  _ 1
ﬁcsuKHCﬁc—g, (.
1 1
K" (0) =5 #0=5- (4.5)
U3 nepaBeHctBa (4.5) cineayert, 4yto
n 1
|k 25 (4.6)
N3 nepaBencts (4.4) u (4.6) moryunm: ‘ K" e —2—];] CoryacHO ompeneneHuto
CIIEKTPAJILHOTO pagnyca
p( K) = l|(|[]?o nfIK" ==

Jlemma 4.3 nokazasna.
PaccMoTpuM cuctemMy MHTErpanbHbIX ypaBHeHHi (2.23).Tak xak u mepe-

MEHHas X, ¥ IEPEMEHHAs Y HW3MEHSIOTCS Ha MHTEPBAJIC (0,1) HE3aBUCUMO APYT
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OT JIpyTa, UX MOXXHO 0003HAYUThH OJHOM OyKBOH, HampuMep OykBoW X. BBemem
0003HaueHus

i O S<¢2 K0¢3 K¢4_
KSp 0  KSp; K,
I‘<0¢1 S<S¢2 0 KS¢4 ’
K¢, K, Kg; 0 | 000 J

o
0
0

o O G«

0
0
J

o « O

: 4.7)

rae onepatopsl K,K,,S ompexnenens! paBenctBamu (2.20)-(2.22), O -Hynesoi, a
J - enMHUYHBIA ONEPaTOPHI: (O¢)(X) =0, (J¢)(X) =¢(X) i 1r000M (PyHK-
100707 07/ DC[O,ZI] . B caiy BBenmeHHBIX 0003HaueHU cucteMy (2.23)MOXKHO Mpej-
CTaBHTb B BUJIC
(1 +A)o(x)=w(x), (4.8)
rie
D(x) =(8,(x).82(x).85(x) B4(%)) " W (%) = (1 (%). 402 (x) @a(X) u(%)) .

a CUMBOJI «T» 0003HaYaeT onepauo MaTpUYHOro0 TPAHCIIOHUPOBAHMUS.
Tak Kak KaKIbIii COCTAaBIAIONIMN ONEpaTop MAaTPUYHOIrO oreparopa A

JIEHUCTBYET B MPOCTPAHCTBE C[O,ZI] , TO caM oriepatop A JeHCTBYET B MPOCTPaH-

CTBE BEKTOP-(yHKIIHIA

Clod={®=(¢..¢,.0,.0.) #0C[0.Fi= 1}

C HOpMOM

|l = M2y

Jlemma 4.4./[na onepamopos

A:Cc[o0,1] - c[o,]]

A%:c[o,1] - c[0,]]
yucino A =1 aenaemcs coOcmeeHHbIM 3HAUEHUEM U 6EKMOD — PYHKUUA

60 =(¢0’ ¢01 ¢0' ¢o)T ’ ¢0(X) =1

A6nAemcsa eOUHCMBEHHOU COOCMEEHHOIU (hyHKUUell IMuUx onepamopos ¢ moy-
HOCMbIO 00 NOCHMOAHHO20 MHONCUMEIA.
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Joka3zareabcTBo. [lokaxkem crnpaBeqmMBOCTh paBeHCTBA AP =@ . BrI-

YHCIIUM TEPBYIO KOOPAUHATY BEKTOP-()DYHKIIUU AD

(AD,). =(S|<¢0)(x)+(|<0¢0)(x)+(K¢0)(x)
_1-x7

dy
v J1+x &)

O'—DH

n

1
T

1
1
) + arctdé - x)L(:O + arct%

n=0

:1{ arctgi+ arctq 1x)j +( arctgt arct%j }
T 1-x X

=2 242 ]c1=0.

AHaJIOTUYHBIMH BBIYMCIICHUSMU MOKHO TOKa3aTh, YTO U OCTAaBIIMECS KO-
OpMHAThI BEKTOP-(yHKImKu AD | TakkKe COBIANAKT C ¢0( )

Otcrona cienyeTr paBeHCTBO A260 =@ _. JlokakeM, 4To pPaBEHCTBY
Nd=0

(4.9)
YJIOBJIETBOPSIET TOJBKO BEKTOP-QyHKIMH @ (C TOYHOCTBIO JIO MOCTOSHHOIO
MHOKHUTEIS).

[Mpenmonoxkum mpotuBHoe. IlycTh BekTOp-QyHKIMSA ) YAOBJIETBOPSIET

paBeHCTBY (4.9)u sBisETCS JIMHEHHO HE3aBUCUMOM ¢ BEKTOp — pyHKImen P
Onpenenum yucia

—sup{,u :50—;1512 (} , U= inf{,u :50—;1512 (}

3/1ech HEPaBEHCTBA IOHUMAIOTCS TOKOOPAMHATHO U IpH Beex X[ [O ZI]

3aMeTHM, YTO XOTS OBI OJHa U3 BCINYHH /J+ )41 ,U_ ABJIACTCA KOHCUYHOHU

S| 0 v B -
epe3 [, 0003HaUYUM OJHY U3 BEJIMYMH [ U [ , UMEIOIIYI0 KOHEYHOE 3Haue
HHe (ecu 00e BeMMYMHBI KOHEYHBI, TO [/, —JII00as U3 HUX)
Paccmotpum dyHkimo
D=, —14,P,. (4.10)
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BBenennast BeKTOp — QYHKIIHS SBJISIETCS HEOTPULIATEIILHOW U YIOBJIETBOPSET pa-
BeHcTBy (4.9).BBenst 0o6o3nauenne W = AD | [OIyunM CHCTEMY PaBEHCTB
=AY,
_ (4.11)
Y= Ad.
VA3 HEOTPUIATEIBHOCTH BEeKTOP-PYHKIMK ® BHITEKAET HEOTPHIATEIBHOCTD BEK-
TOp — PyHKIMU [}

TToKa’keM, 4TO KOOPAMHATHI BeKTOp-QyHKuu ® = (¢1, @5, 93, @ 4)T CTpPOTO

MOJIOKUTEJIbHBI Ha OTPE3Ke [O,ZI]. JleficTBUTENBHO, €Cu BeKTOp-pyHKIMs P He

ABJIIETCS CTPOTO IOJIOKUTENIBHOM, TO HAUAETCSA TOYKA X, D[O,]], B KOTOpPOH He-
KOTOpasi ee KoopauHaTa oOpaiuaercs B HyJb. i onpeneneHHocTH Oyaem mpe-
110J1araTh, 4To ¢1(xo) =0. /I nepBoil KOOPAUHATHI NEPBON (PYHKLIUU CUCTEMBI
(4.11)B Touke X, HOTYYUM
) =2 [T L I
Too(l-%) +n* Mol+(x-¢)’ % +’7
13 3TOr0 paBeHCTBa, B CHIIy HEOTPULIATENbHOCTU QYHKUMH Y, , Y5 U {J,, uMeeM
‘//2(’7) =0, ‘//3(5) =0, ‘//4(’7) =0, ecrm 0<X,<1,
W,(0)=0, ¢,(&)=0, ¢,(7)=0, ecm  x,=1,
W,(n)=0, @,(£)=0, ¢,(0=0, ecin  x,=0.

Bo Bcex Tpex cityyasgx MMEeT MECTO TOXKIAECTBO lﬂS(E ) =0. [lostomy mist

=0. (4.12)

TPeThei KOOPAUHATHI BTOPOI (PYHKIIMH CUCTEMBI (4 ll)nonquM

« _1p #(&)dE  1-x; 8,(n _
#5 7T£1+(x—5)2 J(1 x) +( I X° +/7

13 moay4eHHOro TOKAECTBA, B CHIIy HEOTpULIATEIbHOCTH GYHKIMH ¢, @9, U @,,
uMeeM

#.($)=0, ¢,(1)=0. g,(n)=0. (4.13)
Tak kak ¢1(E ) =0, 1o B paBenctse (4.12)moxno monarate X, =1/2. Cnenosa-
TEeNbHO, Y, (l7) =0. [lng BTOpOIi KOOPAMHATHI BTOPOH (YHKIHMU cUCTeMBbI (4.12)

HMEEM
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0.

1X ¢3()
'[x+1£ J(lx)+ J

W3 nomy4eHHOT0 TOXXECTBA, B CHITy HEOTPUIATEILHOCTH QYHKINH @,. @, u @,,

1+Xl7

UMEEM
¢.(£)=0, ¢,(¢)=0, g,(n)=C (4.14)
N3 toxaectB (4.13) u (4.14) BeITeKaeT, YTO BEKTOP-(QYHKIIUS 5( x) TOXKIEeCT-

BEHHO paBHa HYIIIO, T.C. CDO(X) - ,uOCDl(X) =0. [TomyyeHHOE TOXKIECTBO MPOTHU-
BOPEYHT JIMHEHHOM HE3aBUCUMOCTH BEKTOP-pyHKImi P (X) u ®, (X)

Takum o0pazom, Kaxaas KOOpAUHATa BEKTOP-(PYHKIIMU a(x) CTpOro Io-

JOXKUTEIbHA. DTO NMPOTUBOPEUUT BHIOOPY BenUUuHbl [, . ClenoBarenbHO, BEK-
TOp-QyHKIUS CDO(X) ABIICTCS €IUHCTBEHHOW COOCTBEHHOW (pyHKIMEH, OTBe-

qarorei coocTBeHHOMY 3HadeHnio A =1.

[Toxaxkem, 4TO W JI1 HHTErpajbHOro omepatopa A BeKTOp-(QpyHKIUS

CDO(X) SIBJIICTCS €IUHCTBEHHONW COOCTBEHHOHN (DyHKIHEH (C TOYHOCTBIO J0 IO-

CTOSTHHOT'O MHOJKHUTEJIs), OTBeuaroniel cooctseHHomy 3HaueHuo A =1. Eciu no-
MyCTUTh, YTO UMEETCA elle Apyras coOcTBeHHas (DYyHKIMS, OTBEUaromas coOcT-
BEHHOMY 3HaueHHio A =1, To oHa sBIsieTCS COOCTBEHHON (YHKIMEH U /ISl MHTe-
rpansHOTO omepatopa A”. Ho y omepatopa A® mMeeTcs TONBKO OJHA COOCTBEH-
Has QyHKIUsS (C TOYHOCTBIO JIO MOCTOSTHHOTO MHOXHTEJSI), OTBEYAOMIasi COOCT-
BeHHOMY 3HaueHuto A =1. CirenoBarensHO, U y omniepaTopa A Bcero ojxHa coOct-
BeHHAast PyHKIUSA (C TOUHOCTHIO JIO MOCTOSIHHOTO MHOXHTEJIsI), OTBEYaroIas coo-
CTBEHHOMY 3HaueHuio A =1.
Jlemma 4.4 nokxazasna.

CaencrBue 4.1.00nopoonoe ypasnenue
(1+A)®=0
uMeem moabKo mpueuaibHoe peuienue.

Joka3zarenabeTBo. IlycTs BekTOp-QyHKINS qu(X) SABJIACTCS PELICHUEM

ypaBHEHHUS (I + A)a =0. Torma Aal = —61 U, CII€N0BATENbHO, A261 =61. Tak
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2
KaK y oreparopa A° UMeeTcs TOJIBKO 0J{Ha COOCTBEHHAs! (QYHKIHS (C TOYHOCTHIO

710 TIOCTOSTHHOTO MHOYKHUTEJIS), OTBEUArOIIas COOCTBEHHOMY 3HaueHuio A =1, 1o
P, (X) = O’(DO(X),

rjie @ - HEKOTOpOe YuCIio. M3 mosy4eHHoro Toxaectsa nonydynm AP =-0 .

Ho @, —cobcreennas ¢yukuus oneparopa A: A® =d , mosromy u3 nocies-

HUX JIBYX PABEHCTB IMOJIyYUM TOXKIECTBO CDO(X) =0, KOTOpPO€ MPOTUBOPEUUT OII-

penenenuto pynkunn D .

CnenctBue 4.1 nokazano.
Jlemma 4.5./[na cnekmpansnozo paouyca onepamopa

A:C 5 C,
20e C = E[Ol] , u Hopm onepamopos A, K=1,2,.., cnpaseonuevl pagencm-
6a
p(A)=|A; <=1
Joka3zaTeabcTBo. /{151 11000H BEKTOP-PyHKIIMH EDE[O,]] UMEET MECTO

JBOMHOE HEPABEHCTBO

~[[®lle ®o (%) < @ (x) <[ @] P (), (4.15)
rje CFO(X) —coOcTtBeHHass PyHKIUs omepaTopa A, OTBedaroIias COOCTBEHHOMY

snaueHuio A =1. [Ipumenss onepatop A K KakaoMmy wieHy HepaBeHcTBa (4.15),
B CHJIy HEOTPHUIATEIBHOCTU SJIEP COCTABISIONIMX OMEPATOPOB orepatopa A,

NMEEM
s @, (x) < (AP)(x) <[] 5 (x).
[lepexons k HOpMaM B JBOMHOM HEPaBEHCTBE, OyJeM UMETh
|2l <ol
C C
M3 mosy4eHHOro HEPaBEHCTBA CIEAYET

AL - <1. (4.16)

3ameTtM, uto A =1 sBJIsIeTCS COOCTBEHHBIM 3HAUYEHUEM oreparopa A, OITOMY

B (4.16) MOKET UMETh MECTO TOJIbKO PABEHCTBO
|Afe.c =1 (4.17)
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B cuny npuBeaenHoro Beiire 3ameuanus u3 (4.17) s mrodoro k=2,3,..

[MOJIYYHUM PAaBEHCTBO _ _ =1, u3 KOTOPOro, B CBOIO OUEPE/Ib, CICIYET
C

C
p(A)=lim Al =1

JlemMma 4.5 noka3zana.

5. PABHOCTENEHHASI HEIIPEPBIBHOCTD
CEMEWCTB ®YHKIINI

ITycts X, D[O, ZI] — (ukcupoBaHHas Touka. CeMelcTBO {hK =h, (X)} Ha30-
BEM PAaBHOCTENEHHO HENPEPBIBHBIM B TOUKE X, €CIH Ui Jro0oro £ >0 HaiineT-

e &> 0 Taxoe, uro ams seex X[0,1], ynosaersopstromux yenosuto [X = x| <J,
BBINOJTHAETCS HEPABEHCTBO ‘h< (x) -h, (xo)‘ <& mmsaBcex k=1,2,...
Jemma 5.1. Iycmy cemeiicmso dynxyuii {h=h (x)} — pasnomepno
ozpanuueno na ompeske [0,1]:
h(x)|<c, xO[0,4, k= 1,2,.,
u pasnocmenenno nenpepuisno ¢ mouxe X =0. Tozoa cemeiicmeo { g, = Kh}

PAGHOCMENEHHO HENPEPBIGHO HA OmMpeE3Ke [0,1] .

Jloka3areabcTBO. MeeM:

[Kh () - Kh(0)=

0) 1_h(9)_

arctg— ————+|<
X2

dfx
-[x+g‘2 ﬂ-[x+€2

h(0)

ﬂj‘ (E) ()‘dfsllﬂz. (5.1)

M) prergt - B00), x pIAE)”
m 2 5 +&?
ITycte £ >0 — npousBoibHOE uucio. Yucno X, >0 BbiOepem TakuM, 4To0bI
2C £
—X, <—. 5.2
03 (5.2)
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Torna nnsa 0< X< X, Oyaem UMeTh

0
‘h‘ arctg— ﬂj‘ M(E —arctgljs
2 Vi 2 X
C C C E
<—arctgx —x<—x, <—. 53
p g p ]_[Xo 3 (5.3)

OuenumM BTOpOE ciaraemoe | ,:

1
XN €= 1) (0],
Sl X+éE dé=xdu my 1+
1 1
1% |h () =h () 1] (xu)-h(0), _
77-([ 0 du+7—TJ1‘ T dusl,+1,,.
%
Jns uarerpana |,, OyneM umers
1 1 1
1 %|h (xu)-h(0), 1%2cdu_2c e 1 1]
|22_7TJ1‘ T dusi_r-[1+u2 —7arctgjl—7 arctg; arctgx—0 =
% % %
2C 0% _ ¢
“larct t ~—~arct 5.4
[arcg<O arcty] << —arc @, <—2 - <£. (5.4)

Jlis monyuenus HepaBeHcTBa (5.4) MBI BOCIIONIB30BaIMCh HepaBeHcTBOM (5.2).

dukcupyeM TOUKY X,, YAOBIETBOPSIONIYI0 HepaBeHCTBY (5.2). Paccmort-
puMm unrerpan |,;. Tak kak ceMelcTBO {h = h<} PABHOCTEIIEHHO HENPEPBIBHO B

touke X =0, T0o mo 3amanHomy &£ >0 moxHOo Haiitm O >0, yto mIg MOOOTO

t:0<t <O BHIMONHIETCS HEPABEHCTBO

&
h(6)=h(0) <3 (5.5)
1
ITycTp X ymoBmeTBOpseT yClIoBUIO X< OX,. Tormampu t =xu u O<u<—
X

u3 (5.5)BbITEKAET ‘l‘\( (xu)-h, (O)‘ < g Nmeem:
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1

1
)j?h(xu)_m(o)‘du<ixo du _ £ a3 9—<il_7<£' (5.6)
0 112 3;701+u2 37T % 3m2 3

N3 (5.1),8 cuny (5.3), (5.4)u (5.6),0y1eM umeTh

I_l
-

E & €&
Kh (x)—-Kh (0)[<—= + +-=¢.
Taxum O6paBOM, HaMHM JOKa3aHa paBHOCTCIICHHAA HCIIPCPBIBHOCTD ceMei-

CTBa {gk = th} B Touke X=0.

JlokakeM paBHOCTENEHHYIO HENPEPHIBHOCTh ATOTO CEMENCTBA Ha BCEM OT-
peske [O,ZI].

[Tycte & > 0-mpon3BoabHOE YMCIHO. MBI JOJDKHBI MMOKa3aTh CYIIECTBOBA-
Hue ynciaa O >0 Takoro, 4ro, eciu ‘X— y\ <0, T0 ‘g(x) - g(y)‘ <€.

W3 paBHOCTENIEHHOW HENPEPBIBHOCTH CEMENCTBA {gk = Kh(} B Touke X=0

crenyer cymecTtBoBanue O, >0, Takoe, yTo M3 ycnoBus 0< X<, BBITEKaeT

CIIpaBeJIMBOCTb HEPABEHCTBA ‘g ( X) -9 (0)‘ <£ :

3

dukcupyeM J, U pacCMOTPUM CEMEHCTBO {gk = Kh(} Ha OTpPE3Ke [50,1].
W3 nemmbl 3.1 BeITEKaeT OrPaHUYECHHOCTh CEMECTBA {gk = KhK} B MPOCTPAHCT-
BE Cl[é'o,l] . Orcroza cieayer paBHOCTEIIEHHAS HEMPEPHIBHOCTh 3TOIO CEMEHCT-
Ba B C[O'O,l], TO ecTh cymecTtByer O, >0, Takoe, 4TO A JIOOBIX TOYEK

x,yD[Jo,l], YIOBJICTBOPSIONMIUX YCIOBUIO ‘x—y‘<51, BBITEKAET CIpPABEJIH-

BOCTh HEPABEHCTBA ‘g (X) -9 ( y)‘ <£ :

3
[Tonoxum O = min{é'o,é'l}. [ycthb X,yD[O,]] v ‘X—y‘<5. Bo3MOXkHBI

CIIy4au:
1) 0sX,y<9y; 2) 9,<X Y=<l 3)0sx<9,<ys<l

Jns cnyuast 1) umeem

9(x) - a(y)|<|g(x)-9(0)+/g(0) - a(v) <§+%<g.

Jliist cinydast 2) uMeeM ‘g (X) - g(y)‘ <§ :
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Jst cmyyast 3) umeem
l9(x)-a(v) <[a(x)- 9(0)+|a(0) - a(&) +
+lg(a)-9(y) <e.

JlemMma 5.1 noka3zana.

Jlemma 5.2.ITycmsb cemeiicmeo ghynxyuii {hk =h, (X)} [ C[O,l] :
1) pasnomepno ocpanuueno na ompesxe [O,l] , Mo ecmb Hhk H -sC;

2) pasnocmenenno HenpepvléHo 6 mouke X =0.

{¢k =(1 —KZ)'lhk}

PABHOCMENEHHO HEeNPEPbIBHO 6 MOUKe X = 0.

Tozoa cemenicmeo

1
Joka3zareibcTBO. Tak Kak HOpMa H KH cc= > to psn Heiimana [13]

p=(1-K2) "h=h+Kh+K*h+..
CXOJIUTCS] PABHOMEPHO Ha OTPE3KE [O,ZI] . B cany onienku
c_cC

2n
I I < 5=

HKZnh

HMECT MCCTO HCPABCHCTBO

[K?h+ K2R+ ] sC(in+%+ ) =
o

C 1 1 C
=E(1+Z+z+...j= 3D4I_1. (57)

C
Homep n BeIGepem TakuM 00pa3oM, YTOOBI o <¢&.Torma us (5.7) moyqaem:

HKz”h+ Kz“‘+l’h+..”C <§. (5.8)

PaccMoTpuM npupaiienue
#(x)=#(0)=(1 =K*) "n(x)=(1 -K*) "n(0)=
=[h(x) -h(0) ] +[ K*h(x) ~K*(0)] ...
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s 3amanHoro £ >0 (M3 paBHOCTENICHHOW HENPEPBIBHOCTH CEMEHCTBA
{hk = hk(X)}) clefyeT cylectBoBaHue umcna O, >0 Takoro, 4ro u3 yCIOBUS
X < 0, BBITEKAET HEPABEHCTBO
Ih(x)~h(0)| <=. (5.9)
3n
[Mpumensist 2k (k =12,..n- Z) pa3 nemmy 5.1, Haiinem uucno o, >0 Takoe,
4TO U3 YCIOBUS X < O, BBITEKAeT HEPABEHCTBO
&

\|<2*<h(x)—|<2‘<h(o)\<E (k=12,..n- ). (5.10)

[Tosoxxum O = min{b'O 0, ...,5n_]} . Torna u3 HepaBenctB (5.9)u (5.10)mpu X<
BBITEKACT, YTO

[h(x)=h(0)]+[ K*h(x)~ K>h(0) |+ ...+
£

- (5.11)

2(n-1) e 20-1) & _
+ K2"™h(x) - K h(O)]‘ <ni-=
N3 nepasenctra (5.8)Oynem nmetsb
‘[Kznh(x) - K™h(0) ] +[ K2"Ph(x) - K 2 *h(0)] + ..}s
< [K*™h(x) + K*h(x) +..]+

+K2°h(0) + K20*Ph(0) + . <§+%=2—§. (5.12)

N3 vepasencts (5.11)u (5.12)okoH4arensHO TOJTydaeM
6(x)-9(0)<e.
Jlemma 5.2 nokazana.

Jlemma 5.3.Ilycmb cemeiicmeo ghynxyuii {hk =h, (X)} [ C[O,l] :
1) pasnomepno ozpanuueno na ompeske [O,l] , Mo ecmb Hth .sC;

2) pasHoCmeneHHoO HenpepvIeHO HaA OMpPe3Ke [O,a] ,20e 0<o<1.

Tozoa cemenicmeo

{¢k =(1 —KZ)'lhk}

PABHOCMENEeHHO HenPePbIGHO HA [0,0] :
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Joka3zarenabceTBo. [lycts € >0 — npousBoabHoe uncio. [lo 3aganHomy &

gyuciio N BeIOEpeM TakuM 00pa3oM, 4yToObl uMesno Mecto HepaBeHcTBO (5.8).11o

YCIIOBHIO CEMEWCTBO {h< = hk(x)} PAaBHOCTENEHHO HETMPEPHIBHO Ha OTPE3KE
[O,J ] , 4 CEMENCTBa

{ken} {Kn},..{ K200}
PaBHOCTETIEHHO HEMPEPBIBHBI HAa OTPE3Ke [0]] B cuiy JieMMbl 5.1 u, crenoBa-

TEJIbHO, CEMEUCTBO QyHKIIUI
{p()=h+K?h+Kh+..+K20)

PABHOCTENIEHHO HEMPEPHIBHO HA OTPE3KE [O,J] . [TosToMy 1O 3aaHHOMY £ YMC-

70 O >0 BeIOEpEM TaK, 4TOOBI
w(x)-w(y) <= (5.13)
ecn X, yO[0,0], [x-Y|<J. Taxk kak
#(x) -4 (vl (x) - ()| + [Rh(x)|+ [RA(Y)
rie Rh(t)=¢(t)-¢(t), to n3 (5.8) u (5.13) BHITeKaeT HEPABEHCTBO
#(X) —p(y)| <€ nmaseex x,yO[0,0], [x-y|<d.

Jlemma 5.3 nokazana.
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6. OJHO3HAYHAS PASPEHIMMOCTDb CUCTEMbI
UHTETPAJIBHBIX YPABHEHUH B TIPOCTPAHCTBE
HEINIPEPBIBHBIX ®YHKIIN

B sToM myHKTE OyQyT AOKa3aHbI KOPPEKTHAas Pa3pelIMMOCTb OTepaTopa
A:C-C (6 =E[O,ZI]) , T1e orepatopsl | u A omnpenencHsl paBeHcTBamu (4.7),
U OJIHO3HAYHAs Pa3pelImMOCTh CHCTEMbI HHTETPAIbHBIX ypaBHeHUH (4.8) B mpo-
CTPaHCTBE E[O,ZI] :

Teopema 6.1.0nepamop

(1 +A):CJo0,1] - C[0,]
AGNAEMCA KOPPEKMHO pPaA3pemumvim, mo ecms cyuwjecmeyem maxoe d >0,

umo

(1 +A)®|_ 2d o] 6.1)

014 110601 6ekmop — gpynxkyuu ®L1C [O,:I] :
Hoxka3zareabcrBo. [Ipennonoxum nporusHoe. Ilycts HE nmeer mecTo He-

paBencTBO (6.1). Tora cyiiecTByeT MoCieI0BaTeIbHOCTh HOPMUPOBAHHBIX BEK-

TOp — PyHKIMIA EK :

HakHC =1 ak = (¢1k’ Docr D ¢4k)T , k=1,2,., (6.2)
ISl KOTOPOW MMEET MECTO MPEeeIbHOE COOTHOILICHUE
[0, +AB, - 0mpu k- o .3

CootHorenne (6.3)B KOOpAMHATAX MOYKHO 3aIIUCATh B CIEAYIOLIEM BH/IE
Py + Ky +Kpy + Koy =ty - 0,
KSPy + @y + KSPy + Ky =0 5 - 0,
Koy + KSpy + 03 +KSP, =05 - 0,
Koy + Ky + K@y +@4 =0 4 - 0,

7€ CXOJUMOCTb paBHOMEpPHas 10 XD[O,ZI] .

(6.4)

W3 paBencTBa (6.2) cneayert, 4To

|#l. =1 =14, k=12,..
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B HmxenpuBOAMMBIX PacCyXJACHUSX HEOJIHOKPATHO MCIOJIL3YETCs MpOlie-
Jypa BbIOOpa MOJIOCIEI0BATEILHOCTH M3 IOCJIEI0BATEILHOCTH {¢ik}, i =1,4,

k=1,2,... Bo n3bexaHnue 3arpoMOKJICHHUS 3aITUCH JIOTIOJHUTEIILHBIMU WHJIEKCa-
MU 0€3 orpaHu4YeHHs] OOIIHOCTH, Oy/IeM CUMTATh, UYTO CaMa MOCIEJ0BATENbHOCTD
byHKLIMMA {¢ik} YIOBJIETBOPSIET COOTBETCTBYIOIIUM MPEAEIbHBIM COOTHOILICHU-

SIM.

Tak kak K, — BIOJIHE HENPEPBIBHBII ONEPATOP, TO CYLIECTBYIOT IPEEIIbL:

(Ko¢3k)(x) - ¢13(X)’
|(K82)(x) - £ul).
(KO¢]}< (X) - P X)1
(Ko ) ()

( k - o (6.5)
K ¢2k X) - ¢’42(X)1

PAaBHOMEPHBIE 10 XD[O,]] ;

(SK¢) (%) ~ #1,(x).
(SKS45) (%) ~ #2(%),
(KSa)(x) — #24(x).
(SK ) (%) ~ Bus(),
B KaXJOW TOUKe XD[O,]], IpUYEM DPABHOMEPHO Ha KaXAOM OTpPE3Ke

[0,0], 0<o<1;

K - oo (6.6)

(( Ky ))((X)) ~ P ((X)),
KS@y )(X) - ¢5:(X),
: K - oo (6.7)
(S<S¢2k)(x) - ¢32(X)’
(K¢1k)(x) - ¢:11(X)’
B KaXJIOM TOYKE XD[O,]] , IIpUYEM PaBHOMEPHO Ha KaXXIOM OTPE3KE

[0.1],0<0<1;
W3 cootnomenuii (6.4),8 cuny (6.5)-(6.7),0yneMm umeTh

¢1k(( ))—’ ¢i2é g ¢’13E ;_¢’14(( ))_¢£(X))’

¢2k X) - ¢21 X ¢23 X _¢'2 X)= ¢ 4 X

1630 - () -9(0) - #ud0)=p ), <77 OO
¢4k(x) ¢:11(X) 42()()_¢'43(X)E ( )
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B Ka)X/JIOH TOYKE XD[O,ZI], IpUYeM pPaBHOMEPHO Ha KaXKIOM OTpE3Ke [5,0]:
O<o<o<l
Taxum o6pa3om, u3 cootHomeHui (6.8) momydnm
@, (x) - D(X), k - @, DX)=(8,,8,,85.8,) (6.9)
B KKJIOM TOYKE XD[O,ZI] , IPUYEM CXOJIMMOCTh paBHOMEpPHAS Ha KaXJIOM OTpe3-
Ke [5,(7]: 0<9d<0<1. 3amernM, 4TO BEKTOP-(QYHKIIHSI 6(x) orpezeneHa Ha
OTpEe3Ke [O,]] U HeTIpephIBHA HA UHTEPBAJIE (0,1).
13 cootnomenus (6.9)cienyer, 9ro
AP, (X) - AD(X), k - o,
BO BCEX TOYKax XD[O,]] U PaBHOMEPHO Ha KaXKIOM OTpE3Ke [5, (7]:
O<o<o<l
JleiicTBuTenbHO, U3 CBOMCTB oreparopa K (cm. temmy 3.3)ciemyer, 4yTo
KSpy - KSp,, Koy -~ Ko,
Koy — K@,, KSp, - KSp,,
KSPy — KSp;, K@y ~ Ko,
Ky — Kpy, KSPy — KSP,,

npu K — oo IS BCeX TOYEK XD[O,]] , IpUYEM PaBHOMEPHO Ha Ka)XIOM OTpPE3KE

[d,0]: 0<d<o<1.

U3 cBoiicT onepatopa K, (cm. temmsr 3.5u 4.1)cnenyeT cXoQuMOCTh
K0¢mk(x) - Ko¢m(x) npu K - 00; m=1,2,3,4;
paBHOMEpHAsi IO X Ha OTPE3Ke [0,]].

[Toxaxem, uro QyHKIUA CD(X) SIBJISICTCS PABHOMEPHBIM IIPEJEIIOM IOCTe-

IOBATEILHOCTHU {fbk (x)} Ha BCEM OTpE3Ke [0,]]. JleficTBUTENBHO, TaK KakK Ipe-

nenpHOe  cooTHomieHue — (6.9) paBHOMEpPHO  Ha  KaXIOM  OTpPE3Ke

[5, 0] , 0<0 <0 <], T0 HOCTaTOYHO JOKa3aTh PABHOMEPHYIO CXOIMMOCTH MOCIIe-
JOBATEIbHOCTU {ch (X)} B Majiol okpecTHOCTH Touek X=0 u X =1.

O1oT PakT ycTaHOBUM nodTanHo. CHayajla yCTAaHOBUM PAaBHOMEPHYIO CXO-

JAMOCTB IIOCJIEI0BATENLHOCTEN {¢1k (X)} 7 {¢4k (X)} B OKpecTHOCTH TO4kH X =0.

40



Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona

C 3TOi1 LIENTBI0 PACCMOTPHUM CHCTEMY
{¢1k(x)+(K¢4k)(X) =Wy (X) =y — K@y —K Py,
(K¢1k)(x)+¢4k(x) :l//:lk(x) =Yy~ K@ s~ Koy,

KOoTopasi oOpa3oBaHa M3 IMEPBOTO M YETBEPTOTO YpaBHEHUH cucTeMbl (6.4).

(6.10)

[Tpumenum ko Bropomy ypaBHeHuto cuctemsl (6.10)omeparop K u 3atem,

BbIUHUTasd HOJIy‘ICHHOC COOTHOLICHUC U3 HepBOFO ypaBHCHI/IH, 6yI[eM NUMETh.
$-K’p=h (=6, h=h, =g\ -K¢'y), (6.11)

WA
(1-K?)g=h. (6.12)

Tak kak omeparop | —K? sBusercs obpartumsiM, To u3 (6.12) momyunm

@ =(I - KZ)_lh. W3 OrpaHMyYeHHOCTH IOCJIEA0BATEIbHOCTEH {¢2k(x)} u

{¢3k(x)}, B cuiy JiemMmbl 3.1, ciieyeT paBHOCTENEHHAs HENpPEpPhIBHOCTH Ce-

MEWUCTB {(SK¢2k)(X)} u {(SK¢3k)(X)} Ha OTpe3Ke [0,(7] . [locnenoBatensHOCTH
{l/llk(X)}, {l//4k(X)}, {(KO¢ZK)(X)} u {(KO¢SK)(X)} PaBHOMEPHO CXOIATCS Ha

[O,]]. [ToaToMy cemelicTBa {l//ik(x)} 151 {l//;k(x)} PAaBHOMEPHO OTPAaHUYCHBI Ha
[0,]] Y PABHOCTEIIEHHO HENPEPHIBHBI Ha [0,(7]. DTO CBOMCTBO COXpaHsIETCS U

I CEMENCTBA {h =hy, (X)} B cuity JiemMbl 5.1. OTcrosa u 13 JieMMbl 5.3 BbITE-
o 2\1
KaeT PaBHOCTETEHHAs HENpPEPhIBHOCTH cemeicTBa { ¢ =@, =(| -K ) h,t Ha

OTpEe3Ke [0,0] )
[Monaras @ =¢, (X), h=h, (X)=¢, (X) - Ky (X) B (6.11) u nposens
aHAJIOTHYHOE PACCYKIEHHE, MMOJYIUM PaBHOCTENCHHYIO HEIPEPHIBHOCTH CEMEA-

CTBa
{¢ =Pu :(I - Kz)_lh4k}
Ha OTpPE3Ke [O,U] )

PaBHOCTENIEHHAss HENTPEPHIBHOCTh CEMEWCTB {¢1k(x)} 7 {¢4k(x)} B OKpe-

ctHocty Touku X =0 1oka3aHa.
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JlokaxxeM paBHOCTENEHHYIO HENPEPBIBHOCTh CEMEUCTB {¢2k (x)} U
{¢3k (X)} B okpecTHOCTU Touku X =1. [Ipu 3TOM OyJeM MCIOJb30BaTh YCTAaHOB-
JICHHOE PAaHEEe CBOWCTBO PABHOCTEIIEHHON HEMPEPBIBHOCTH CEMEMNCTB {¢1k (X)} u

{¢4k (X)} B OKpecTHOCTH TOYKH X =0.

PaccmoTpum cucremy
{¢2k(><)+(9<8¢3k)(><) =W (),

(SKSB, ) (X) + @y (X) = (X), (6.13)

rae

‘//ék (X) =y~ Ko¢1k - KS¢4<’

00pa30BaHHYI0 M3 BTOPOIO U TPEThEr0 YPAaBHEHUM CHUCTEMbl WHTETrPajbHBIX

{‘/llzk(x) =, —KSpy —K@p 4,

ypaBHeHwMi (6.4).
[TpuMmeHnM KO BTOpOMY ypaBHeHHIO cucTeMbl (6.13)omepatop SKS u 3a-
TEM BBIYTEM TOJYYCHHOE COOTHOIICHHE U3 TIEPBOTO yYpaBHEeHUs. bynem nmertsb

B (X) ~((SKS)” ) (¥) = e (¥) ~ (K4 (%),
¢—(KS) g =nh, (6.14)
e @ =@, (x),  h=h, =g, (x) - (SKSPL)(x)-

Ypapuenue (6.14)M0KHO 3amnKcaTh B BUJIE

¢ —K*Sp =h. (6.15)
[IpumeHuB oniepatop S K 3TOMY PaBEHCTBY, MOJIYIUM
(1-K?)sp=sn. (6.16)
Tak kak omepatop | —K? sBuserca oGparmmsiM, To u3 (6.16) umeewm:

S¢=(I —Kz)_lsh. [Ipumenum omepaTop S K 3TOMy paBeHCTBY. Torma

¢=5(1 ~K2)™ Sh. U3 pasnocrenenuoii nenpepeisoctn cemeiicts { gy (X)}
{#4(x)} ma otpeske [0,0] BbITekaeT paBHOCTeNeHHas HeMpepHIBHOCTS ce-
MEHCTB {(KS¢1K)(X)} u {(KS¢4K)(X)} Ha OTpe3Ke [1—0,]]. [TocnenoBarenbHO-
ot {0 (X} {@a (¥} {(Ko#u)(X)} 1 {(Ko#a)(X)} pasromepro cxomsres
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Ha OTPE3KE [O,ZI]. [ToaToMy cemelicTBa {l/lgk(x)} 151 {l//ék (X)} PaBHOMEPHO Orpa-
HUYEHBI HA OTPE3KE [O,ZI] Y PABHOCTETNIEHHO HEIMPEPBIBHBI HA OTPE3KE [1—0 ,ZI].

Otcroma, B cuily JeMMbI 5.3, BBITEKAaeT PaBHOCTEIICHHAS HEMPEPBIBHOCTH CE-
MENCTBA

{¢ =4,.=5(1 - Kz)'lsth}
Ha OTpE3Ke [1—0,]].
[Tonaras B (6.15)
$=3(x), h=hy (X) =@ (x) = (SKSW ) ()

M IMPOBCAA aHAJIIOTUYHOC PACCYKIACHHC, IMOJYYHM PABHOCTCIICHHYIO HCEIIPCPLIB-

HOCTHh CEMENCTBA
(=0.00=5(1 -k "sn,]
na otpeske [1-0,1].
PaBHOCTeNeHHas HenpepbBHOCTS ceMeiicTs { @y, (X)} 1 { @, (X)} B oxpe-

CTHOCTH TOYKH X =1 JOKa3aHa.

JlokaxxeM paBHOCTENEHHYIO HENPEPHIBHOCTh CEMENCTBA {¢1k (X)} B OKpe-

CTHOCTH TOUKM X =1 m cemelicTBa {¢2k (X)} B OKpeCTHOCTH TOYKH X = 0.

Paccmotpum cucrtemy

{¢1k(x) + (K (%) =9 (),

(Ks¢1k)(X)+¢2k(x)=¢'2'k(x)’ (6.17)

rae

wgk(x) =Yy _SKS¢2< - K0¢4<’

COCTaBJICHHYIO U3 MIEPBHIX ABYX ypaBHEHUI cuctemsl (6.4).

{ l/flrL(X) =Yy - Ko¢3< - K¢4<’

[TpuMeHrM KO BTOpOMY ypaBHeHHIo cucteMbl (6.17)onmeparop K u 3a-

TEM, BbIUUTAs IMOJIYUCHHOC COOTHOIICHUEC U3 IICPBOI'O YPABHCHMU, 6y,Z[CM HMCTb
Dy (X) - (SKZS¢11<)(X) =Y (X) - (SK‘//Zk)(X) '

TO €CTh

(1 =K2) S84 ) () = (32 () = (ke ) (%)

43



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

Otcrona

() (%)= (1 = K2) ™ ((58) (%) = (K ) (%))
. CJIeIOBATEIBHO,

i (x) = S{1 = K7) (2 (4) - (3 ) ().
Tak kax oneparop K, siBisieTcs BIIOJIHE HENPEPBIBHBIM, TO cEMEHCTBA { K0¢3k} u
{K0¢4k} — PaBHOCTETICHHO HEMPEPBIBHBI HA OTPE3KE [O:I] W3 paBHOCTETIEHHOU
HETPEPBIBHOCTH CEMEICTBa {¢2k} B OKpECTHOCTHM Toukn X=1 u cemeiicTBa
{¢4k} B okpectHOocTH Touku X =0 cneayer (memma 5.1) paBHOCTeneHHas Hempe-
PBIBHOCTb CEMEICTB {SKS¢2k} u {K¢4k} Ha OTpe3Ke [O,ZI]. Orcroga BbITEKAET
pPaBHOCTETIEHHAs! HETIPEPBIBHOCTH CEMEWCTB

{‘//fk =¢/]J<_KO¢3<_K¢4<} u {l//Zk =‘//2k_SKS¢z<_Ko¢4<}

Ha OTpe3Ke [O,ZI] U TIOTOMY CEMEHCTBO {¢1k} PABHOCTENIEHHO HEMPEPHIBHO HA
OTpEe3Ke [O,ZI].

[Mpumensst k mepBomy ypaBHeHuio (6.17)oneparop KS u 3arem BblumTas
MOJIy4YeHHOE COOTHOIIIEHUE U3 BTOPOTO YpaBHEHUS, Oy/1IeM UMETh

2 —
B (%)~ (K20 ) (X) = 5 (X) ~ (KSH2) (%),
TO €CTh
— 2\
b =11 (030 - (<) (9)

Tax kak cemeiicTBa QyHKIUI {gllfk} 151 {wgk} PABHOCTEIIEHHO HENPEPBIBHBI HA
OTpE3KE [0,]] , TO U CEMEUCTBO {¢2k} PaBHOCTETIEHHO HENPEPBIBHO HA OTPE3KE [O,]] :

PaBHOCTENEHHAas HEMPEPBHIBHOCTh CEMENCTBA {¢1k} B OKPECTHOCTU TOYKH
X=1 u cemelicTBa {¢2k} B OKpecTHOCTH Toukd X =0 noka3zana.

Takum oOpa3oM, HAMH YCTaHOBJIEHA PABHOCTETICHHAs] HEMPEPBHIBHOCTH Ce-

MEWUCTB {¢1k} u {¢2k} Ha OTPE3KE [0,]] :
JlokakeM PaBHOCTETIEHHYIO HENPEPhIBHOCTh CEMEMCTB {¢3k} u {¢4k} Ha
OTpe3Ke [0,]].
PaccmoTpum cucremy
{¢3k(x) +(KSP, )(X) =005 (X) =¢05 — K Py ~KSp,,
(K5 ) () * Pa (X) =9 (X) = Ky ~K

KOTOpasi COCTaBJICHA U3 MOCIICAHUX JIBYX YpaBHCHU crcTeMbl (6.4).
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N3 310 cuCTEMBI HAXOUM
P (X) = (I_Kz) (l//gk(x) KS‘/IZk(X))’
Puc () =S(1 = K?) " (S () - K ()

Tak xax cemeiicTBa {lﬂ3k } {lﬂzk } PAaBHOCTCIICHHO HEIPEPHIBHEI HA

(6.18)

OTpe3Ke [O,ZI], TO U ceMeicTBa {¢3k (X)} u {¢4k (x)} , OTIpeZIeTICHHbIE PABEHCTBA-
mu (6.18),paBHOCTENICHHO HENPEPBIBHBI HA OTPE3KE [O,ZI] :

Takum oOpazoMm, HaMM TOKa3aHO, YTO ceMeiicTBa {¢1k(x)} : {¢2k(x)} :
{¢3k(x)} u {¢4k(x)} SBJIIOTCS PAaBHOCTETNIEHHO HEMpPEpPHIBHBIMU Ha OTpPE3Ke

[O,ZI]. Torma u3 Teopembl Apiiesia BRITEKaeT paBHOMEpHas CXOAuUMocTh (6e3 or-

paHHU4YCHUA O6H_IHOCTI/I) MIoCJICA0BATCIIBHOCTHU

©, () =(Au (%), Pac(x). Ba(x). 8a(¥)

K QyHKIIMHT
®(x)=(4.(x), #.(x), 25(x), 24(x))",
npuyemM ®0C.
[Mepexonst k mpeneny B (6.4)npu K — oo, momydanm
¢+ K, +Kp,+Kop,=
KSg, +,+ SKSf, + K, =0, 6.19
Ko+ KSp, + ¢, +KSp .= .
Ko, +Kop, + Ke;+¢,=0,

Tak kak ‘ e =1m ‘ - 0,710 H(DHE =1. OT0 paBEeHCTBO MPOTHU-
C C

BOPEUUT yTBepkIeHuIo ciencteus 4.1, tak kak cucrema (6.19) He umeeT HEeHy-
JIEBOTO PEIICHHUS.

Teopema 6.1 nokazana.

Teopema 6.2. Cucmema unmezpanvuvix ypasuenuii (4.8) oonosnauno

paspeuiuma 6 nPOCMpancmee E[Ol] :
Jloka3zaTeabcTBO. B cumy Teopemsl 6.1 noctaTouHo mokaszarh, 4To 00pas
onepatopa | + A coBmagaer co BCEM NPOCTPAHCTBOM E[O,ZI] . Ilycthb GDE[O,]]

— MPOU3BOJIbHASA BeKTOp — QyHKIMs. [lokaxkeM, 4TO ypaBHEHUE
P+AD=Y (6.20)
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paszpenimmo B E[O,ZI] . ITycts 0< A <1 — npousBonbHOE unciio. Toraa cymecTsy-
€T BEeKTOp — QyHKIHUs ) ; DE[O,]] TaKas, 4To
D +AAD, =W, (6.21)
rie CPTA OTIpeIeNIIeTCsl PABEHCTBOM
o, =(1+1A)"W
CymecTBoBaHne 0OOpaTHOTO omeparopa (I + /1A)_1 clieflyeT W3 paBEHCTBA

HA”f ~ =1 wuycnoBus 0<A<1.

U3 nepasenctBa (6.1)npu A > 1—% OyneM HUMeTb.

/\

ch +AAD, +(1- 1) AD

—H‘D w183+ 2], H

d c d Alic d c 2 Alic
N3 storo HCpPaBCHCTBA CJICAYCT, YTO

pu 1—% <A <1 nng moOoii  BeKTOp-(yHKIMH W DE[O,]] :

H (1+AA)"

21—
Yl =3l¥k

[Tycts l—% <A,A'<1. Torna umeem

O, -0, =(1 +AA) W1+ VA W=(1 +AA) (A =A) (1 + VAW

[lepexoast K HOpME B 3TOM PaBEHCTBE, MOTYUUM:

A

[Tycts 1—%<)Ik <1, A, - 1Lk - . B mociequem HepaBeHCTBe, MOJa-

[0, .|, <

(1 +/1A)

AT
<A

c-cC

rais A=A, A" =, momy4um, 4To NOCIEI0BATEILHOCTD {<D } sBisieTcs GyH-

Ak

nameHtanbHOU. [lycth &P A ®, Kk - . Ilepexoas B paBeHctBe (6.21)

46



Knaccuueckuit u perynsapu3oBanHblil onepatopsl [lyaccona

npeneny npu A=A, K - o, momydnm pasenctBo (6.20). 310 0o3Hauaer, 4TO
obOpasom omepatopa | + A sBisieTcs E[O,ZI] . Orcrona u u3 (6.1) BeITeKaeT cyie-

-1
CTBOBAHUE (I + A) Y CIIPABEINBOCTh OLICHKH

H(I +A)”

c-C

1
<—.
d

Teopema 6.2 moxasana.
Omnpenenenne. byneMm roBoOpuTh, 4TO BEKTOP-QYHKITHSI

W) = ((%), (%), @5(%), 4(¥))

YAOBIJICTBOPSCT YCJIOBHIO COIJIACOBAHHOCTH B YIVIOBBIX TOYKaX OﬁJIaCTl/I, €Clin
HMCHOT MCCTO paBCHCTBA

i (0)=0,(0), wi(D=0(0 . w( I=00( } wd D=0 { ] (622
Teopema 6.3.Ilycmb éekmop-gpynkuus

W(x) =(w1(x)’ w,(x), ¢s(x), 4[’4()())T
yooenemeopsiem yciosuio coznacosannocmu (6.22).Tozoa pewenue
5(x)=(¢1(x), #.(x). ¢:(x), ¢4(X))

cucmempl (2.23)y0osnemeopsem yciuoeuio co2naco8aHHOCHU.

T

Jloka3zatenabceTBo. [Ipu X =1 u3 nepBoro u npu X =0 u3 BTOpOro ypas-
HEeHHi cuctembl (2.23)0yaeM UMETh

{ #,(1) + SKg, (1) + Kepo( ) + Ko (3

=y(7,
KSg,(0) +¢,(0) + SKSp,(0) + K g,( 0 = (6.23)

w0

Tak xak

SK¢(1)=@, Kop (1) =KSp(1)

ksp(0) =21, sxsp(0)=ksp(), Kp(9=Ko(3
TO MOCTAaBIISAS 3TH paBeHCcTBa B (6.23),moydaem:
0.(1)+ 2% ks, (3 + kg, (D =0,(3.

2045, (0) + k39, (3 + K, (D =0

N3 (6.24),B cumy BTOpOro n3 paBeHCTB (2.23),0ynem umets: @, (1) = ¢2(O) :

(6.24)
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AHQJIOTUYHBIMU PACCYKACHUSMU NpU X =1 U3 BTOPOTO U TPETHETO ypaB-

HeHuil cuctemsl (2.23) noixydum @, (1) =¢3(1), npu X=0 u3 Tperbero u mnpu
X=1 u3 4yeTBepTOro ypaBHeHHH cucTembl (2.23), moaydum ¢3(O) = ¢4(1), npu
X=0 u3 mepBOro M 4YETBEPTOro ypaBHeHUH cucreMbl (2.23) monydum
#.(0)=4,(0).

Teopema 6.3 moka3zaHa.

7.CJJTABASA HEITPEPBIBHOCTb MUHTEI'PAJIBHOI'O
OIIEPATOPA K B ITIPOCTPAHCTBE OI'PAHUYEHHBIX
W3MEPUMBIX ®YHKIIHI

B stoMm IMIYHKTC OOKa3bIBAIOTCA YTBCPIKACHM:A, MCIIOJB3YCMBIC B JOKasa-

TEJIbCTBE TEOPEMBI 00 OrpaHUYEHHOCTH pellieHus 3aaauu J(upuxie B mpocTpaH-

CTBE OTPAaHUYECHHBIX U3MEPUMBIX (PYHKIIMH HA OTPE3KE [O,]] :

Jlemma 7.1 Iycmos {¢k(x)} — ROCe006amenbHOCMb 02PAHUYEHHBIX

uU3MepuMbIX QyHKyui:
[6]_foq<N. k=12,....

Tozoa cywecmeyiom ynkyua @,0 Lm[O,l] U noOnoC1e008amebHOCHb

{ ¢kj ( X)} nocneooeamenbHocmu {¢k ( X)} , yOoenemeopaouiue yciaoeuro

im [ (4, (£)-4,(&))ag =0, 0]

Jloka3areqabcTBO. [Ton0KNUM

X

W () =], (¢)dé. (7.1)

0

CewmeiicTBO {l//k} PAaBHOMEPHO OI'PaHUYEHO!

A AT

M PaBHOCTCIICHHO HCIIPEPBIBHO, TaK KaK

0.2 -4.(x)| = I¢k(5)d£

Llod <N

5H¢kHLm[o;q‘X_X"S K|x-x|, K=cons, (7.2)
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T.e. QyHKIMU @, (X) yIOBIETBOPSIOT ycnoButo Jlunmmuia. [loaromy, B cuiny Teo-

pembl Apuiena, 6e3 orpaHudeHusi OOLUTHOCTH, MOXKHO CUMTAaTh, YTO CYIIECTBYET

byHkuua ¢, (X) , YAOBJIETBOPSIOLLAs PABEHCTBY
W, (X) =t (x)|= 0. (7.3)

OueBunHo, QyHKIUSA lﬂO(X) YAOBJIETBOPSET YCIOBUIO Jlummmna, koTopoe cie-

lim max

ayet u3 (7.2). CnenoBatenbHO, (QYHKIUS lﬂO(X) ABIIsieTCS a0COJIIOTHO HETpe-
pbIBHOM. [ToaTOMY MOYTH BCIOy MMEET MECTO HEPaBEHCTBO ‘l//(')(x)‘ <M, o3Ha-
yaroIee, 4to ¢O(X) =wg(x) [ Lm[O;]]. N3 sToro paBeHcTBa U aOCOJIIOTHOM He-

IPEpBIBHOCTU QyHKLUH (X) clieyeT paBeHCTBO

X

Wo(X) = [ #o(£)dé, (7.4)

0

TaK Kak l//o(O) =0.
Taxum obpazom, u3 (7.3),B cuy (7.1)u (7.4),monyqaum:

X

J(¢k(5)_¢o(f))d£

0

lim max =0.

k- o0 Osx<1

Jlemma 7.1 noka3saHna.

Jlemma 7.2 Ilycmo {¢k(x)} AGNIACMCA NOCNAEO08AMETLHOCHBIO 02Pa-

HUYEHHBIX UIMEPUMDBIX DYHKYUIL
H¢kHLw[O’1] <N, k=1,2,...,

Y00671€mEoPAIOUWUX YCIOGUIO

im [(8, (&)~ #2()) £ =0.
Tozoa
'ki[‘l(”%)(x, y)=(Ng,)(x v).
20e

(”¢)(X,Y)=%I Xi(('?f’;)z, 0<x<1, O<y<l
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Hoxa3zareabcrBo. IHTErpHUpys 110 4acTAM, UMEEM:

|_|¢k 7);_(1[ X2¢
X l(n—y)ims)ds
X_0 42X 0 dn =
DE =W ()
= 7T(X2 +)((1_ y)Z)J:;¢k (S)d3+ 2_7;(!,1‘()(2 -E,Z”__yzl)z)z ]:;¢0(S)dgj’7 +
+§1 20 ds d
7T'c[ (X +(/7 y ) Jc; "

[ToabiHTErpanbHas QyHKIUS

() =—17Y) 2 [(4(5) - #o(5)) s

(x2+(/7—y) ) 0

ABJISIETCA OTPAHUYECHHONW M CTPEMMTCS K HYJIIO IIPU KaXIO0M /] D[O;l] . Torma, co-

riiacHo TeopeMe Jlebera, MOKHO TIEPEXOANTH K TIPEIEITy MO 3HAKOM MHTETpaia:

Li[';‘o(” 9.)(xy) :717-1' X2¢i((’;)_d:77)2 +

—+

20 17Y) T4 ()dsdn=(Ngy)(xy).
”0(x2+(/7—y)2)Jc; (s)dsdr7 = (M ¢,)(x.y)

Jlemma 7.2 nokazasna.

Jlemma 7.3 Ilycms ¢@OL, [O;l] . Tozoa oOna Kaxcooii mouKu
(X, y) aG= (O, l) X( 0,]) cnpageouea OyeHKa

(M8)(xy) <[], o
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Joka3zareabcTBo. lMeem

|xt g(m)dn | x3 |e(n)|dy
MNg)(xy =X 5| S — 5 <
(A2 ) ”£x2+(y—f7)\ ”£x2+(y—f7)
Xl
<7_T0X2+ (y-n) H¢ Lfod —

l(arctgi + arctg)fJH¢(17)
T y y

Jlemma 7.3 nokazasna.

L.[0:] = H¢(,7)“Lm[0;]]'

8. 'PAHUYHBIE 3HAYEHUS UHTEI'PAJIA
ITYACCOHA C IINIOTHOCTBIO U3 ITPOCTPAHCTBA
OI'PAHUYEHHBIX U3SMEPUMBIX ®YHKIINI

IlycTh ¢(X) — OrpaHUYCHHas n3Mepumas QyHKIMS Ha BCEHM YUCIOBOM OCH.

OnpenenuM QyHKITUIO

#(x) _nm—j¢ (§+x)d&, O<hsh <o (8.1)

h- 0+

BO Bcex Toukax X[ R, rae cymecTByeT npejen B mpaBoii yactu (8.1). MuoxecT-
BO TaKHX TOYEK 0003HAYHM D(E) CornacHo Teopeme Jlebera ([12], Teopema 5,
CTp. 275), MHOKECTBO D(E) MMEET MOJIHYIO Mepy Ha JIF0OOM OTpe3Ke YMCIOBOU
OCH U CIIPaBEIJIUBO PaBEHCTBO E(X) = ¢(x) MOYTH BCIOy. BHE MHOXecTBa

D(E) GyHKITUIO E(X) POJIOHKUM PAaBEHCTBOM q_b(x) =0.
["apMoHMUECKyIO QYHKITHIO

YJ ¢ df)

y _[ ¢ )df
x-§)°
Ha FPaHUYHBIE TOUKHU (X, O) obmactu y >0 nmpoxomxum no Gopmyie:
u(x,y), ecm y>0, —o0<x<o,
u(xy)= _ =
¢(X), eCIn y—O,XDD(¢).

u y>0,

(8.2)
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Jlemma 8.1. Bo écex moukax (X,O) , 20e X[ D(E) , cyujecmeyem npeoei

¢ynxyuu U ( X, y) 600/1b HOPMANU K IM Ol MOYKE U CRPABEONUEO PABEHCHIB0

lim u(x y)=¢(x), xO D(E)

y-0+
Joka3zaTeabcTBO. BOCTIONB3YysCh TOKIECTBOM
P p—
2
2,y +(x=¢)

=1 mpu Yy>0, —c0o<Xx<oo,

IMOJIy4YuM

ey vl
Y () (s + 2 FV(E)
(yz_l_é-z)[q (5) ( 5)) T __L(yz +£2)2 d¢

Hpeo6pa3yeM KaXXaoe ciiaraeMoe 1o OTACJIbHOCTH.
1]

v(3)-v(-9) =I [¢(x+s) —E(x)]ds—

0

J[¢(x+s ]ds J[ P(x+s)- ]ds

+])« BO BTOPOM HUHTCIpAJIC
-0

& ¢ B

Q'—:Q
M
O =y
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(=¢)

Sdé - j(y e

3 sz :5
_“([(y2+f) 4 ’c[
rac

(8= 3¢ [ [#00r9) -89 Jds= 9O ~v(-4)]

3ameTuMm, 4yTo QYHKIHUS W(E : X) ABJISIETCA HENPEPBIBHOM MO NEPBOM mepe-
meHHOU mpu ¢ >0 u, B cuiry omnpenencHus (yHKIHH ¢(X), IpU  KaXJa0M

x[ D(E) MMEET MECTO MPEIeIbHOE COOTHOIICHUE W(E , x) -0, £ 0.

[Tycts £€>0 - 3amanHoe umucno. [[ns manHoit Touku X[ D(¢) BEITUUNHY

0>0 BbeiOepeM TakuM 00pa3oM, 4YTOOBI BBIMOJHSJIOCH HEPABEHCTBO

&
sup(s <3

OmnenuBas 1o Moxyimo (8.6),0ymeM UMETh

2yo 4yt &d
B (o) AL

v > Osup|w(€ X)) (8.7)

“15‘ 2 52) 0<i<s

Tak kak

2—3’5 4y'[ $'d¢ _—2arctgé<J (3, x)|< supjw(& x)|,

77'( y2 + 52) ( 5 ) T Yy 0<&<o
TO U3 HepaBeHcTBa (8.7)monmyyaem:
[1,5] < sup|w(& x)|< <£ (8.8)
0<E<d 2
dukcupyem O u oueHUM uHTErpan |, ;. Umeem:
+ B (x+ &) +|g(x
25‘ J¢X E )dgsl ‘ ( 2)‘ ‘2 ()‘dfg
\{\>5 y +<( ﬂ\gpa y +€(
4y
— —arct
ATl 2| Z-aree 0,

Bennuuny Yy, >0 BbeiOepem Takoi, uToObl npu O0<Y <Y, BBIIOIHAIOCH

HEpPaBEHCTBO

53



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

4( o £
;(E_arctg;J I:l:u¢HLw(R) <—2.
Torna
&
ool <5 (8.9)
13 (8.8)u (8.9) momyunm
u(y) =B ()<l #1s] <5 +5 = (8.10)

Tak kak € >0 — npousBoibHOe unciao, To u3 (8.10) caenyer cnpaBemin-
BOCTh paBeHcTBa (8.3).
Jlemma 8.1 noka3zana.

[lycte QyHKIMS O (y) yIOBJIETBOPSIET YCIOBUSM: O (y) >0 npu Yy>0 u
a (y) — O npu y - O+. [lna nanHoO#i Toukn X, [ D(E) U QyHKIMH O (y) orpe-
JeTUM MHO>KECTBO
G (%) ={(x¥):% - X< ya(y).y>¢.

DYHKIHUIO G(X, y) Ha30BEM G(Xo,a' ) — HENPEPHIBHOU B TOUKE (XO,O) , €CIIN

l i —a(x.). _
(xy)06(5%) bexo(x)

Teopema 8.1. Ilycmo ¢(X) — 0ZPDAHUYEHHAs UMEPUMAA (QYHKUUA Ha
éceit ocu u X, D(Z) Tozoa ¢pynkuusn G(x, y) , onpedenennasn 6 (8.2), aensn-
emca G( xo,a) — HenpepvlBHOoIl 8 MoUKe (XO,O) )

Joka3zatesabcTBO. Tak Kak B TOUke X, [ D(E) CYIIIECTBYET Mpeel B mpa-

Bo# yactH (8.1),T0 mo 3amanHOMy £ >0 MoskHO Haiitu hy >0 Takoe, 4To

h

5(x0)—2_1h_j¢(xo+g)df <% mpu O<h<h, . (8.12)

Bocnone3ysice ToxkaectBoMm (8.4), anamornyHo paBeHcTBY (8.5), Oyaem

HUMCTb

U(x%,y) =8(%) =1+ 12
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rac

Nmeewm:

Tak kak

BO BTOPOM HUHTCIpAJIC

§ - =<

849 | g
_2e[v(e)-v(=8)] . _ g Ew(Exx%)
(yz+<‘2)2 “ ZJ; (y2+<‘2)2 al

O

rac
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to uHTerpai (8.13)MoKHO MpPECTaBUTh B BHJIC

_2y5 1 4yIEW5><oXo)

|, = v +52|:-|27Tw(€xx0 el dé +
3 & W($, X% ) = W&, %, %) |dS (8.14)
e el

[Toxakem HeMpepbIBHOCTD (QYHKIIUU W(E : X,XO) 0 X B TOYKE X=X, IIpH

KaXXI10M (I)I/IKCI/IPOBaHHOM f: 0< gz < 5 I[CﬁCTBHTCHBHO HMEEM IIPCACTABIICHUC
x+g‘

W(E,x,xo)zz—lgzi¢(x+s)ds—5( )=|x+s= u\——j¢ (u)du-g(x,).

[Tomaras X< X , PACCMOTpPUM Pa3HOCTh.
x+& X+&

W(&, %% ) =W(&,X %) =2— j¢ u)du - I ¢(u)du |=
X~

:2_15_[[¢(s—£)—¢(s+5)]ds. (8.15)

13 mpencrasnenus (8.15), mpu ¢dukcupoBannom £:0<E<I m X - X,
OyZeM UMETh: W(E, X',xo) - W(E,X,xo) npu X — X, B YaCTHOCTH,
W(9,%,%) - W(J,Xy,%,) mpr X — X,. (8.16)

Ycnosue (8.12) st pyHKIIMM W(f : X,XO) UMeeT BHUJ
\w(h,xo,xo)\<§ mpn O<h<h,. (8.17)

ITycts 0:0<0 <h, — dukcuposannoe uncmno. Toraa B cuy (8.16)cyme-

CTBYeT O = 0(5) > 0 Takoe, 41O
‘W(J,x,xo)—w(a',xo,xo)‘<§ mpu X=X <0. (8.18)
U3 (8.17)u (8.18)caenyror HepaBeHCTBA

‘W(O_, x,xo)‘ < ‘W(é-,X,XO) -w(J,%, ,xo)‘ + ‘W(O_,XO ,xo)‘ <% .
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Taxum o6pa3om, aJist IepBOTO ciaaraeMoro B npasoii yactu (8.14)cmpa-

BEJUIMBA OLIEHKA

2yo _1 £
e raxn| <5, 019

Kak Tonpko 0<O<hy u ‘X—X0‘<0.

Jlyis BTOporo ciraraemMoro B nipaBoid 9actu (8.14)cmnpaBeynBa OrieHKa

Hye:
B CHITy BEIOOpA O .
Paccmotpum nocnenuee cnaraemoe. Mmeem:
4y ¢ 4E = E=y8$|=
J—( 52) |:W QTXXO) £’XO’X0):| 6 d5=yd
oy &2

%I ( ) L W(ys,x,%,) = W(ys,%),%,) |ds =

2 aly S )
= t—ys)—¢@(t+ys)dt|ds.

ﬂyj; (1+sz)2[J;[¢( o) =4 (t+y )] )

O1eHHB IO MOJTYJTIO, TIOTy4aeM:
bj ) W(&,%,%) = W(&,%),%) |dé|<
2% s X‘[ } )
t—ys) +|@(t+ys) [dt [ds<

2Tzl [ bt

2 aly Sd 2
<21 2oyl s g, <

0 (l+S )
2a(y
< 7(T Wl o (8.21)
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Tak kak (X, y) DG(XO,a), TO cymectByeT Y, >0 Takoe, uto npu 0<y <Y, BbI-

IMOJIHACTCS HEPABCHCTBO

2a
22U gy, <E (ay)08(na), <Y<y, (B22)
Yuureisas (8.19), (8.20), (8.21y (8.22),mony4rM 0KOHYATEIHHO:

s <€ (8.23)

Hanee puxcupyem O u oueHuM uuterpan |, ;. Umeem:

(x+¢&)- B(x+&)|+ (%
za\< I 7 5) f( )df ‘ ‘ ‘d{s
\{\>5 y +§( m>5 y +§(

4y T o
[, =2 e,

Bennuuny Yy, >0 Oyaem cuuTaTh HACTOJNBKO Majoi, yToOBl Hapsaay ¢
(8.22)ipu 0< y <Y, BHIMOJHSIOCH U HEPABEHCTBO
%(E - arctg—] el . <
Torna
ls<e. (8.24)
W3 (8.23)u (8.24)monyuaem:
u(xy)=B(%) <|ls| #]1 5] <+ £ =22 (8.25)
Tak kak € >0 — npomsBosbHOE YHCi0, TO U3 (8.25) cnenyeT cnpaBen-

BOCTh paBeHcTBa (8.11).

Teopema 8.1 nokazaHa.
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9. IOKA3BATEJIbCTBA TEOPEM 1.1 -1.3

Jloka3zarebcTBO TeopeMbl 1.1. DKBUBaJICHTHOCTD YCIOBHUH a) U 0) UMeeT

MECTO M B TOM Cllydae, €CJIM YCJIOBHE TapMOHUYHOCTH (QYHKUIUHU u(X, y) 3aMe-
HHUThH Ha YCJIIOBHE HENPEPHIBHOCTH (IOKA3aTEIbCTBO CIEAYET U3 TeopeMbl KaHTo-
pa, cMm. [11]).

Nmnaukamust 6) = B). JlaHO, 94TO rapMoOHMYECKass (QyHKITUS u(X, y) He-
IIpepbIBHA HA G. OmnpenennM HENPEPHIBHYIO (PYHKITHIO lP(X, y) = u(X, y)‘r . Io-
JOXKHUM

Pu(x)=W(x.0), @o(x)=W(1x), ¢5(x)=W(x.3, @5(x)=¥( )
[To aTuMm GyHKIMAM, B CUITy TEOpeMbI 6.2,0THO3HAYHO OIPEAESIETCs pelIeHe
®(x)=(4.(x), #:(x), 8:(x), 24(x))’

cuctembl (2.23).0mpeneanuM rapMOHH4ecKyto B 00actd G QyHKIIHIO

wa=gwhd%

rae

Vi (X, Y) = (ni¢i)(xly)s i=1,4,
omepatopsl I, | =1,4 omnpezeneHsl paBeHcTBamu (1.4).

Tax xak BEKTOP-(QYHKITHS
W(x)=(¢a(x), @2(x), @5(x), @a(x))

SIBIISIETCSL HEMIPEPhIBHOW HA [, TO OHA yJOBIETBOPSET YCIOBHUIO COTJIACOBAHHO-
CTH ¥ TI03TOMY, B CHIIY T€OpPEeMBI 6.3, BEKTOP-PYHKIIHS a(x) TaK)Ke YJIOBIETBO-
pSeT ycIoBHIO coriacoBaHHOCTH. ClieJ0BaTeIbHO, BEKTOP-(PYHKIIHS (D(X, y) -
HenpepbiBHA Ha [ U, mosToMy, B cuily Teopembl 2.1, rapmoHndeckas QyHKIUs
V(X, y) HenpepsIBHO Ipoxokuma Ha G. Ciex mpogorKeHns GyHKIHH V(X, y)
Ha Tpanuile [ coBIamaer ¢ KOHTYPHOU (QyHKIHEH LIJ(X, y): V(X, y)‘r = LIJ(x,y).
Otcrona u u3 (1.2) B cuily mpHHIMIIA MAKCUMAIILHOTO 3HAYCHHSI TAPMOHUYECKOM
¢dbyukuu [1] onun coBnanaroT u Ha kBajapate G: u(X, y) = V(X, y) .

Wmmukaius 0) = B) T0Ka3aHa.
Nmnaukanuu B) = 0) cienyer u3 reopeMsl 2.1. Teopema 1.1 noka3zaHa.
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Jloka3aTebcTBO TeopemMbl 1.2.

Nmnaukamust a)=06). [lycts u(X, y) — OTpaHWYECHHAsT TapMOHHYECKAs

¢bynkus B obnactu G, To ecTh
‘u(x, y)‘s M, (x,y)OG.

Onpenenum QyHKITUN
u, (%) =u(£x+1_T€,£y+1;2£j, O<e<1l

Tax xak QyHKUIHA u(X, y) ompezeneHa B obnactu G, To QyHKIUU ug(X, y) on-

-1 e+1 E-1e+1
G, = , x , ,
£ 28 2¢ 2k  Zx

KOTOpasi COACPKHUT 3aMKHYTYIO 00JIacTh G=GUT. Oynkuuu U, (X, y) ABJISIOT-

peneseHsl B 00JacTu

Csl HEMPEePHIBHBIMU Ha 3aMKHYTOM obnactu G mpu Becex £:0<&<1. Cnen QpyHk-

100507 ug(x, y) Ha rpanunie [ o603Hauum yepe3 W g(x, y):

W, (xy)=u.(xy)

1o »Toli hyHKIMH ONIpee UM BEKTOP-(DYHKIIHIO

(9= (¢ (%), (), W (X), @ (%),

Fe

rae
W, (1) =W, (t,0), ¢, (t) =W, (L1), ¢, (t) =W, (t.1), ¢, (t) =W, (Ot).
3ameruM, uto ais grodoro £:0< & <1 pekrop-hyHKIUs ¢£ (X) YOBJIETBOPSIET

YCJIIOBHIO COINIACOBAHHOCTH.

N3 teopem 6.1u 6.2 BBITEKAET CyIIECTBOBAHKUE BEKTOP-(DYHKIIUN

®, (%) =2 (%), 82:(%), 82 (x). (X))
yJIOBJIETBOPSIOLIEH NHTETPATbHOMY YPaBHEHUIO
(1+A)®, =W, (x)
Y JIOITYCKAIOUIEN OLICHKY

[°.

< EHWS
d

_ —
C C

rae d —HEeKoTopas KOHCTaHTA.
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Tak kak rapMoHuveckas (yHKIHS ug(x, y) SBJIIETCSI HETPEPHIBHOW Ha

3aMKHYTOU 00J1acTh G=GUT, 10, B cury Teopembl 1.1 myHKT B), OHa JoITyC-

KacT NpCACTAaBJIICHHUC
4

u, =>u,, u =(Mg,)(xy), (xy)OG, i=1< (9.1)

i=1
[lycTh 3amaHa MOCIE0BATEIBHOCTD {é‘k} & - 1-0 mpu K - . be3 or-
paHUYeHUS OOUTHOCTH, B CHUJIY JieMMbl /.1,0yneM cuuTaTh, 4TO JJISI JAHHOU T10-

CJIEI0BATEILHOCTH {é‘k} CYUIECTBYIOT (DYyHKIIMU

$1(X). 820(x). aa(X).  2au(x)OL[0:],
YIOBJIETBOPSIFOIINAE COOTHOLIEHHSIM:

Il(imoj(¢i£k(E)_¢i,l(£))d£:0’ i=14.
0
Cornacno nemme 8.2 UMeeT MeCTO MpeeIbHOe COOTHOILIIEHUE
u, (xy) - u,i(xy), (xy)OG, i=L4mpuk - co. (9.2)
B pasenctBe (9.1) mpu £ =&, , mepexoas K npeaeny npu K — o, B cuiy

(9.2),0yneM umeTh
4

Limousk(x' y)=> u,(xy). (9.3)
i=1
C npyroii CTOpOHBI, 110 OIPEECIICHUIO PYHKLIUU U, UMEEM:
lI(|[11u£k(x, y)=u(xy). (9.4)

N3 (9.3) u (9.4) ciienyer, uto ¢QyHKIUSA U (X, y) MpPEACTAaBICHA B BUJE
CYMMBI YeThIpeX (QYHKIIHHA, Kaxaas u3 KOTopbix umeet Bua (1.4).

Mmrimukanus a) = 0) 1oKa3aHa.

Nmmaukanust 6) = a). Tak kak

n,=mTn, n,=sn, nN,=srn, n,=mn,

rie

(M9)) = 2T () =uly0). (S0 y)=u(a- ),

TO, B CHJIy JIeMMbI 7.1,BepHa UMIUIMKAIKs 0) = a).

Teopema 1.2 noka3aHa.
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Jloka3zatenbcTBO Teopembl 1.3. Heo0X0quMOCTh yTBEPKIECHUS TEOPEMbI
OuYEeBHU/IHA.

JocratouHoctb. Ecnin QpyHkums LI—’(X, y) ABJISIETCSl HETIpepbIBHOW Ha [,

TO BEKTOP-PyHKIUSA
m(X) =(‘//1(X)’ W,(X), @s(x), ‘//4()())T’

roe Y, i =1,4 — Ompe/eICHHbIC BBILIE, IPUHALICKUT MPOCTPAHCTBY BEKTOP-
byHKIUH 6[0,]] U yJOBJETBOPSIOT YCIOBHUIO COTJACOBAHHOCTH. Toraa, B CUILY
Teopembl 6.1, cucreMa MHTErpalbHBIX ypaBHeHHU (2.23) MMeeT eIMHCTBEHHOE
pelieHue EDE[O,]], KOTOpOE€, B CHIIy T€OpeMbl 6.3, YAOBJIETBOPSET YCIOBUIO
cornacoBaHHocTu. OTcrona, B cuiy TeopeMsl 1.1, cneayer, 4To rapMOHMYECKas

byHKIISA u(X, y) :(I"Ia)(x, y) HENPEPBHIBHO MPOJODKMMA Ha 3aMKHYTYIO 00-

nacth G u ee cieqHa [ coBmagaeT ¢ BeKTOp-(PyHKIIUEH m(x, y).

Teopema 1.3 nokasana.

10. TOYKH JIEBET'A

B nanHom maparpade, Hapsiny ¢ M3BECTHBIM MOHSITHEM — Touka JlebGera

Gynkuuin mpoctpancta L . (R)— mpocTpancTBo QpyHKUMA MHTETPUPYEMBIX I10

Jlebery Ha KaXJIoM KOHEYHOM IIPOMEKYTKE, BBOJSTCS HOBBIC MOHSATHSI — TOYKA
tuna Jlebera u [lIBapua. M3yuaercs nmopenaeHue rapMOHUYECKuX (DYHKIIUNA BOJIH-
34 TPaHUIIbI, C UCIIOJIb30BaHUEM Touek Tuna Jlebera u IlIBapua, u ycranasiuBa-
€TCSl aCUMIITOTHKA ATUX (PYHKITUIA.

Onpenenenne 10.1. Touka X[J(R) HaswiBaeTcsi Toukoi Jledera [12,

C. 275] nokaneHo unTerpupyemoii mo JleGery ¢ynxmuu @OL,  (R), eciu
¢(X) #£too u

lim %i ¢ (x+1t) - p(x)|dt =0.

|h[-0
Ecin ¢ 0L, . (R), 1o [12,C. 275] noutu Beskas Touka XL (R) ssnsercs

Toukoi Jlebera 3Toit pyHKIIHH.
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Hwxe Bcrogy OyneM mpesmnonaraTh, 4To GYHKIHS ¢ MPUHAIICIKUT MPO-
crpancTBy L, (R).
Omnpenesenune 10.2. Touky X[ (R) nHazoBem Toukoii Tuma Jlebera

Gynxumm @OL,  (R), ecin cymecTByIOT npeaesnl

m%fgp(xﬂ)dt =a,(x4). (10.1)
im L [g(c+)ct=a (x9). (10.2)

rae a+(x,¢) u a_(x,¢) — HEKOTOPBIC YUCIIA.

OtmeTnMm, uTo Touka Tuna Jlebera sBiseTcs MHBAPUAHTOM KJlacca SKBH-
BaJICHTHBIX (DYHKIIMH, TO €CTh HE 3aBHCHUT OT BbIOOpa (YHKIIMHU U3 KJIacca SKBU-
BajieHTHBIX (pyHKuMi. Torna kak Touka Jlebera 3aBUCUT OT BbIOOpa MpEICTaBU-
TeJIsl U3 KJIacca SKBUBAJICHTHBIX (DYHKIIHM.

JIrobas Touka Jlebera X, dynxkumn @OL,  (R) sBasgeTcs TOuKoM Thma
Jlebera 51O (yHKIMH, HpHUEM a, (Xo,¢) —a (xo,¢) = ¢(Xo) . OOpaTtHOE He
BEpPHO. HE BCsKas Touka Tuna Jlebera GyHkiuu @ siasiercs Toukoi Jlebera atoi

¢dbyukiuu. Hanpumep, m1s GyHkiun Xepucaiaa

x(9)=]

Touka X, =0 sBusgerca Toukoil Ttuna Jlebera 93TOM (QyHKIMH, NpUYEM

0, ectu X<0,
1, ecmu x>0,

a+(x0,¢)=1, a_(x0,¢)=0. OnHako ’ra TOYKa He sABIsfeTcd Toukouh JleOera

dbyukIuu Xepucamnaa, Tak Kak mpeen

I|m ﬂ¢ (x+t) ¢(O) t—‘ll‘ry H¢ x+t‘dt

He cymecTByeT. Bee ocranbubie Touku: X Z# 0 sBistores Toukamu Jlebera ¢pyHk-
1y XeBucaimaa.

Bbonee Toro, MHOkecTBO Touek Tuna Jlebera MoKeT COBNaIaTh C YUCIIO-
BOIl OCbIO, @ MHOXeECTBO Touek Jlebera — HeT. Hampumep, TOJIbKO MppanrioHab-

HbIE yucia sBistoTca Toukamu Jlebera ¢pynkuun dupuxie
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5 ( ) 0, ecnum X-— palHoHaIBHO,
X)) =
1, ecnrum X -— uppanuoHaIbHO,
Torja kak Bce Touku u3 (R) sBisrorcs Toukamu tuna JleGera 3Toil GyHKIUY.

Onpenenenne 10.3. Touxky tuna Jlebera XL (R) dynxumm ¢OL,  (R)
HA30BEM YCTPAHUMOIi, eciu a, (X, ¢) —a (X,¢), MpH ATOM OYJIEM HCIIOIh30BaTh
o0o3HaueHNEe a(x,¢) =a, (X,¢) —a (X,¢) :

Onpenenenue 10.4.Touky XL (R) nHazoBem Toukoii llIBapua ¢pyukiuu
&

¢UL, o (R), ecrnn HeonpeneneHHbli UHTErpan OT GyHKIUH @ V(f ) = j¢(s) ds
0

auddepennupyem no IIBapiy B atoit Touke [12, C. 323], T0o ecTh cymiecTByeT
KOHEYHBIN ITPEIE

. VI{x+h)-v(x—h
o= g YA h)

Touka [1IBap1ia siBiIsIeTCS MHBAPUAHTOM KJlacca SKBUBAJIEHTHBIX (PYHKITUH,

TO €CTh HE 3aBUCHUT OT BbIOOpa GYHKIIUU U3 KJIacca SKBUBAJICHTHBIX (DYyHKIIHA.

OtmeTuMm, uTo Kaxaas Touka X tuna Jlebera pyHKIMM @ sIBiIIETCA TOY-
. . 1
ko IllBapma »Toit (yHKIMH, TpUYEM S(X) = E(a+ (X) +a_ (X)) . B yactHOCTH,

Bce Touku Jlebera ¢ynkiuu @ sBiusorcs Toukamu llIBapria stoit dynkiuu. B
cuiy teopemsbl 5 [12,C. 275] noutu npu Bcex X[ (R) mMeeT MecTo paBeHCTBO

S(X) = ¢(X) . O6partHoe He BepHO. JlelCTBUTEIBHO, PACCMOTPUM (PYHKITUIO

sgnx, eciu 1 <‘X‘<—1
! 22n—1_ - 22n—2’
1 1
#()=10.  com —<|x|<—s
0, eciu ‘X‘>1.

Touka X, =0 sBnsercs Toukoii llIBapua GpyHKINN @ (X), TaK Kak

h

V(% +h)=v(x,—h)= _[¢(s)d550, hC(R),

-h
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[I0DTOMY
im YO0 th)~v(x—h) _
h- o+ 2h

OnHnako Touka X, =0 He sBuseTcsa Toukoi tuna Jlebera GpyHKIUM ¢(X) Jetict-

h
¢ 2 1 4
BUTEJILHO, UMEEM: —I¢(S)ds=§, ectn h=h,, =W i — J ¢(S)ds=§,

in 0

1 .1
ectn h=h,, =ﬁ' CrnenoBaresbHO, Mpeaes .!'IEEV(S) ds ue cymecrtByeT. U3

17
HEYETHOCTH (DYHKIHH ¢(X) BBITEKACT, YTO Mpeae rI]Irg EI¢(S) ds Takxe He

CYILLIECTBYET.
Omnpenenenue 10.5.dynkIuio E(X) HazoBeM (pyHknuei Jlebera xiac-
ca DKBUBAJICHTHBIX (DYHKIUH, COIEPIKAIETO TaHHYIO (QYHKINIO @, €CITu

#(x)=

— S(X), ecmu X—Ttouka [lIBapia ¢pynkuuu @,
0, B IIPOTUBHOM CIIy4ae.

Oynkuus Jlebera sBIsSeTCS €IWHCTBEHHOW B KJacce HKBUBAJICHTHBIX €l (PYyHK-
1uii. Ecam manHblil KI1acc COAEPKUT HETIPEPHIBHYIO (DYHKITUIO, TO OHA U SIBISIETCS
dbynkmueit Jlebera atoro kiacca.

ITycte ¢L, (R). M3yunm moBeaeHHe rapMOHHUECKON (YHKITUH

_ _y 7 #(&)d¢
X, Y, @)= (10.3)
( ) _J; y +( <(-:)2
npu Y - 0+.
Jlemma 10.1.Ilycme ¢OL, (R) u x,0(R) ee mouxa Illleapya. Tozoa
llrrohu( Y)=5(%)-
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£
Jloka3zatenabcTBo. [lonaras V(E ) = J¢ (S) ds u wHTErpUpYys MO YaCTSIM
%

_ 1 (&) = ]
U(E)_y2+(x0—£)2 d (5) ¢(€z)d€(
du(e)=—2ET0)Y - Fy(s)as
] (y2+(x0—£)2) i[ _
IMOJIy4YuM
- f¢(s)ds
u -y ¢(£)d£ Y x N
(Xo y) ].[_,[oyz_'_(xo_g)z 7Ty2+(x0—5)2
G2 TRV elieny 4ym y°°tv(x0_+t)d _
H-I“(y“(xo—f)z)z =0 7T_Joo(y2+t2)2t

= — =Am =
T (y2+t2)2 ﬂo(y2+t2)2dt 7TJ; (y2+t2) dt

I i L] T TR

) o) o e

OnennM Moaynb TepBoro ciaraemoro. Ilycte 0 >0 — mpou3BosbHOE
yucio. Torana

| _ay th(v(x0 +t)—v(x0—t))—s(xo)t2d i
a (v o) "
syl ve-u)-staje

_7£ (y?+t2)’ -
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+ﬂT zlt(V(Xo +1) = V(% —t)) = s(xo)|t*

T e

dt=1,+1,,.

: T .
Bennuuny 0:0<0 < > BbIOEpEM TaKOM, YTOOBI BBITTOIHSIIOCH HEPABEHCTBO

<& mpu 0<t<o.

20+ v(x,-0) - s(x)

BOCHOJIBBYHCB HEONIPEACIICHHBIM MHTCTPAJIOM
2
J‘Ltz =iarctgl—%, (10.4)
(y+?) 2y Ty 2(y+t?)

OyneM uMeTh

=——| —arctg— ————+ <Earctgé—-<£
T |2y y 2(y2+52) T y

1
®dukcupyem O . Tak kak QyHKIUSA E(V(Xo + t) —V(X0 —t)) - S(XO) SIBJISI-
€TCsl OTPAHUYEHHOW HAa BCEW OCH, TO HAWJIETCS YUCIO C Takoe, 4YTo

<c mnpu O<t<oo.

(V% +1) (% =1) = 5(x)

Ouennm |,,. ITonaras y, = % npu 0<y<y,, umeeMm
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Wrak, Hamu noJryyeHa oLeHkKa
lj<2¢ mpn O<y<y,. (10.5)

Bocnons3ysics (10.4),Beraucnum unaTerpan |, :

00

ays(x%)| 1 t t ays(x,) 1
== Sarctg-—— o | =l =),
2 T zyarcgy 2(y2+t2) T Ay s(%)

t=0

Otcrona u u3 (10.5)BeITeKaeT COOTHOIIEHUE
u(%p, ¥)=s(x,)|=1/<2¢ mpun 0<y<y,.
Jlemma 10.1noka3ana.
3ameTuM, uTO eciu GyHKIMs {/ skBuBanieHTHa QyHkiuu @LIL_ (R), To
n3 npeactasnenus (10.3) ciaemyer TOXKISCTBO u(x, y;w)Eu(x,y; ¢) B cuny
ATOrO 3aMedaHwusi, 6€3 OrpaHHUYEHHUs OOIIHOCTH, MOYKHO CUYHMTaTh, YTO paccMar-
puBaemast pynakmus @¢LIL, (R) senasercs Gpynkuueii Jlebera kiacca SKBUBAJICHT-

HbIX el (pyHkiui. [Toatomy u3 gemmbl 10.1BBITEKAET CIIPABEAIUBOCTh CIICIYIO-

IIETO YTBEPKIACHUS.

CaencrBue 10.1. Ilycmo ¢OL_ (R) senaemca pynkuueii Jlebeza

Knacca Ikeusanenmusvix e ynxyuit u X, (R) ee mouxa Illeapya. Tozoa
l'_(]g)ru(xm Y ¢) =¢( Xo)'
Onpenenenne 10.6. I'oBopst, uro ¢yHKIus U (X, y) , OIpe/eJICHHas B

(10.3),uMeeT HeKkacaTeJbHbIN Mpeaesa B TOUKE (XO,O) , X% L(R), ecnu 1st kax-

noro a: 0<a <+ CYLIECTBYET KOHECUHBIN ITPEIEI

lim u(xy).

y— 0+
[x—x|<ay

3aMeThM, YTO €CJIIA B TOYKE (XO,O), X L(R) cymecTByer Hekacareib-
HBII TIpeJiel1, TO 3HaUY€HHE 3TOrO0 Mpejiesia He 3aBUCHUT OT BEJIMUUHBI O .

IIycts @OL,(R) un xC(R) ee touka tuma Jlebera. Ilomoxum
a,=a,(%), a=a(x), ree a,(%) u a(x) onpesenens pasencrsamu
(10.1)m (10.2).BBenem 0003HaUCHNUS:
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L hy) =2 ) -a

7oy (t- )\

_2yp o (ttht (1 o .
-(h y)_?_[o(yz+(t—h)2)2(fv(x0 ) _jdt’

X
rae V(X) = S)ds — HeomnpeneneHHblil MHTErpail PyHKIUA OT @,
p Y y
0

o(hy)= 22y (g Zayj L) Ly

T °(y2+(t—h)2)2 7T —w(y +( h)2)2
Torma rapmMoHHYecKy o GYHKITHIO U (X, y) MOJKHO MPE/ICTABUTh B BHJIC
u(x,y)=l,(h, y)+1,(h,y)+1_(h,y),
rac rnCpCMCHHLBIC XU h CBA3aHbI PaBCHCTBOM h =X- XO .

JIeiCTBUTENBHO, HUHTETPUPYS 110 YACTAM, ITOIYYNUM

oy v | N

y* +(x- 5 ny2+(x—5)2‘52_m

L2y XV(€) 4ro 2V T x)v(<) _de.
i e e

xy:%T

(10.6)

B momy4uenHoM mHTErpasne, npousBens 3ameHy ¢ =X, +t u BBeas o0o3HaueHHE

h=X-X,, 0yaem umetsb

u(x.y)= 2y (t- )V(Xo"'t)dtzﬂoo (t-h)t G?'V(Xo+t)dt—

Ty (e onp)

_2y ¢ (t=h)t Ly +1)-a +2a_y° (t-h)t
ﬂ—w(y2+(t—h)2)2( (Xo t) _jdt

28,y (t-h)t
SR DI
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Jlemma 10.2. IIyems ¢OL_ (R) u Xx,0(R) ee mouxa muna Jlebeza.

Tozoa cnpageonuevl pagencmea

im . (y)=0. fm 1-(h y)=0.
y-0+ y-0+

Joka3zareabcTBo. [Iycts € >0 — 3aman. Yuciao O >0 BwIOepeM TakuM,

YTOOBI Ha POMEKYTKE (0,5] BBITIOJIHSJIOCH HEPABEHCTBO

<& npu 0<t<J.

%v(xo +t)-a,
[pu tD(J,OO) byHKIHS %V(x0 +t) —a, — OorpaHdMYeHa H, CIICIOBATEILHO,

<cC, npu tD(J,OO) , e C, >0 —HEeKoTOpOe YUCIIO.

%v(x0 +t)-a,

ITonaras, uto

[ o oe(m+4a)
Yo = Min , ,
20’  1x,
IMOKa>XEM CIIPpaBCAJIMBOCTb OLCHKHU
L(hy)|s 2, Jn<ay, 0<y<y, (10.7)

T

3aMCTI/IM, 4TO B CUIIY BBI60pa yO y HIMECIOT MECTO COOTHOIICHU

\h\<ay<ayo_g.

Nmeem
<g°° ‘(t_h)t‘ —1v +t)—a,|dt <
L (hy)< ﬂ‘c[(y2+(t—h)2)2t (% +t)-adt
2ye?  [(t-h) o 2 T (t=h)t] ]
T '([(yz_'_(t_h)z)Z T 'o[(y2+(t—h)2)2 t
ITonaras
_2yt (t=h)t] _2y$ (t=h)t]
() ”l(y2+(t-h)2)2dt’ Lo(h. y) ﬂi(y2+(t—h)2)2dt1
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IIOJIYy4YUM

1, (h, y)‘ <el, (h y)+cl,(hy). (10.8)
OnennMm I+1(h, y). Paccmotpum aBa cinydas: a) h<0, 6) h>0.

Cnyuaii a) h<0. Toraa ‘(t - h)t‘ = (t - h)t 1, CJIENOBATEILHO,

o
y t-h 1 t
l,,(h, y)=—=| —arct -—[
(hy)= H[Zy g y 2 y2+(t—h)2]

t=0

1[ o- j y o
arctg—+ arctg- - 0<
m y y) m y?+(3-h)’

l(i‘[ 7'[] yo
<= Z+ <1
2" 2) s )

Cnyyaii 6) h>0. Torma h <g . Tak kax

1( 0 h] y(h q_
-—|arctg—+ arctg- |+=| —-— (=
T y y) Ty

1(arctgﬂ+ arctg—} -y o _h <
ﬂ y y) m\y*+(3-h)? ¥* |

1 o-h yo 1£ ah 1 «a
<—arctg - - gt — <= +—="+—,
Vg y ﬂ(y +(5—h)) my w2 2 7
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1 20
| (hy)<=+Z.
0 |4 y)<2+ﬂ

VYuutsiBasg, uto h <g, OLIEHUM |+2(h, y) . Umeem

1 t-hl" vy t
l,(h y)==arctg——| -LT——3| =
2 Y e Y (t-h)
1(m o-h) vy o
==| = -arctg—— 0- =
5 o)

_ y yo y yo
=—arctg + <—D + <
T J-h n(y2+(5—h)2) m 0-h zr(y +(5- h))
2 W iH. 4.9
T 0 ,{ 5 2] o J0) ™

2 O-F(j
2

N3 stux onerok u (10.8)monyunm

|+(h,y)\<"”(1 Za]”g“( E]*@ Yo T8,
2 77 O 2 7T O T

I BCEX (h, y) . ‘h‘ <ay, 0< Y<YVY,, KOTOpPO€ HO0Ka3bIBACT CIIPABCIIMBOCTD

(10.7). Orcioga, B cuiy mnpousBoibHOCTH £ >0, cieayeT CHpaBeTMBOCTh

\!‘I\D;yl (h’ y):
y -0+

CrpaBeyIMBOCTh BTOPOTO PaBEHCTBA ‘Li‘g;y | (h, y) =0 [goxa3bIBaeTcs
y-0+
aHAJIOTUYHBIM 00pa3zoM.
Jlemma 10.2 1oka3ana.
B cnenyromeM yTBepKAECHUN yCTaHABIMBACTCS aCUMIITOTUKA TapMOHU-
YeCcKOM (PyHKIIMM B OKPECTHOCTH TOYKHU TUIa Jlebera rpaHuIsl 001acTH.

Teopema 10.1.Ilycms ¢OL, (R) u X,0(R) ee mouxa muna Jlebeza.

Tozoa ona kaxcoozo @’ 0<qa < +o cnpasednueo pagencmeo

lim |u(x, y)—a"_a‘arctg X% |-&*a (10.9)
\XJXO(\iay Vg y 2
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Joka3zarenbcTBO. HaliieM BoIpakeHue U1 MHTETrpaia Io(h, y), y4acT-
Byromero B (10.6).Bocronk3ysich HeonpeneIeHHBIM HHTETPAIOM
(t=h)tdt 1 t—h t

(y2 +(t —h)2)2 =2—yarctg y - 2(y2 +(t—h)2) :

OyzieM UMeTh

1 t—h
+a_| —arctg——
s y

e T Y H(t-h)
i i 20

wa |l arcd < |- arctf—s) - |2 f o P|=
y

1 1 h 1 1 h
=a, |-+ —arctg— +a | ——— arctg_ =
2 T y 2 T y

1 1 h
=— — - t )
2(a+ +a_)+=(a, —a )arc 9,

Urak

1 1 h
|, == ~(a, - tg .
0 2(a++a_)+ (a, —a )arc y

Otcrona, u3 npexacrasienus (10.6)u memmbr 10.2,BbITeKaeT CrpaBeiIn-
BOCTb YTBEPKICHUS TCOPEMBI.
Teopema 10.1noka3ana.
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[Ipu3Hak cyliecTBOBaHMUS HEKAcATENIbHOIO IMpejena (QpyHKIUU u(x, y)
MPUBOAUTCS B CIEAYIOIIEH TEOPEME.

Teopema 10.2.IIycmo ¢OL_ (R) u x,0(R) ee mouxka muna Jlebeza.
Jlna cywecmeoeanus HexkacamenabHozo npeoena (QyHkuuu u(x,y), onpeoe-
nennoi 6 (10.3)6 mouxe (XO, O), Heo0X00uUMo U 00CHMamo4Ho, Ymoovl X, A6-

AA1ace ycmpanumou moukou muna Jleoveza pynkyuu @ .

Joka3zatenbcTBo. Heooxonumocts. [lycts ¢yHKINSA u(X, y) UMeEeT He-

KacaTeJIbHbIM MpPENea B TOUKE (XO, O), TO €CTh I Kaxmoro a:.0<ag < +oo cy-
IIECTBYET KOHEUHBIN npeen

lim u(xy)=A

[x=x|<ay

y- 0+

dukcupyem oJIHO O , HaHpI/IMCp a =1. Torpa u3 (10.9),nmonyunm:
a - a, ta
lim arctg— A-———. (10.10)
Vg \x xo\<y y 2

Tak xak mpezesn B JEBOM YaCTH MOJIYYEHHOTO PaBEHCTBA 3aBUCHUT OT TPACKTOPUU

CTpPEMJICHUS TOYKH (x, y) K (XO, O) , Harpumep,

Xlerglyarctgm arctg— npu y=2(x-%,),

|x= xo\<y
y_> +

lim arctgm arctg} npu y=3(X-%,),

a mpaBasi 4aCcThb OT 3TOM TPAEKTOPUM HE 3aBUCHUT U SIBJISETCS TOCTOSIHHOW BEJH-
YUHOM, TO JyIsl BhImoTHeHUs paBeHcTBa (10.10)HE0O0X0MMMO M JTOCTATOYHO BHI-
nojHeHue paBeHcTBa a, —a_ =0. DTo o3HauaeT, 4YTo X, SABJISAETCA YCTPAaHUMOMN
Toukoi Tuna Jlebera pyHkiuu @ .

HeoOxomumocTh nqoka3aHa.

JoctaTouHocTh. IlycTh X, — ycTpanumas Touka Tuna Jlebera ¢pyHkumuu

¢UL, (R), o ecth @, =a_. Torma u3 (10.9)nonyunm

a +ta
lim u(x y)=—"—.
|[x=x|<ay 2
y~0x

JloCcTaTOYHOCTH JI0Ka3aHa.
Teopema 10.2 nokazana.
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11.TPAHUYHBIE 3HAYEHUS OI'PAHUYEHHbIX
TAPMOHHWYECKUX ®YHKIIAN

PaccmoTrpuMm rapMoHHYECKYIO (PYHKITHIO u(X, y), 3aJIaHHYI0 B 00JacTH
G=(0,1)X(O,]),crpaHHueﬁ .
Onpenenenue 11.1. Oynkms llJ(X, y), (X, y)DI’, Ha3bIBAETCS MOTOYEY-

HBIM T'PAHUYHBIM 3HAYE€HHEM rapMOHUYECKOU B obsactu G GyHKIMH u(x, y),

CCJIM UMCIOT MCCTO YCJIOBHUA

a) )I/Irgru(x y) (X,O)El/ll(x) IOYTH MpH BceX X: 0<x<I;

0) |Inil_u(X, y)=W(Ly)=¢,(y) nourn npu Becexy: 0<y<I;
B) !,i[?_u(x’ y)=lP(x,1)Et//3(x) HOYTH MpH BceX X: 0<x<I;
r) )!iflg+u(x, y)=LIJ(0,y)E(//4(y) noutH npu Bcex y: 0<y<1.

Ecnu l1—’(x, y) SBJIIETCSI TIOTOYEHHBIM TPAaHUYHBIM 3HaYeHHEM (YHKUIUU

u(x, y) , TO UCIIOJIb3yeM 0003HaUYCHHE u‘r =y

[Mycts ¢OL, [O,]] . Onpenenum QyHKITHUIO

é)d
u(x,y) ( 1¢ xy yjyi(g i)z, y>0. (11.1)

3ameTuM, 4TO (PYHKIUS u(X, y), orpenenenHas papeactsom (11.1),He 3a-

BUCHUT OT TMPEACTABUTENS Kacca KBUBAJCHTHBIX (PYHKIIMI, KOTOPOMY MPUHA-
TSKUT QYHKIUS ¢(E ) [ToaToMy 6e3 orpannueHuss OONTHOCTH MOYKHO CUHTATh,
9TO ¢(E ) sBisieTcs pyHkiuei Jlebera aToro kmacca.

CymectBoBaHue TpaHU4HbIX 3HaueHwi QyHKimu (11.1)cBs3ano ¢ BBenCH-

HBIMU MOHATHUSIMH U JOKa3aHHBIMU B MIPEbIAYIIEM naparpade yTBEpKIACHUSIMU.

JleficTBUTEBHO, TYCTh ¢DL°O[O, ZI] OTOXAECTBUM 3Ty (PYHKIHIO C
dbyukueit ¢L, (R), coBmagaroieid ¢ JaHHOW (YHKIMCH Ha OTpE3Ke [O,ZI] U

POJOJKEHHON HyJIEM BHE 3TOTO oTpe3ka. J[Jis 3Tol PyHKIUU MOHATUS «TOYKa

tumna Jlebera» u «rouka [1IBapia» B Toukax X =0 u X =1 coBnagaior, a UMEHHO:
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a) ecu X =0 sBisercs Toukoit [1IBapia pyHKIMU @, TO OHA ABJISIETCSA U

Toukoi Tuna Jlebera 3Toit GyHKIMH, TpHYEM

a_(0)=0, a,(0=2(0,
0) ecmu X =1 sBnsercs Toukoi [lIBapua GpyHkuu @, TO OHA SBISETCA U

Toukoi Tuna Jlebera 3Toit GyHKIMH, TpHYEM
a,(1)=0, a()=2(3.

3aMeTHM, YTO TapMOHUYEcKas (QyHKIHS u(x, y), oTpeJieieHHasl paBeH-
crBoM (10.3), ToKIeCTBEHHO paBHA TAPMOHUYECKOH (DyHKITHH (I'I1¢)(X, y), g
peneneHnoi paBeHcTBoM (11.1)c MIIOTHOCTBIO ¢(x), MPOIOJKEHHOM HyJIeM BHE
OTpe3Ka [0, ZI] .

N3 nemmer 10.1cnenyet cripaBeATMBOCTD CIEAYIOIIETO YTBEPKACHUS.

Jlemma 11.1.Ilycms ¢ O Lw[O, 1] u X,UR ee mouka Illeapua. Tozoa

lim (M,8)(x y)=5(x)-

y -0+
[Tycts BekTOp-(yHKIUS d= (¢1, @, Ps, @ 4)T COOTBETCTBYET KOHTYPHOMH
dhyHKIIUN CD(X, y).

Onpenenenue 11.2. Buyrpennumu Toukamu tuna Jlefera KOHTypHOI

dynxmun ®(X, y) HazoBeM ToUKH:
a) (X, O), TIe XD(O, 1) —Touka Tuna Jlebera pynkunu @,;
0) (1, y) , TIIe yD(O, 1) —To4ka tuna Jlebera pyHkunu @, ;
B) (X, 1) , TII€e XD(O, 1) —Touka tuna Jlebera pynkuuu @;;
r) (O, y), rae yD(O, 1) —Touka Tuna Jlebera pyHkunu @, .

Onpenenenue 11.3. YrioBeiMH TOukamMu Tumna Jlebera KOHTYpHOM

pyHknun CD(X, y) HA30BEM TOYKHU:

a) (O 0) €CJIM CYIIECTBYIOT KOHEYHBIE MTPEICITbI:

a, (0;¢,) = lim j¢1 n a(0,¢,)=lim= j¢4

h-o+ h h-o+ h

0) (1, 0), €CJIM CYIIECTBYIOT KOHEUHBIC MPEIEIIbI:
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a(L¢)=lim= j¢1l+s u a,(0¢,)= lim = j¢2

hO+

B) (1 1) €CJIM CYIIECTBYIOT KOHEYHBIE ITPEIEIIbI:

a(L¢,)=lim= _[¢2 (1+s)ds u a.(L¢,)=lim= J¢3 (1+5s)d

h0+ h0+

r) (O 1) €CJIM CYIIECTBYIOT KOHEYHBIE NTPEIEIIbI:

a,(0;¢,) = lim = j¢3 u a(Lg,)= lim = j¢41+s

h0+

Onpenenenue 11.4. Buyrpennumu toukamu IlIBapua koHTypHO#

pysHkumnu CD(X, y) HAa30BEM TOYKH:
a) (X, O) , TIIE XD(O,J.) —Touka [IIBapua Gyaxmmn @, ;
0) (l, y) . TIE yD(O, 1) —Ttouka [lIBapua pynkuum @,;
B) (X, 1) , TIIE XD(O, 1) —Touka [lIBapua GyHKmm @;;
T) (0, y) , TIe yD(O, 1) —Touka [lIBapua Gpyaxmm @, .

Omnpenesenue 11.5. YruossiMu Toukamu IlIBapua xkoHTypHOIl QyHK-

110707 (D(x, y) HA30BEM TOYKH:

a) (O, 0) , €CJIU CYIIIECTBYET KOHEUHBIN TIpee:

0) (1, 0), €CJIN CYIIECTBYET KOHESUHBIN TPEIeIT:

r!lrr.l—{'[y)l (1+5s) ds+J‘¢2 }

B) (l, 1) , €CJIU CYIIECTBYET KOHEUHBIN Mpeer:

I|m —Dyﬁz (1+5) ds+J‘¢3 (1+s)d }

r) (O, 1) , €CJIU CYIIECTBYET KOHEUHBIN IIPEEI.

lim —{j¢3 ds+j¢4 (1+s)d }
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[Tycts Qynkmun @, [ Lm[O,ZI] i=1,¢ a BHe OTpe3Ka [O,ZI] MIPOJIOTKEHBI

HyseM. [lomoxum

(% 4) =] yfi((gx)fI 7
0y )= [T
0 (x ¥ ¢,) = 12’@ - 5;2(?((15— R
w (% ¥; 4.) ;f Xfi((,; ?Z)z
(s y)= 20 (4 vi). 42

Teopema 11.1.IIycms ¢, O Lm[O, 1] u X, EI(O, 1) —mouka muna Jlebeza

@ynxuyuu @,. Tozoa ona kaxcoozo a: 0<a <+ cnpasednuso pagencmaeo

R CORICORE

arctg
\x—x0g<ay T y
Y-

2Lt al0b) (4 0:0) 0 (x, 08 +ux, 0:0).

JIeMCTBUTENBHO, TAK KaK

_ a+(x0’¢l) _a—(xo’¢1) arctgx_ %o =
s y

:(u1 - a (%) ~a (%.4) arctgx_xoj +(u, +uy+u,)
T y

u

U QyHKUIUU U,, U,, U, SBJISIFOTCS HENPEPHIBHBIMU B TOUKE (XO, O) , TO U3 TEOPEMBI

10.1BeITEKAET CIPABEAIMBOCTD YTBEPIKACHUS TEOPEMBI.

Kax cresicTBre U3 3TOM TEOPEMBI BHITEKAET CIEIYIOIIee YTBEPKACHHE:
Teopema 11.2.IIycms ¢, O Lm[O, 1] u X, EI(O, 1) —mouka muna Jlebeza

¢ynkuyuu @,. Tozoa onsa cywecmeosanus HeKacamenbHozo npeoena y QyHk-

uuu u(x, y) 6 mouke (XO, 0) Heo0Xo0uMo u 00Cmamo4no, Umoovl X, A617-
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Jace ycmpanumoit moukoi muna Jlebeza pynkyuu @,. Ilpu smom cnpaseonu-

60 paeencmeo

im u(x y)=a( %, )+ u(x, 0 8,)+ uyx,0¢)+ufx,0,6).

|x=x \<ay
y—»

IIycte @; m @, — pOU3BOJIBbHBIC BCIICCTBCHHBIC YHCJIa, YIOBJICTBOPAIO-
1 2

mue HepaBeHcTBaM: 0< @, <@, <+ [Tonoxum:
G(0,0) =Gy (a,,a,)={(x,y)0G :ax<sy<a q,
G(L0)=Go(ar.a,) ={(x.y)0G : a(I-x)sy<a,(I-x)},
G(LY) =G, (ay.a,)={(x,y)0G : ay(1-X)< - y<a ( +x)},
G(0,) =Gy, (a..a,) ={(x.y)0G :ax< l-y<ax.

(0,1) (1,9)

y=4a,Xx
G(0, 0)

y=a,x

(0, 0) (1.0)

Onpenenenue 11.6. bynem roBoputh, 4TO TapMOHHYECKass GYHKIUS

u(X, y) MMEET HeKacaTeJlbHbIH Mpeaes B YIJIOBOH TOYKe (XO, yO) KBaJpara

G, ecou s mo0ObIX Q;, @, 0<a; <a, <+ cylecTByeT KOHEUHBIN Ipee

Iim u(xvy).
(% y)ﬂ(XO: YO) ( y)
(%, y)IZIG(XO, yo)
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Teopema 11.3.Ilycms ¢, ¢, Lw[O, 1] u t=0 — mouxka muna Jlebeza

amux ¢ynkyuii. Tozoa cnpagednueo pasencmeo

fim [ (x v 8:)+ui(x v 4.)-
f e 9
1

_(a+ (0.,) arctg% +2a,(04¢,) arctg%ﬂ =

m

a'+ (O’¢1) + a+(O’¢4)
2

.(11.3)

Joka3zarenbceTBo. Tak kak t =0 —rouka Tuna JleGera GpyHKIMH ¢1(t) , TO

CYILIECTBYIOT KOHEUHbBIE npez[em)l

a, (0,4, = lim = j¢1 a_(0.¢,) = lim— I¢1 t)dt=0.
AHaOTUYHO ¥ 17151 QYHKIIHH ¢4( ) :
a,(0,4,) —hlm j¢4 a_(0.¢,)= lim= j¢ t)dt=0

B cuny Teopemsr 10.1 nist rapmonHudeckoit GpyHKIUU ul(x, Y; ¢1) npu X, =0,

a =—, UMeeM

lim {ul(x, Y, ¢1)—Marctg§} =M, (11.4)
m y 2

a JuIsl rapMOHNYECKOM (yHKIMU U, (x, Y; ¢4) npu X, =0, a =a,, umeem

2(08) gy ] 2(08)

> (11.5)

fim. {uél(x, Y: $a) -

|ylsax
X - 0+

arctg—}

MHO0Xk€eCTBO Goo(a'l, a 2) SIBJISICTCS NIEPECEYEHUEM MHOXECTB, IO KOTOPBIM BBI-

yrcisitores npeaenst (11.4)u (11.5).ITostomy B MHOKECTBE Govo(al, a 2) UMEIOT

mecto paBeHctBa (11.4)m (11.5)oaHoBpemenHo. CkiaabiBasi 3TH PaBEHCTBA, I10-
Jy4YHM CIpaBeUIMBOCTh paBeHcTa (11.3).
Teopema 11.310Ka3aHa.
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3aMeTuM, 4TO TapMOHUYECKUE (PYHKITUH uz(x, Y; ¢2) U u3(x, Y; ¢3) SIB-
JISIFOTCS. HEMPEPHIBHBIMU B TOYKE (O, 0). N3 storo u Teopembl 11.3 BhITEKaeT
CIPaBEIJIMBOCTD CIIEIYIOIIETO YTBEPKACHUS:

Teopema 11.4.Iycms ¢, [ Lm[O, 1] Ji=1 4u t=0 — mouka muna Jle-
oeza pynkyuii @, u @,. Toeoa cnpagednuso pasencmeo
lim [u(x, y) —7—11(a+ (O,¢1)arctg§+a+ (0.9,)arctg y)] -

(Xv Y)_’ X0 YOg X
(x, ¥)O&( %, Yo

£(08)+308) ., (0,04 11, (0.08).

Onpenenenne 11.7. Yriosas Touka (Xo,yo) kBagpata G Ha3bIBaeTCA

ycTpaHuMoii Toukoi Tuna Jlebera KOHTYpHOH (YHKUIMH <D(X, y), €ciy OHa
aBisieTcst Toukoi tuna Jlebera 3Toi (yHKIMH U CTIPABEIJIMBO PABEHCTBO:

1) a,(0,4,)=a,(08,) =a,, ecmn (%, Y,) =(0, 0);

2) a_(L¢)=a,(04,)=a, ecmu (X, Y,) =(1,0);

3) a (1¢,)=a (L) =a,,, ecmu (X, Y,) =(L1);

4) a,(0,4,)=a_(1¢,) =ay, ecau (X, Y,)=(0,7).

Teopema 11.5. ITycms ¢, [ Lw[O, 1] i =T4 u y2noeas mouka (O, O)
aenaemca moukoi muna Jlebeza pynkuyuii @, u @,. Tozoa ona cywecmeosa-
HUA HeKacameabHO20 npeodeid 2apMOHUYECKOU QYHKUUU u(X, y) 6 IMoil ye-

J10801l MOYKe He0O0X00UMO U OOCHMAMOYHO, YMOoObl OHA AGIANACH YCHPAHU-
moiui. Illpu 3mom cnpagediueo pagencmaeo
lim  u(x y)= 3y u,(0,0; @,)+ u,(0, 0; 8,). (11.6)
(x. Y)-’?Xov yo% 2

(x, ¥)O&( %, Yo

Joka3zaTeabcTBo. Tak Kak (O, O) ABJIAETCS YCTPAHUMOM TOYKOW Tuna Jle-
6era, 1o a,(0,4,)=2a,(0,4,)=a,, u

£(a+ (0,4,) arctg™ +a, ( 04,) arctéfj =
Vs y X

1 X 1 1
=—a,,| arctg— + arct =—a ﬂz—a .
T 41( g; g:{] T 41 2 92 41
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OTcroga W W3 HEMPEepPHIBHOCTH (PYHKIIHIA uz(x, Y; ¢2) " u3(x, Y; ¢3) B TOYKE
(O, O) BBITEKACT CIIpaBeNIMBOCTh paBeHcTBa (11.6).

Teopema noka3zana.

Teopema 11.6. Ilycmo CD(X,y)EI Lw(r). Tozoa zapmonuuecxkasn 6 00-
nacmu G @ynkyua (11.2)umeem nomoueunoe 2panuunoe snauenue U|_, npu-

yem 60 ecex moukax Illeapya ¢pynxkyuu CD(X, y) na zpanuye T, Kpome y2no-

6blX MOUEK, cnpaeedﬂuebl pasencmea.

Ulr, (x) = #1(x) + SK@,( X) + Ko X) + K %),
ul, (v) = KSg, () + 8. ( ) + SKBo( ¥+ Ko ),
ulr, (x) = Koy (x) + SKS,( X) +85( X + K[ ¥,
ulr, (y) = Ke, (v) + Ko () + SKpa( ) +2.( Y,

(11.7)

4

2oe

(sg)(t)=¢(1-1).
Joxka3zareanctBo. ITycts [, —HIWKHAA cTopoHa kBagpata G u (X, y) gr, -
touka IlIBapiia KOHTypHOU (PyHKITUU CD(X, y) oL, (F), HE COBMAJAIoNIas C yrijo-

BbIMU TOoYkamu, TO ecTh Y=0 m O0<X<1. Torma Touyka X SBISETCS TOYKOU

[1IBapria pyHKIUH @, : d= (¢1 @, P, @ )T [TosTomy B cuity memmbl 11.1, uMeem

lim u, (X y) = lim I $,(¢)d >=¢,(x)

y-0+ y-0rIryy +( 5)
MOYTH TIPU BCEX XD(O, 1). Tak kak uz(x, y), uS(X, y), u4(x, y) SIBJISTIOTCS. He-
pEPHIBHBIMU Ha UHTEPBAJIC (O, 1) , TO
1-x¢  ¢,(n)dn
ng+ J 22( ) .
T o (1-x)"+(y-n)

lim u,(x y)= =(SKg,)(x),

[
y- 0+ y-
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1-y§
| —I
im u,(x y) im ﬂ'([l

y -0+

7= (Kofa) (%)
(1-y) )
lim u,(x y) = lim le‘ A

i) =p 1A

=(Kg,)(x).

Takum 00pa3oM, HAMH MOTYYEHO PABEHCTBO

u = lim u(x y)= giimui (% y) =@ (X) + K@, (X) + Ko X) + K ,(X)

y-0+

IOYTH IpHU Bcex X[ (0, 1) :

OcTagBmuecst Tpy paBeHCTBA JI0KA3bIBAIOTCS aHAJIOTUYHO.
Teopema 11.610Ka3aHa.

3ameTuM, 4T0 B paBeHcTBaxX (11.7)MOXKHO OTOXIECTBUTH MEPEMEHHBIE X

n Y. IloaToMy BO BTOPOM M YETBEPTOM YpPaBHEHHHM BMECTO NEPEMEHHOM Y 3a-

HUIIEM TepeMeHHy0 X. B cuiy atoro 3ameuanus B paBeHcTBax (11.7) MoxxHO
MPONYCTUTh IEPEMEHHBIE X U Y

r =0+ K, + K+ Kg,
U =KSp +p,+KSp;+Kg,
U, =Koy + SKSP, + 6.+ KSp,
U =K@ +Kp,+Kp;+¢,

BBenst 0003HaueHUS:

[0 X K, K] J 0 0 0]

KS 0 SKS K, 0J 0 0 L —
A= e g =¢,i=14,

K, SKS 0 KS 0 0J O

K K, X 0 0 0 0 J]

yTBepxkaeHrne TeopeMbl 11.6M0kHO 3amucaTh B KOMIAKTHOU (popme:
ul-=(1 +A)o.
AHanorudHas CBA3b MEXIy TPAaHUYHBIM 3HAUYEHHEM TapMOHHYECKOM

(GYHKITUH, HEMPEPBIBHON BIUIOTH IO TPAHUIII, H HEMPEPBHIBHON IJIOTHOCTHIO ObI-
Jla ycTaHOBJIeHa B § 2.
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12. PEI'YJSAPU3ATOP U ETO TPAHUYHOE 3HAYEHUE

Kak Obu10 mokasano (cMm. Teopema 1.1),3a1aua Jlupuxie
Au=0 B G; ul =¥ (12.1)

r

OJIHO3HAYHO pa3peluma A KaKIol HerpepbiBHOW QyHkunu W, 3amaHHON Ha

KoHType [ . Pemenue U (X, y) ATOM 3aJ1a4y HENPEPBIBHO MPOAOJIKUMO BIUIOTH J10

rpanuiisl 3aMKHyTON obactt G =G U u mpeacTaBuMo ¢ MOMOIIBIO OIlepaTopa

[Tyaccona — moTeHIMaa TBOWHOTO CJIOS [1]
®(Q —I — dsQ
)= l* D,

Hckomas motHoCTE P HaxXoauTCsa KaK pCIICHUC CUCTEMbI MHTCTPAJIbHBIX YpaB-

HEHUU
(1+A)d=W, (12.2)

rie ® u W — BEKTOP-(PYHKIMHU, COOTBETCTBYIOINE KOHTYPHBIM QyHKIUSIM P U
V. Ilpu 3TOM HOpMa M CHEKTPaAIbHBIA PaANyC MaTpULbI-ONIEpaTOpa

A:c[o,1] - c[o,]
PaBHBI €IUHHUIIE, UTO HE MTO3BOJIAIOT PELICHUS

o=(1+A)"Y

cuctemsl (12.2)npencraButh B Buje psaaa Heitmana. B cBsi3u ¢ 3TUM HWKE Mpej-
JlaraeTcs MOHATHE pEeryiIpu3aTopa M perysisipu3oBaHHOro omneparopa Ilyaccona
s npencrapieHus pemeHus 3aaa4un (12.1). CooTBeTcTByOMAs CHCTEMa HHTE-
rpalbHbIX ypaBHeHMH Buna (12.2) ¢ peryisspu3oBaHHBIM OINEPATOPOM HMEET
MaTpULy-ONePATOpP, HOpMAa KOTOPOIO MEHBILE E€IUHUIbI. DTO IMO3BOJISIET MPE.-
CTaBUTh UCKOMYIO IUIOTHOCTb B BUJIE IOCTATOYHO OBICTPO CXOASIINXCS PSAIOB.

[Tycte ®OL, (F) —3a1aHHas QyHk1us. Peryasipu3zaTopom s oreparo-

pa Ilyaccona N nazoBem onepartop M, onpeneaeHHbI PaBEHCTBOM

MO=MN¢+Nyp,+NP+N'p., (12.3)
rae
1
yi_e()d | yp
M X,
( ¢1)( )= 7TJ(;y2 x+t)* 1y+2 X — t)
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(t)dt | 1-x

O =N |

(M36.)(x, y) ===

N\l—\'—;l—\

T (1—x) (y+t T —y—t)z’
+ X 1_y; ¢3(t) 1
(M3g:)(x v) = £(1 y) (X” { 'X‘t)z’
5 53 L% xE g
( 4¢4) )= ﬂ'([x2+ y+t ﬂ£x2+(2—y—t)2'

3amertumM, uto oneparopst M, , M, u M MoxkHO BbIpasuth uepes 1)
(Mig)(x y)=(Nig) (v, %), (Mig:)(x ) =(Nig)(1-x.y),
(N3e.)(x y) =(Migs) (1- v, %).

PaCCMOTpI/IM MHO>ECTBA.

er,o =R*\I,
Flyo={(x, O):—%sxs O}U{(x, 0 :]sxs—z }
Fz‘oz{(l, y):—%s y< O}U{(l,y) 1< ysg}
I_S,OZ{(X,].)Z—%SXSO}U{(X,]) :Exsiz3 }
I'4,o={(0, y) —%s y< O}U{(O,y) 1< ysg }

VYcTaHOBUM, UYTO PETYISpU3ATOp KaXAOW HempepbiBHOW (yHKumu Ha [

CTaBUT B COOTBCTCTBUC I'ApMOHHUYCCKYIO (I)yHKLII/II-O, HCIIPCPBIBHO ITPOIAOJIZKUMYTO

Ha G. Bragane qokaxem yTBEpXKICHHUE, YCTAaHABIMBAIOIIEE, YTO ITOT OMEPATOP
OrpaHUYEeHHOU U U3MepuMoil (yHKIMHU Ha [ CTaBUT B COOTBETCTBHE FapMOHHU-

yeckylo Gpynkuuio B R?.
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Jlemma 12.1.ITycms ® 0O Lw(r). Tozoa (I'I+CD)(X,y) ABNIACMCA 2APMO-

. o« 2
Huueckoul oynkyueit 6 oonacmu Ry .

t

Hoka3zareabcTrBo. OyHKIUS ] SIBJISIETCSI TAPMOHUYECKOU BO BCEM
+S

IUIOCKOCTH, KPOME Hayajaa KOOPJIHMHAT, TO €CTh TOYKHU (S, t) = (O, 0). Torma mnsa

ar060i ynkuuu @ L L{Oé} UHTErpa

(7
j tz— (12.4)

(s+7)

SBJISICTCS] TAPMOHUYECKON (DYHKIMEH BCIOMY, 32 UCKIIFOYCHHEM TOUEK MHOXKECTBA
1 .
{(S, 0) :_E <s< O} U, CJIEI0OBATEILHO — HEMPEPHIBHOW. JTO cienyeT u3 aud-
depernupyemocty ¢yHkiuu (12.4) moj 3HaKOM WHTETrpajia U TAPMOHHUYHOCTH
t
dhyHKIIUN el

[lepBoe ciaraemoe, B TpeiactaBieHud (yHkimu [17@,, noxydurcs us3
(12.4)npum noxacTanoBke: S=X, t =Yy, 1 =¢, ¢ = ¢,. [loatomy 310 Ccraraemoe siB-

JseTCS  TapMOHUYECKOM (YHKIMEH BCIOAY, KpOME TOYEK MHOXKECTBA
1
{(X,O):—Esxso .

Bropoe cnaraemoe, B mnpencraBienud Qynkuuu 7@, moiaydutcs us3
(12.4) npu moxacranoBke: S=1-X,t=y, 1=1-¢, ¢ =¢,. [losTomy 31O crnarae-

MO€ SIBIISIETCS TapMOHHYECKOW (yHKIMEW BCIOJy, KpOME TOYEK MHOXKECTBa
3
{(x, O):KXSE .

+ (V) v
Takum oGpazom, @, sBaseTcs rapMoHHYecKOl (YHKIHEH BCIOMYy, KpoMe

TOYEK MHOXXCCTBaA

Mo {(x 0):-

l\)ll—‘

< x< O}U{(X,O) :Jsxs—}.

N W
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[IpoBe/s aHANOTUYHBIE PACCYIKAEHHS, MOKHO YCTAHOBHTH, 4To [1.@.

rapMoHHYecKas (GYHKIHS BCIOLY, KpoMe Touek MHoxkecTBa I ,, 1 =2, 3, 4.

OTcroa fAenaeM BBIBOJ O TOM, YTO CyMMa ATUX (DYHKIUN SBIISETCS rapMo-

HUYECKOM U, CJIeJIOBATENIbHO, HEMIPEPHIBHON (PYHKIIMEH BO BCEH IJIOCKOCTH, KPO-

— 2 2
M€ TOYeK MHOXkecTBa [ ;= Uri o, TO ecTb B obmact Ry =R\ T',.
i=1

Jlemma 12.1n0ka3ana.

CaencrBue 12.1.I1ycmes CDI]C(F). Tozoa ¢pynkuus (I'I+CD)(X,y) 2ap-

2
MonuyHa ¢ oonacmu R7.
Bce Toukn obnmacti G, KpoMe YeThIpeX ee YIVIOBBIX TOYEK, MPUHAJIeHKAT

obnmactu R%. Tlostomy dyHKIuUS (I'I +CD)(X, y) ABIISIETCS HEMPEPHIBHOM B 00Jac-

™1 G, KpoMe YeThIpeXx €€ YIJIOBBIX TOUeK, He TOJbKO Korga ® DC(F), HO U JUIA
byakmmia @ LL (r) :

Jlemma 12.2. Ilycmo X =0 sgnsemca moukou muna Jlebeza ghynkuyuu

1
¢, 0L, [0, E} . Tozoa cnpageonueo pasencmeo

(vl(x, y) - ((:T¢1)arctg YJ +(0’¢1), (12.5)

lim
(x,v)=(0.9 2
x20,y20,x+y#£0
20e
1
2
x :
Dy
Jloka3areqabcTBO. Meem
1
f (0.4)))t
770 y? + x+t)
1
a+ (0’ ¢1) h dt —
=1L (X Yy)+l. (X Y).
T _([y2+(X+t)2 1(X y) 2(X y)

PaCCMOTpI/IM KaXXJgo0€ cjiaracMoc 1o OTACIbHOCTH. I/IHTCFpI/Ip}UI 10 4acCTiAM IICP-

BO€ cjlaracMoe, UMeeM.
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1 t _a t +
i GICRCCTV L

1
rae 0<o< >~ IIPOU3BOJILHOE YHCIIO.

1
Tak xax @, UL, O,E , TO TIEPBOE CIIaraeéMoe YyAOBJIETBOPSIET COOTHOIIIE-

HUIO Ill(x,y) - Onpu y - 0.

[Tycte 3amano £ >0. Tak kak X =0 sBusgercs Toukoi tumna Jlebera ¢pyHk-

1 .
i ¢, To BenmuuuHy 0<0 <E BbIOEpPEM TaKoM, YTOOBI BBIMTOJIHAJIOCH COOTHO-

1
IICHUE ‘Ilz(x, y)‘ <&. Qukcupys 310 3HaueHHe O, BenuunHy 0<Y, <§ BbIOE-

pem Takoii, uToOsl mpu 0 <Yy <Y, BBINOJIHIOCH COOTHOLIEHNE ‘I13(X, y)‘ <€¢.

Takum 00pa3om, HAMU JJOKa3aHO, YTO Il(x, y) - Ompu y - 0.

HCHOCpeI[CTBeHHO BBIYHCJIASL BTOPOC ClIaracMoc, UMCEM

X+=
1,(xy) _a\5a) ((7)1’¢1) arctg 2_ a.(0.4) arctg)f.

y T y
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[lepexonst npu (x, y) - (O, O) , X2 0y = 0Ox+y# (knpeneny B paBeHCTBE

1
X+
a+ (0’ ¢1) arctgﬁ = |1(X ’y) +M arCtg—21

T y T y

w(xy)+

HOJy4uM crpaBeiuBocThb (12.5).

Jlemma 12.2 nokazana.

VCTaHOBMM aCHMITOTHKY TIapMOHWYeCKo# (ynkumuum U=M"®d, nopox-
IeHHYI0 peryisipu3aTopoM (12.3)B yriioBeIX TOUKax 00JIacTH G.
Paccmotpum TOUKy (O, O). [Ipeacrasum Qynxuuo U=M"® B ciemyro-
IEM BHJIE
u(X,y) = Voo (X, y) +Wgo(X,Y),

rac

+1—yj 2¢3(t)dt 2+5j @, (t)at N
1(1-y) +(2-x-1)" T +(y+t)

2 2

3aMeTHM, YTO KaXK[O€ CIaracMoe, COCTaBIAoLee QYHKIUIO W,y,, ABISIETCA He-

NpEepbIBHBIMU (YHKIUSIMHU B TOUKE (O O) U CIIPaBEJIMBO PABEHCTBO

1

W, _WOO(OO——I (t)dt 1J1‘ 2 j

1+1t2 1 1+( 2 t 77-[ 1+t2

2

Ecmun X =0 sBnsercs yctpaHuMOi Toukoii Tuna Jlebera ¢pynkuuit @, u ¢@,, To U3

neMmbl 12.2 1151 GyHKIIUN VOO(X, y), AMEEM
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lim {voo+a+(o¢)arctg + AL 2,(04.) arctgx}
) Vs y Vs

-2(a.(0.4)+2.(04.)).

Takum 06pa30M, HaMHM JOKa3aHO paBCHCTBO, YCTaHABJIIMBAIOIMICC aCHUMIITO-

THKY rapMoHM4ecKoi GyHKuu U =[1"® B OKpECTHOCTU TOUKH (O O) :

{u(x y)+ 20 ¢l)ar ctg™ + (ﬂ¢“ arctg’ - Woo}
)

((xx,' yy))mé(\c()é,o ) y
1
=>(a.(04)+a.(04.)). (12.6)
[IpoBe/isi aHAIOTHYHbIE PACCYKIECHHUS IS OCTAJBHBIX CIIAraeMblX, HMEEM
lim | u(x y)+MarCtgl_x+ 2.(0¢;) arcte—— —w, | =
(x.3)=(1.9 - YRR g~ W
(x, y)IG\(1, 0)
1
=>(a(14)+a,(04,)). (12.7)
lim {u(x y)+ (L ¢2)arctg N ) B L S
(x y)-(1 T 1-x T gm 1
(x, y)OG\(1, 2
1
=§(a1(1,¢2) +a.(04,)), (12.8)
im {U(X’ y)+ 2.(04; )arctg + (0 ¢4) arctg—y W01:| =
(x.)-(0. po -y
(x, y)OG\(0, )
1
>(a.(04.) +a (14,)) (12.9)
rIe
3 1
Wy = Wyo(L,0) =1f¢3(t)dt +_1i @4 (t)ct +_1T¢4(t)dt 1i 8. (1)t
10\ T, 1+12 ﬂ11+(2_t)2 T 1+12 1+(2—t)
2

"—)
Q_
—~
'—.
‘S~
|_\
+
—
1) =g
N R ——
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+(2-t)

HOHy‘-IeHHBIe PE3yIbTAThl MOXKHO IIOJABITOXKUTH B CIICAYIONICM BUIC.

1 1
124, (t)dt 1% g, (t)dt  12g,(t)dt | 1} @,(t)dt
= 0, )=—|—-~+——+—|———+= =
WOl WOl( ) 77.! 1+t2 +n.~!jl+(2_t)2+ﬂ.([ 1+t2 +7T'[1 2
2

Toeopema 12.1. Ecau yznoeaa mouka (Xo,yo) xonmypa [ aensemcs

moukou muna Jlebeza konmypuou yuxyuu @ [ Lw(r), mo 6 Imoil mouke

umeem mecmo coomeemcmeylouwee acumnmomuueckoe pasencmeo (12.6) —
12.9) Ona kastcooii y2no6oit mouku — ceoe pasencmeo).
Kaxk ciencTBre U3 3TOH TEOpEMBbI BHITEKAET CYIIIECTBOBAHUE HEMIPEPHIBHO-

'O NPOJOJDKEHHS TapMOHUUeCKON Gynkimu U=T1"® 1o maHHOi yrioBoi Touku

(% Yo)-

Toeopema 12.2.Ilycmo y2nosas mouka (Xo,yo) xonmypa [ saenaemcs
moukoit muna Jlebeza konmypnou goynkyuu PUOL (F) . Ana mozo umoow 6

IMOIL MOUKE CYWecneosano nenpepviénoe npodoaxcenue gynxyuu U=MN"P,
Heo0X00uUMo U O00CMAMOYHO, UMOObl IMA MOYKA A6NANACL YCHPAHUMOU
moukou muna Jleoeza.

JoxazareabcTBo. [Tycts (XO, yO) = (O, O) :
Heo0xoaumocTh. JlaHo cyliecTBOBaHUE Ipeena

" yl)i[r(10’ ) u(x, y) = Uy,

(x, y)oG\(0, 0)
Torma u3 (*1) BeITeKaeT CylICCTBOBAHKE MIpeIeia
. a, (0,
lim a.(04) SR arctg® + 2\ "04) 2.(04,) arctgl—/ Wy, | =
(x¥)=(0.0 Vg y T
(x, y)3G\(0, 0)
OTtcroza, B YaCTHOCTHU, UMEEM.

a)ipu X=0wu y - O+, BeITeKaeT

. a, 0, a 0
(X,yI)IE]?o,o)){ (ﬂ¢1)arctgy+ (n¢4 arctgX Woo:| (2¢4)=a14;

(x, y)aG\(0, 0

0) mpu Yy=0u X » O+, BeITeKaeT
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a,(0.41) a,(04,)

lim —arctgﬁ +——— arctgz =Wy, | =
(xv)=(0.9 T y x

a+( 0’¢1) —
> =y

N3 3TUX paBeHCTB OyJieM HMETh. a+(0,¢1)=a+(0,¢4), TO €CTh TOYKa
(O, 0) SIBJISIETCS YCTpAaHUMOM Toukoi Tuma Jlebera.
HoctaTouHocTs. [lycth a+(0,¢1) =a+(0,¢4). Tak xak mpu X=0, y=0,

X+ Yy >0 umeeT MeCTo TOXKIECTBO
X T
arctg— + arcth =—,
y X 2

1o u3 (12.6) momyuum cymiecTBoBanue npeaena (ydakuuu U=["® mpu
(x,y) - (0,0, (x,y)OG\(0,0).
OcrasnbHbIe YTIOBbIE TOUKH PACCMATPUBAIOTCS aHAJIOTMYHO.

Teopema 12.2 noka3zaHa.

CaencrBue 12.2. Ilycmo CDI:IC(F). Tozoa ¢hynkuusn (I'I+CD)(X,y) A6-

JIemcs HenpepovleHO NPOOOTIHCUMOU HA 3AMKHymYIo odaacmb G |
CrpaBelIMBOCTh ATOTO YTBEPXKIAEHUSI CIEAyeT W3 TOro, 4TO, €cCiu

(ON C(F) , TO YTJIOBBIE TOUKH obOsiactT G ABISAIOTCS yCTPAaHUMBIMUA TOYKAMU TH-
na Jlebera ¢pynkuuu P , npuyem
a.(0.¢,)=2.(04,)=(0,9 , a( 1p)=a.( 0p,)=®( Lp
a(16)=a(14,)=0(1 9, a(0p)=a(1,)=0( 0L
Haiinem noroye4noe rpaHuuHOe 3HaUeHue peryiaspusaropa M@ . B npo-

CTPAHCTBE Lw[O,]] BBeJIeM orepatopsl F u Fy:

1+(t+s)’ mi1+(2-t-s)

2
OtMetuM, 9TO (QDYHKIIUU (F¢)(t) u (Fo¢)(t) 0eckoHeuHo nuddhepeHim-

pPyEMBbI Ha TPOMEXKYTKAX (O, ZI] u [O, ZI] , COOTBETCTBEHHO.
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IMycts st @LIL, [0, ZI] touka t =0 aBiserca Toukout Tuma Jledera. Torna,

JOOTPEEIISS (F¢)(t) B Touke t =0 paBeHCTBOM (F¢)(0) = @, MOJIy4YUM

HETPEPHIBHYIO (PYHKIIMIO HA OTPE3Ke [0, ]] :

O06o03HaunM uepes C(O, ]] MPOCTPAHCTBO HEMPEPHIBHBIX U OTPAaHUYEHHBIX
Ha TOJIyUHTEpBaje (O,]] ¢byukuii. Torna omeparop F: Loo[O,ZI] - C(O,.’l —
HenpepbIBeH, a onepatop F, L, [O, ZI] - C[ 0, Z] — BITOJTHE HETIPEPHIBEH.

[Tycte P Lm(r). Henocpencrtsenno us onpesenenaus Qpynxuuu MO n

neMMbl 12.1moaydaeM MOTOYEUHOE TPAHUYHOE 3HAYE€HUE 3TOM (DYHKIMH, COBMA-
JaroIIee ¢ ee 3HaYCHUEM:

N°o| =Nig+Mp,+ Mg +N'p| =

1
2

:1—Xj' ,(n)dn l—xj ,(r7)dn +_1J. #,(£)dé .

(1-%)"+(2-1)" 7o 14 (x+¢)°

=(FS¢1)(y)+(S:S¢3)(y)+(Fo¢4)(Y)’ O<y<l],
|_|+CDr =HI¢1+HZ¢2+HZ¢3+H+£¢JYZI=
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+

¢1 5 17 ¢,(&)dé l—x; é,(nn)dn
J j1+(z—x " Sy ()

4

—
I

1
1—Xj‘ ¢2( +1J2‘ 4 +1
1( ﬂOX+1+/7 ﬂ;X+1—
2

N

:(F0¢1)(X)+(SFS¢2)(X)+( FSp,)(x), 0<x<1,
: +|'|+2¢2+|'|+3¢3+|'|+L¢1X:0:

(2—y—/7)2 T

:(F¢1)(y)+(Fo¢z)(Y)+(SF¢3)(y), O<y<l1.

Takum 00pa3oM, MOTOYEUHBIM TPAHUYHBIM 3HAYEHUEM T'aAPMOHUYECKOMN

Gynkuu MNP gpusercs:

10|, =1°0(x0) =(S4.)(x)* (i) (%) + (FA.) ().
10|, =170(Ly) = (F54,) () + (5. () + (F4.) ().
< (12.10)
M°0], =M'0(x 1) = (Rg) () + (F5,) () +(FS6.)(x).
0], =110(0,y) =(FA)(5) + (F2)(3) + (S0)(»).
ManI/I‘-IHaH 3aIIMChb 3TUX PABCHCTB UMCCT BU]I.
=A'D, (12.11)

rac
[0 S F F]
. |FS 0 S F
At = . (12.12)

FF SF'S 0 FS

F FR S 0
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Taxum 0O6pa3oMm, J0Ka3aHO CIEIYIONIEE YTBEPKICHUE!

Teopema 12.3. Ilycms P[] Lm(r). Tozoa capmonuueckan @QyHKyus
(I'I+¢)(X,y) umMeem nomoueyHoe paHuyHoe 3HaueHue I'I+CD‘F, onpeoenen-

noe pasencmeamu (12.10).

13.PET'YJISIPU3OBAHHBIN OIIEPATOP
IIYACCOHA U ET'O TPAHUYHOE 3HAYEHHUE

[Tycte M - onepatop Ilyaccona, a M* - perynspuszarop 3T0ro oneparopa,
omnpeneneHublidi paBeHcTBoM (12.3). [Ipu mpencraBienun pemeHus 3anaun Ju-
pUXJIe B BUJIE CTENIEHHOTO Psia, C JOCTATOYHO BBICOKOW CKOPOCTBHIO CXOJUMOCTH,
00JIBIION MHTEpEC npeacTapiseT oneparop N —T1", koToporo Ha3oBeM pery.isi-
pu3oBaHHbIM oneparopom Ilyaccona.

YcraHoBUM, 4YTO perynsipu3oBaHHbIN oneparop Ilyaccona kaxpout orpa-
HUYEHHON (QyHKIUHU Ha [ CTaBUT B COOTBETCTBUE OTpaHNYEHHYI0 B G rapMoHu-
4ecKyIo (DYHKIMIO, a HENPEPBIBHOM — HEMPEPBIBHO MPOIOKUMYIO Ha G rapMo-
HUYECKYIO (DYHKIIHIO.

s mo0oit orpanndeHHo u3Mmepumon ¢ynkiun PUL, (F), pPa3HOCTh
MEXIy TPaHHUYHBIM 3HauU€HHUEM o0pasza 3Toi (pyHKUMU TpU AEHCTBUH PETYNISIpU-
30BaHHOTO omepartopa Ilyaccona um camoil (pyHKIUU SIBISIETCS HEMPEPHIBHOM
¢dbyukiuerr Ha koHType [ u Oeckoneuno auddepenmupyemoit Ha [, kpome,
OBITh MOXXET, YIJIOBBIX TOYEK ATOro KOHTypa. CrhpaBeminBa CIleayromias Teo-

pema.
Teopema 13.1.Ilycms ¢pynkyua ®UOL (F) . Tozoa:

1) pynkuusn (I'I - I'I+)CD ANACMCA 02PAHUYEHHOU 2apmonuyeckoii ¢ G

U umeem nomoveuHoe ZPaAHUYHoOe 3HaYeHue (I'I -n" ) CD‘ :
-

2) ¢ynuxkyusn (I'I - I'I")CD‘r — & sKeusanenmua HenpepvléHON (YHKYUU

O =®*(x,y) naT;
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3) pynkuyusa ®* — beckoneuno ougpepenyupyema na I, 3a uckniouenu-

em, Oblmb Modicem, Yen08blX Mmo4ex,

4) cnpasednueo paseHcmeo ® =BO.

JlokazaTeabeTBo. 1) 13 rapmornunocTd yHkimit Nd B G, NP B R
u Bkmouenus G R? BpITekaeT rapMOHHYHOCTh (DYHKIIUH (I'I —I'I+)<D B G,a

u3 jJeMMbl 2.1 —ee OrpaHUYCHHOCTD.
13 teopembl 11.6 paBenctBa 11.7)BBITEKaET CyNMIECTBOBAHUE ITOTOYCYHO-

ro TPaHUYHOTO 3HaYeHHUs! PyHKuu [P :
|_|CD‘rl=¢1+SK¢2+KO¢3+K¢4, n¢‘r2=KS¢1+¢2+SKS¢3+K0¢41
I_I(D|r3 =Ko+ KSp,+¢,+KSp,, I—ICD|I'4 =K@ +Kyp, + Ko+ 9,

rae
_x;#(£)d¢ _1(_#(¢)de (1
(K¢)(X)—ﬂ£ g (K°¢)(X)‘n£1+(x_g)2’ (S¢)(x)=4(1-x).
DT paBeHCTBA B MaTPUYHOU (popMe UMEIOT BU!
18], = (1 + 5.

B Teopeme 12.3 yTBepxmaeTcs CyIIECTBOBAaHUE TPAHUYHOTO 3HAYCHMUS

¢yuxkuuu M@, onpenenernoe B (12.3) m B marpuunoit gopme B (12.12):

I'IJ'QJ‘r = A'®. [osromy GyHKIHS (I'I - I'I+)<D MMeET TOTOYEYHOE TPAHUYHOE
3HAYEHUE (I'I -1 +)CD‘r , OTIPEIeJISIEMOE PABEHCTBOM
(n-n*)e| =(1+B)o,

rje maTpuia —omneparop B umeer Bun:

0 B, B By
B= By 0 By By ’ (13.1)

By, B, 0 By

By B, By O

a ee 3JIEMEHTHI ONPEACIIAIOTCS PABEHCTBAMU
B,=X-&, B,=K,-F, B,=K-F,
B,,=KS-FS, B,;=XS-&S5, B,,=K,—F,
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L

B, =K,~F, B,,= KS-SS, B,,=KS-FS,
B,=K-F, B,,=K,~F, B,;=K -,

1+(t+s)” my1+(2-t-s)
Hrak,

(n—n*)q>r1=¢l(x)+q>+(x,o) (n—n*)q>r2 =g,(y)+®*(0,y),
(n—n*)q>r3=¢3(x)+q>+(x,1) (n-n)o =gu(y)+0(0),
7 (x,0) = (Buz) (x) +(Bu o) (x) + (Bag (%),
©*(Ly) =(B.8.)(v) + (Bo£ ) (y) +(Bo£ (),
©7(%,1) =(By#,) (x) +(Boft o) (x) +(Bag ) ().
©7(0,y) =(Budr) (y) + (Butt o) (¥) +(B.# J(y).

YTBepkaeHus mMyHKTa 1) JOKa3aHbl.
JlokaxkeM yTBepxkeHue nmyHkTa 2). [TokakeMm CyliecTBOBaHHE HETPEPhIB-

HOT'O IPOAOLKEHUS y GyHKIIU O (X, y) B YIJIOBBIX TOUKaX (0, 0) , (1, 0), (1, 1),

(O, 1). JleHcTBUTENBHO, BEIUUCIUM KOHTYPHBIC MPEIEbl B TOUKE (O, 0) )

im & (%0) =(B,)(0) + (B.#3)(0) +(B.# (0 =
=%i{l+];72_1+(21_,7)2}¢2( ) n+ _1]‘[14-];(2 1+(2]_-5)2]¢3(5)d5
im " (0.5) =(B.:)(0) +(B:49(0) +(8:6 )(9 =

_1f 11 T 1
_7_TJ1[1+/72 1+(2—/7)2}¢2( )an + I[1+E 1(2—5)2]%(5)(15'

2 2
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Orcroza cieayer paBeHCTBO Iirrg) ON (x, 0) = Iirrg)CD+ (O,y), KOTOpOE O3HaYa-
X - y-

€T HENPEPBIBHOCTH PyHKIHMU D7 (X, y) B YTJIOBOM TOYKE (O, 0) :
AHAJIOTMYHO JOKA3bIBAETCS HENPEPHIBHOCTL QyHKIMU P* (x, y) B OCTaJIb-

HBIX YTJIOBBIX TOYKAX.
YTBepkIeHue MyHKTa 2) J0Ka3aHOo.

JlokakeM yTBepKAeHHe MyHKTa 3). Tak Kak sijpa BCEX HHTErPabHBIX
OIEpaTOPOB, Y4acTBYIOIWMX B mpeicrasieHmn Qynkumit ®°(x,0), @ (1y),
®*(x,1), ®*(0,y), 6eckoneuno nuddepenuupyemsr npu 0<X<1u 0<y<lI,
TO (QyHKIHSA CIJ+(X, y) saBisieTcsi OeckoHeyHo nuddepermupyemoit Ha I 3a uc-

KJIIOYEHHUEM YTTIOBBIX TOYEK.

VYTBepxkaenue nyHkra 3) gokazano. CrpaBeyInBOCTh YTBEPKIACHHS TyHKTa
4) cinenyet U3 MyHKTOB 1) u 2).

Teopema 13.110ka3ana.

Jlnst ymoOCTBa CCBUIKH, Pe3yJabTaThl M. 2) M M. 3) JIOKa3aHHOW TEOPEMBI,
chopMyHpyeM B BUJIC CIICAYIONIETO YTBEPKICHUS

CaencrBue 13.1.0nepamop B oeiicmeyem u3z npocmpancmea éexmop —

¢yukyui Ew[O, 1] 6 NPOCMPAHCIEO 6[0, 1] , npuuem 011 o0l ynHKkuyuu
EJI:IEOO[O, 1] dynkyusn B yooenemeopsaem ycio8uio co21acoO8aHHOCIU, MO

ecmb KOHmMypHasa QyHKuusa, coomeemcmeyouan eekmop-pynkuyuu BP saena-
emcs HenpepuvleHoil Ha koumype [ .
N3 Teopembr 13.1 1715 HenpephIBHBIX QYHKIHM CIeAyeT yTBEPKIACHUE:

Teopema 13.2.Ilycmo ¢pynkyua ®0C ( F) . Tozoa:
1) pynxyusn (I'I - I'I+)CD — capmonuueckan 6 G u umeem HenpepwvlieHoe
npoooIdIceHue Ha G:
2) pynkuua = (I'I - +)CD‘r —® —nenpepviena na konmype I ;

3) ¢ynxkuua ®* — deckoneuno ougpepenyupyema na xonmype I, 3a
UCKII0YeHUeM, Oblmb MOIHCEN , Y2l108bIX MOUEK,

4) cnpasednueo paseHcmeo ® =BO.
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Jloka3zareabcTBo. 1). Tak xak u3 @ DC(F) BbITekaeT PLIL (F), TO Tap-

MOHUYHOCTbh (YHKITUH (ﬂ =1 +)CD B oOactu G BbITeKaeT U3 myHKTa 1) Teope-
Mmbl 13.1.
N3 Brmrouenuss @ [ C(F) BBITEKAET, YTO BCE TOUKU KOHTYypa [, BKIIIO4as u

YTJIOBBIE, SIBJSIIOTCS YCTpaHUMbIMU Toukamu Tuna Jlebera ¢pynkiuu @ . Toraa u3

teopeMbl 13.1m. 1) m . 2) BRITEKaeT CyIIECTBOBAHUE HEIIPEPHIBHOTO TPOI0JIKE-

HUsl QYHKIIUU (I'I —TI1 +)CD 710 YTJIOBBIX TOYEK KOHTypa [ .

CrnpaBeMBOCTh MyHKTa 2) BHITEKACT M3 HEMPEPBIBHOM MPOIOIKUMOCTH
byHKIIUN (I'I - I'I+)<D Ha G u HenpepriBHOCTH QyHKIMK P Ha [ .
CripaBeUIMBOCTh IMYHKTOB 3) U 4) SBISIETCS CIEICTBUEM, COOTBETCTBEHHO,

nyHKTOB 3) 1 4) Teopembr 13.1
Teopema 13.2noka3zana.

14. BBIYUCJIEHUE HOPM I'PAHUYHOT O OIIEPATOPA,
HHOPOKAEHHOI'O PEI'YJAPU30BAHHBIM OIIEPATOPOM

B npensigymem naparpade paBeHctBom (13.1) Ok ompeneneH marpuia-

oneparop B m ycraHosieHo ero geicrsue us npoctpancTsa L [O,]] , B 4aCTHO-

CTH, U3 6[0,]] B IIPOCTPAHCTBO E[O,ZI] . B cienytoniem yTBepKAeHUU BhIUUCIIE-
HbI 3HAUEHUS] HOPMBI orieparopa B, gelicTByrOIIEro B 3TUX MPOCTPAHCTBAX.

Teopema 14.1. /[na nopm mampuust-onepamopa B cnpaeeonuewvt pasen-
cmea:.

|B| m,, (14.1)

Cod-C.[od Mo

HBHE[O,]_]_,E[O,]] =m,. (14.2)

20e

00

m =1arctg§ O,204<—1 arctg—3< 0,20§.
/4 4 T 4
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Joka3zareabcTBo. Jlokaxkem paBeHcTBo (14.1).IlycTh EDEOO[O,]]. Torna

JUIs1 IEPBOM KOOPAUHATHI (Ba) BEKTOP-(PyHKIINU B® umeem:

(8%),(x) </(Butto) (9| #/(B# ) (| +](Bo ()=
17 1- X
71{[ ) +n? (1—x)2+(2—/7)2]d,7+
1; 1 1
+7_T-([[1+(X—5)2_ (X+£ ] _‘[[1+ 1+(2—x—{)2]d5+

1 -
;J[ +()2(_,7)2]d’7 HCDHLW[O,]].

Bpruuciaum TOYHBIEC 3HAYEHUS STUX HHTCTPAIOB.

J1J1st mepBOro MHTErpajia UMeeM

S| 2-nl" _
—arctg—— —arctg—— =

1 ( - T 1l-x|,.r 1- x|,

51"‘ 2 2

1-x
1 3
1 1 -1 E
=—| arctg—— — arct arct - arctjg_jf =
V4 1-x li - X - X
. 3

1 2arctg— arct ~ arctg2
T i X x|
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AHAJIOTMYHO BBIYMCIISIFOTCS OCTaJIbHBIC HHTCIpabl.

l; 1 1 B
7__[_([ [l+(X—f)2 _1+(x+5)2)d5‘

E var2) oy
=—| 2arctgx— arctg—+x [+ arcig=—-x| |,
ﬂ[ 2 2

1t 1 1
7_7'£ [1+(x—€)2 _1+(2—x—f)2]dg_

= 717 (Zarctg( I-x) - arcté—; — xj - arc(gg — XD :

1]‘ X - X dnzi(Zarctg—l— arct 1 arct 3].
| Xe+n® 2 +(2—/7)2 T X Dy I
2

CKJ'IaI[BIBaH BBIYMCJICHHBIC 3HA4YCHMUA, 6yz[eM HUMCTb

‘(B5)l(x)‘ sl{z(arctgl_ix + arct§ t x)j + % arctg+ arcf(b] _

T
1 3 1 3

—arctg—l_zX - arctgl_LX - arctg)% - arct§ -

—arctg{1 + x) - arcté§ - xﬂ”@” .
2 2 L_[0,1]

BOCHOHBBYHCB PaBE€HCTBOM

, ectm A>0,
1
arctgA+ arctg;\ =

NIy NIy

, ecom A<O,

OyJieM UMeTh

‘(Ba)l(x)‘s%{arctgd - x)+ arct 2) +arct%(1;7X)+

+arctg{§)— arct{ﬁj— arcty > Z‘HHEH .
3 2 2 L_[0.1]
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HNMmeeT MecTO TOXKIECTBO

arctg% , eciu AB< 1],
arctgA+ arctg3=<g SgA eciu  AB=1,
arctgﬂ +msgM, ectm AB>1
1- AB
B CUITY 3TOT'0 TOXKACCTBA HCPABCHCTB
2(1-x)x< 1( A +x)0x= lnpu Xz%)’
20 2 Lo xy<ter
3 9 ’
It X 2X_—[Q3+ ax(1-x)) s <1
2 4
1 0003HAYCHUS
2
b(z)= arctg— + arctg— ~ arctg ,
1-= 1-= [Q3+ z)
9
IMPOU3BCACM I[&JILHCﬁHICC ynpomeHHe:
2
‘ B® (x)‘ <= arctg— + arctg -
( )1 T 1- 4X( ) 1- ; D4x(1— )
2 — 1
—arctg o ==b( &(Ix))® .
1_2_1[qg+ 4X( 1- X)) H HLW[O,]] T H HL Jo.d

(14.4)

(14.5)

IIpousBeném 3ameny Z=4X(1— X) 1 3aMeTuM, 410, eciu 0<X<1, to u

0< z< 1. [lepenucas ToxaectBo (14.3)B Buae

arctgA= g - arctg%\ nmpu A>0,

B CHJIY BBEACHHOI'O 0003HaYEHUS 6YI[6M HUMCTb

/i 1-z 9-2z 1-z
b(z) —E—arcth— arcth— arctg?.

102

(14.6)



Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona

Tak kak 1;22 Bg? < —2 G_2< 1, T0, ucnoan3ys ToxaectBo (14.4),monydanm

b(z)= g - arctg— arctg—

24- 8z
[Ipu O0< z<1 BbINOJHSAETCS HEPABEHCTBO EVRT ] >0, mosToMy, MpUMEHsIS
+10z-2

ToxecTBO (14.6),0y1eM nmeTh

b(2) =arctg® 222 4 arctd=2
24— 8 8
Tak xak
_ 52 _
3+10z-1z EJ' Z< 3+1OEI—1

<1,
24— 8z 8 24- 8 8

TO, UCIOJIb3Y TOKASCTBO (14.4),HaKOHEeII, TOJyYUM
48(1+ 2)
189- 7+ 1¥° -7*°

b(z) =arctg

Tak kak

(189- 72+ 1%°-7°) =- 7% 22~ #< Ompu 0<z<l,
TO 3HAMEHATEJNb JIpoOu yObIBaeT Ha oTpe3ke 0< z<1, a Ha 3TOM OTpe3Ke YNCIH-
TeNb IPOOH BO3PACTAET M, CIEIOBATENBHO, (PYHKIIHS b(Z) Ha 3TOM OTpPE3KE SIB-

ngeTcs Bo3pacrarouien. Toraa

maxb(z) =b(1) = arctgj—r.

O<z<1

Otcrona u B crity (14.5)0koHYaTeIbHO OTYyYIUM

H BCD

Lw[o,ﬂ"n 4l C Jo.q°

210 OOCHKAa MMCCT MCCTO U IJIAA OCTAJIbHBIX KOOPAHWHAT. Takum 06pa30M,

HBCDHL 0.1 Jsigﬁ

HCHOCpCI{CTBCHHBIM BBIYHCJIICHUCM MOXXHO Y6CI[I/ITBCSI B CIIPaBCIJINBOCTHU

HMEEM

(o) <1 arctgi{’ . (14.7)

L [0, 7T

pPaBEHCTB

B, o =g, o =7—1Tarctg§’, (14.8)
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rac

®,(x) =(¢0(x). #o(x). #0(x). #0(x)) . #o(x) =1 x0[ 0. F.
Takum o6paszom, u3 (14.7)cieayer paBeHCTBO

H BHEw[O,l] N O

PaBenctBo (14.1)n0Ka3aHo.

CrpaBemymBocTh paBeHcTBa (14.2)BoITekaet u3 (14.8)HepaBeHcTBa

HBHE[O,].]-.E[O,]] = HBH;[ 0J~T.[ o}

1 BKmoueHus @, DE[O, ZI] .

Teopema 14.1n10ka3ana.

15. HEIPEPBIBHAS TPOJOJI)KUMOCTH YACTHBIX
IMPOU3BOJHBIX PEI'YJIIPU3OBAHHBIX TAPMOHHNYECKHX
®YHKIUI

Ecnu rapmonuueckast GyHKIUS MpeICTaBiIeHA C MOMOIIBIO PETYISPHU30-
BaHHOTO omneparopa IlyaccoHa, To MOXKHO HCCIeI0OBaTh MPOOIEMy CYIIECTBOBA-
HUSI HETPEPHIBHOTO MPOJIOJKEHUS YaCTHBIX MPOU3BOJHBIX ATONW TapMOHUYECKOM
¢byHKIMU. 37ech pemalolyo posib UTPaeT TOT (PaKT, YTO TPAHUYHBIN OmepaTop
B comocraBiser pyHKIUAM, HE 00JIaJa0NIMM JOCTATOYHON IIaIKOCThIO, PYHK-
[IMM C JOCTaTOYHO BBICOKOHM TJIaIKOCThIO. B 3TOM maparpade noka3piBaercst yT-
BEp)KJIEHUE CYLIECTBOBAHMS HETIPEPHIBHOTO MPOJOJDKEHUSI YACTHBIX MPOU3BO/I-
HBIX TaPMOHHYECKUX (PYHKUUH, MPEACTABICHHBIX PETYJISPU30BaHHBIM OIEpaTo-

pom IlyaccoHa ¢ 1OCTATOYHO IJIaJKON IJIOTHOCTBIO, 0 3aMKHYTOM 00J1acTH G.
[Ipu mokazaTenbCTBE HEOOXOIUMOTO YCIOBUS OCHOBHOM TEOPEMBI ITOTO MTyHKTA
HaM IMMOHAJI00UTCS CIIEyIoIee YTBEPKICHUE.

Jlemma 15.1. Ilycmo A, B,C, D — nocmoannsie éenuuunsvi. Tozoa ons
ozZpanuyennocmu YynKyuu

o) =il B o), D)
X“+y" (1-x)"+y? (1-x)"+(1-y)" X +(1-y)
6 oonacmu G HeoOX00UMO U 00CMaAmMOUHO 8bINOSIHEHUE PABEHCMN G

A=0, B=0, C=0, D=C_C
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I[OKaC%aTe.]ILCTBO. CHpaBeI[J'H/IBOCTB YCJIIOBUS JOCTATOYHOCTHU OUCBHUAHA.

Ecmu ¢ynakmus f (X, y) SBJISICTCSI OTPAHUYCHHOU, TO MPHU (X, y) - (0, 0)

y
Y2+ 2

+ty

Hble mipenensl. [losTomy, oueBuano, nomyyaem paBeHcTBo A= 0. Ilpu ctpemie-

IpoOh SIBJISICTCSI HEOTPAHUUEHHOM, a OCTABIIHUECS JPOOU UMEIOT KOHEY-

HUN (X, y) K APYIrMM YIJIOBBIM TOYKaM IIOJYYHM PaBCHCTBA HYJIIO OCTAJIbHBIX

MOCTOSTHHBIX.
Jlemma 15.1510ka3aHa.
[TpencraBum ob6nacte G u koHTYp [ B creayromieM BUe:

G =G, UG,,UG,UG, =T, U, Ur,ur,
SN
4 4 4 4
1 1 3 1
T B

My=G,NI  T,=G, NI, Tr,=G NI, T,=G Nr.

[IpencTaBuM B pa3BEpHYTOM BHUJE PErYISPU30BAHHYI TapMOHHMYECKYIO
Gyakmuro U=MO-M"O:

4

U(X’ y) =Zui (X’ Y) Ei(l‘liﬂ _I_Ii+¢i)(X’ Y),

i=1

e o« )= 1 Y8(8)d¢
nsn =3
) ( =1; y#(£)dé | 17 yai(£)dé
e A e e
_11 1-Xx
(n2¢2)(x’ )_ ﬂ_i(l_ X)2+(y—/7)2 WZ(U)d’%

e 1F e (n)dr | 1} (1-X)g,(n)dn
(|_|2¢2)( ’y) ﬂJ;(l—x)2+(y+/7)2 ﬂj(l—x)2+(2—y—n)2

1
2
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X :11 (1_Y)¢3(€z)d€z
(|_|3¢3)( aY) ﬂJ(;(l—y)2+(x—E)2’

oy LT A0B(0E | 11 (1-Y)au(e)ae
(M5#5)(x. ) 7T~([(1—y)2+(x+5)2 ﬂjl‘(l—y)2+(2—x—£)2’

R Y AU
(|_|4¢4)( ,Y) ﬂJ;x2+(y—/7)2’

. _1% X, (m)dn 1t xp,(n)dn
S e A i e pr

1
2

JInst noka3aTenbCTBa CYLIECTBOBAHUS HENPEPBHIBHOTO MPOAOJIKEHUS PEry-
JSPU30BaHHOM rapMOHMYEcCKoW GyHKUUU U =u(X, y) 70 3aMKHYTOW 00JacTH,

yI00HO 3Ty QYHKIIUIO TIPEICTABUTH B CIICTYIOIIEM BUJIE!

u:W00+\7VOO +Ugpy Ugp=U,+tU. Bobmactu Gy, (15.1)
u =W10—|-\7V10 +Uyp U,=Uztu, Bobnactu Gy, (15.2)
u =W11—|-\7V11—|—U11, u,,=u,+u. B obnactu G ;, (15.3)
u :W01+\7V01+U01, Uy,=u,+u, Bobmactu G, (15.4)
rae Woo = I_|1¢1_|_I 1,(¢1+r| ¢4—|_| 4,¢ i)
17 y#(&)dé 1t x¢,(n)dn
M LV Y)=— , (M Y)=— ,
( 1VO¢1)(X y) ]T-([ y2+(x+£)2 ( 4,0¢4)(X y) ﬂ'([ X2+(y+/7)2
; 1 y y
Wy, (X, y) == - d
OO(X y) ﬂjl[y2+(x+$)2 y2+(2_x_£)2:|¢1(5) E+
2
17 X X
+= - dn,
771[x2+(y+/7)2 x2+(2—y—/7)2]¢4(,7) 7
2

Wo =M@~ g, +11 -1 ,¢,
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V' +(2-x=¢) 1=-x)"+(y+n)
w. (% :_1; y y N
ol ﬂo{y%(xw) y2+(z—x—s)2}¢1(5)d‘(
1¢ 1- X _ 1- X
Ei{(l—x)%(yw)z (1—x)2+(z—y—n)2}¢2(”)d”’

2

VV11=|_|2¢2—|_|27¢2+|_| ¢3—|_| 3,¢’

« v)= L[ (1=x)¢,(n)dn
(|_|2,1¢2)( ry) ﬂ{(l—x)2+(2—y—q)2’

ool (1-y)s(e)de
(|_|3,1¢3)( ,Y) 77'}[(1— y)2+(x—£)2’

W (x __17 1-X _ 1- x _
1 (%) ﬂf{(l_x)%(yw)z (1_X)2+(2_y_,7)2}¢2(,7)d’7

a1y 1~y
ﬂ‘([|:(1— y)2 2 (1_ y)2+(2—X—5)2:|¢3(£)d£’

« =i (A-y)e(£)dé « vy 1f_X.(n)dn
(M) =2l s gy (Ml =2 000y
Wi, (X :11_ 17y - 1y -
01_( sY) ﬂ{_(l— y)2+(x+5) (1_y)2+(2_x_5)2:|¢3(5)d<(

il x
ﬂ'([_x2+(y+/7)2 X2+(2—y—/7)2}¢4(l7)d/7

O0o3HaunM uepe3 K. j OTKPBITBIM KPYT C IIEHTPOM, COBMAJAIONINM C IE€H-

1 I
TPOM KBajpaTa Gij u paauycoM R=—=. OueBuaHo, 4TO Gij UK, i

J2
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Jlemma 15.2. @yukuuu \7Vij u U Oeckoneuno ougpepenyupyemot ¢
3AMKHYMOM Kpy2e Rij 1,1 =0,1.

Jloka3zaTenbCcTBO. 3HAMEHATENN S/IEP BCEX HHTETPAJIBHBIX OIMEPaTOPOB
COCTaBIISIONMMX (PYHKIIHIA \7Vij U U SBISIIOTCS MOJOXHUTEIbHBIMU B 3aMKHYTOM

KpyTe Ki - CrnemoBarenbHoO, KaX/10€ caaraemMoe, Bxogsduiee B Wy u U, | » ABIIACTCSI

Oeckoneuyno nudpepenunpyemoiv B K. .

Jlemma 15.2 nokazana.

Hapsny ¢ oneparopamu I, I, 4, M, u 1, , BBEAEM Onepatopsr:

(Mig)(x ) =2 |25 ()ae,

oy + (X_ C()
l 1

(|'|10¢1)(X y)_;,([ y2 _l_x(-:(if)z 1(5)d5
1 y-

(n4¢4)(x y) :7_7.‘([ X2 +)Ey,z,7)2 w4(,7)d,7
11

(|_|40¢4)(x y)=7—_[_([ 2 :E;/_Z,?)z 4(’7)d’7

O6o3naunM V, (X, ¥) =0 n npu k=1 nonoxum:
PR . o ¢ I . d ¢ M. i ¢ I

ko~ oy ]_[(y2+(1_x)2) ;-[(y2+(1+x)2) 7T(X2+(l_Y)2)

i) 2y(87 (-4 (9)

cecim k=4 1, 15.5
I G s I
y = Po i I 1. i ¢ I
T 0x 77( y? +(1- x)2) 77(y2 +(1+ x)2)
(k-1) (k-1)
L X 0 x(Y) ,ecmn k =4k + 2 (15.6)

IT(X2 +(1- y)z) 7T(x2 +(1+ y)z)
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X' (1)

N,y () yp (2) _
7T(x2 +(1- y)2)

o™ Tox r[(y2+(l— x)z) _n(y2+(1+ x)z)

SO Gl CAT ()
IT(X2+(1+ y)z) n(x2+y2)

+

, ecim k =4k + 3, (15.7)

v = V10 _ Y¢1(k_1) (1) + Y¢£k_1) (1)
k,0 ax n_(yz_l_(l_ X)Z) n_(yz_l_(l_l_ X)Z)
RO et

_ﬂ(xz +(l— y)z) + ﬂ(xz +(1+ y)z)

,ecmn K =4k + 4. (15.8)

Jemma 15.3.Iycmb eexmop-pynxyus ® = (¢1, 0, 0.9 4)T Ha ompeske
[O, 1] umeem ece npou3eo00Hvle 00 nopaoka N exkawuumenvrno. Tozoa 0aa ua-

0 w,, —
CHIHBIX NPOU3B0OHBIX PR k =1,n cnpaseonuso npeocmasnenue
X

rVk,o +I1 1¢£k) +1 1,c¢(1k) - n*z¢(§) - n*4’¢(|2), k=4k #+1,
akWoo. =) Vot 1¢£k) -n 1,c¢(1k) -n z¢(§) +1 4,3’(51)’ k=4k #2, (15.9)
ox" Vk’0+|'|1¢£k) +n1,(¢(1k) +|'|*2¢(§) +n*4,¢(k)’ k=4k #3, |

(Vio n1¢£k) —-n 1,(¢(1k) +n ?Qj) —-n 4,3’(?’ k=4k #+4.

I[OK&S&TCHLCTBO CIIpaBCAJIMBOCTH YTBCPIKACHUSA I[aHHOﬁ JICMMBI ITPOBCPAI-
€TCA HECIIOCPEACTBCHHLIM BBIYMCIICHUEM YAaCTHBIX IMPOU3BOJAHBIX I1O0J 3HAKOM HH-

Terpaiga, MHHTCrpupOBaHUECM 110 4aCTAM U MCII0JIb30BAHUEM PABCHCTB.

I

[
y?+(x£ &)’ ) y?+(x£ &)’ ;

I I

!

X [ y#n
(yen)’ ), Te(yen)’),
y=n_ | _,[__ X
x2+(y£n) x?+(yzn)’
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Ins k =0, n monoxum

Mo (1-x)¢9(0) | (1+x)a() _ xei(3

Y™ oy lr(y2 +(1- x)z) ﬂ(y2+(1+ x)z) 7'[(X2+(l— y)z)
RO 2x(¢1(k) (0)- g (0)) o s (15.10)
ﬂ(X2+(1+ y)z) 7T(X2+y2) |
v (1) (el
“U oy ]T(y2 +(1- x)z) n(y2+(1+ x)2) (1511

(1-y)ed() _ (1+y)el (9 _
) ﬂ(X2 +(1- y)z) i 7T(X2+(1+ Y)Z)’ e e
aVkO (1-x)a() , (+xe() . x(3
ﬂ(y +(1-x) ) ﬂ(y2+(1+x)2) ﬂ(x2+(1—y)2)
) 2x(#1(0)+¢¥(0)

ﬂ(X2 +(1+ y)z) 7T(X2 + yz)

+

ecn kK= 4 + 2 (15.12)

o= o (192D | (1+x8(9) |
“oy ﬂ(y2+(1—x)2) ﬂ(y2+(1+x)2)

0o |, (1y)el()
A+ -y)) e (10 y)

(15.13)

eecn k=& + 3

Jemma 15.4ycme eexmop-ynxyun ® = (¢1, .. 9.9 4)T Ha ompesKe

[O, 1] umeem ece npou3eoomnvie 00 nopsaoka N+1 exnrouumenvno. Tozoa ons

k+1
00

ox oy
(¢(k+1 + ¢(k+l + ¢(k+:l), k = 4k .

YACMHBIX NPOU3BOOHBIX  k=0,n Cnpageonueo npeocmasieHue

rV|<,1 - n*1¢(k+l
9 *'wy, vk,l—n1¢<k*1+n1¢<k* gl )+, g%, k=dk #1

) _
)

. '(15.14)

Xy |v,-Ng*)-n, gtV -n pldn gl k=ak 42,
)

Viex = Mg+, gl +m gld -, g0, k=4, + 3.
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Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona
Joka3aTeJbCcTBO CIPABEUIMBOCTU YTBEPXKACHUSA JAHHOW JIEMMBI IIPOBE-

pACTCA HEIMOCPECACTBCHHBIM BBIYHMCIICHUECM YAaCTHBIX ITPOMW3BOAHBIX IIOJ 3HAKOM

HHTECIrpajia, MHTCTPUPOBAHHUEM I10 HACTIAM M MCIIOJIb30BAHUECM PaBCHCTB.

!

) At
V(e )y e(aed) )
(XZ"‘(yi/])sz:i[X2+(yil7)2j,7’

[ y£n ] _ ( y£n ]
2 2 - 2 2 '
x? + yi/7) , X2 +(y£n)

+H

+

7(x, y;¢1)=7%£y e > 0¢,(x) - ,(&) Jde,
X = L y x) -
2%y )= [ vy 100048 ¢

+(x-¢)
X :11 X+E X) —
Zo(% Y: &) 7.[_([ y2+(x+f)2 [E¢1( ) ¢1(5)]df
S (x _1: y-p B
2 (% V: 8,) ﬂ{ - 04.(y)-¢.(n)]dn
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A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

Jlemma 15.5.1Tycmo ¢pynxkyuu ¢1(X) u ¢4(X) Y0081emEOPAIOM YC/106UI0
Junwuya na ompesxe [0, 1] Toz20a 2apmonuueckue ynkuuu 7z, 7, Z u
Zi*,O’ i =1; 4 umerom nenpepuignvie npodonsicenun na 3amxuymyio oonacms G .

JlokasateanctBo. Paccmorpum Qynkumn z, (X, Y; ;) u Z (X, y; ¢,). Onn
ONpeNlelieHbl WM HEMpepbhIBHBI ISl  BCEX  TOYEK (x, y)l]]R2 \l',, rme
I =[0,]]><{C}. JlokaxkeM CylIecTBOBaHME mpenena (yHKIUN Zi(x, Y; ¢1) u
Zl*(x, Y; ¢1) npu (X, y) - (Xo, 0), (X, y)DG, XOD[O, ]] [Tocneanee OyaeT ao-
Ka3aHo, eciu OyJeT J0Ka3aHO CYLIECTBOBAaHHWE Ipeneia IMOCleA0BaTeIbHOCTEH
Zl(xn, Yo ¢1) H ZI(Xn, Yo ¢1) JUIs JII0OOW TOCIIE0BATEIbHOCTH (xn, yn)DG,
(Xn, yn) - (XO, 0) npu N — oo, Jlas 3Toro Bocmosb3yeMcs: TeopeMoi Jlebera o

peeIbHOM IIepexoie 1o/ 3HakoM uHTerpana. [12,c. 139].
Teopema Jledera [12, c. 139]. Ilycmov na usmepumom mnoxcecmee E

3a0ana nocieo006amenbHoOCmy { f (c,‘ )} U3BMEPUMBIX OZPAHUYEHHBIX (YYHKYUIL,

1) cxooawmasnca no mepe Kk usmepumoir ozpanuuennou Pynkyuu F (c,’) Ecau

cywecmeyem nocmosnnas K , makas, umo npu écex N u 2) npu écex &

(€) <K,

mo lim [ f,(¢)dé=[F(&)d¢
E
3ameuanue 1. YcnoBue 1) MOXHO 3aMEHUTH HA CX00AUYIOCA K YHKYUU
F (f) noumu npu eécex {0 E .
3ameuanme 2. YciioBue 2) MOKHO 3aMEHUTh HA noumu npu écex £ E .

[IpencraBuM mOCIEA0BATENBHOCTD Z; (Xn yn) B CICAYIOILIEM BUIEC

¢1 ¢1 yn(xn_f)
xn yn ” >d¢.
l Yo +(x,=¢)
[TocnenoBaTenbHOCTD qayHKuHﬁ
#.(x)-4.(¢) yn(xn ) gy,
(&)= *%=¢  yair(x-¢)
0, =X,
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Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona

npu N - © u & # X, MOTOYEYHO CXOMUTCSA K TOXKIECTBEHHO HYJICBOH (YHKINH
F(¢)=0.

Tak kak pyHKIUS @, (X) YAOBJIETBOPSET yCJIOBMIO JInnmuna, To umeeM

4.(%) = 4,(&)| < k%, = €],

rae k; —mocrosaHas Jlnnmmna GyHKunn ¢1(X) . [Toatomy

(<O vl _khdl (n“(xn-f)):g
” = (=€) = e (%8 2
BrinosHeHs! Bce YCJ'IOBI/IH teopeMsl Jlebera. CrienoBaTensHO, UMEEM

Y ¢1 ¢1(£) _1 ; _
lim =" dé =Ilim f dé’—— F(&)dé=0.
i 4808 que=2 e

Takum oOpa3oMm, HaMu JOKa3aHO CyIIECTBOBaHUE TNpenena (QyHKIUU

Zl(x, Y; ¢1) npu (X, y) - (Xo, 0), (X, y)DG, 0<x,<1. Orcroga cienyer, 4To

byHKIISA Zi(x, Y; ¢1) MMeeT HelpephIBHOE POOIDKEHHE Ha G .

[IpencraBuM nocie10BaTENbHOCTD Z1 (Xn Y. ¢1) B CICAYIOILEM BUIEC

¢1 ¢1 (Xn B 5)2
2 (Xo Yoi #1) = ~dé
{ ¢ Y (% -¢)
[TocnenoBarenbHOCTD (HYHKIIUH
¢1(Xn)_¢1(<() (Xn_C()2
D 21 E % ’
G R .
0, =X,
npu N - 0 u ¢ # X, TOTOYeyHo cxoauTes K pyHkmmn F (E ) = ¢1(X:(3 : ?1(5) :
Tak xak ¢pyHKUMS ¢1( ) yJIOBJIETBOPSIET ycioBHIo Jlunmuiia, To umeem
fn( )‘_‘¢1 (E)‘ B (Xn_gz)2 <k1‘xn_f‘:k1

=& YR H(x-¢) [ 4]

BrinosiHeHs! Bce YCJIOBHA TCOPEMBI Jlebera. CJICI[OB&TCJ'II)HO, HNMEEM
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lim = J‘¢1 ¢1 (Xn_f)2 2d£=_1j‘¢1(xo)_¢1(§z)dfl
- Ty - y2+(><n—5) Ty %=¢
CyI1IeCTBOBAHUE MOCIIEAHETO UHTETPajia TaPAHTUPYETCS BBINOJHEHHEM YCIOBUS
Jlunmmma GyHkImen ¢1(X) .
Takum 00pa3oM, HaMM JOKa3aHO CYLIECTBOBaHME Ipeaena (YHKIMU
z (% y; ¢,) npu (X y) - (XO, O), (x, y)OG, 0<x,<1. Orcrona cemyer, 4to
dynxumst Z (X, Y; @;) UMeeT HempephIBHOE POOIIKEHNE Ha G.
AHAJOTUYHO JOKA3bIBAETCS CYILECTBOBAHUE HEMPEPHIBHOIO IPOIOIKEHHS

Ha G ocTanbHBIX PYHKIUH.
Jlemma 15.510ka3ana.
3ameuanne. YTBepxkJeHue JIeMMbl 15.50cTaeTcss BEpHbIM, €CIIH YCIOBUE

JInnmmna s GyHKuni ¢, u @,

1) 3aMeHNTHL Ha yCIIOBME HENPEPBIBHOCTH, B Cilydae GpyHKIMA Z, Z 4, Z,
nZ,,

2) 3aMeHuTh Ha yciioBue ['enmpaepa ¢ mobbiM mokazatenieM @ :0<a <1 ,B
ciydae GyHKuMi Z, 21*,0’ Z, v ZZ’O.

Paccmorpum ciryuaii 1). [Tycts GhyHKIMS ¢1(X) ABJISIETCSA HENPEPBIBHOW HA
OTpe3Ke [0,]] 51 (X, y) - (XO, 0), (X, y)DG, 0<x <1

Hccnenyem Ha HENPEPBIBHYIO MNPOIOHKUMOCTh (PYHKITHIO Zl(x, Y; ¢1).

Ecmn 0< x, <1, To n3 nemms1 2.1noxyuum

i yl ¢1(<t)d<t
(x VI)IP?MO) 7-[.([ y2 +(X C() ¢1(X0),
oya(X) dE
(x yl)lfr(]%,o) T £y2+(x—5)2 ¢1(Xo)

IToaTomy
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Ecmu x, =0, To, npencrasus

(X y: ¢1 YJ‘¢1 ( YJ‘¢1 ¢1( )df,

+(x f) 5y +(x=§)°
OILICHUM KaxXJ10€ cJlaracmMoc. I[J'IH HCpBOFO cJi1aracMoro unMmeem
y J ¢1 ¢l < ma ¢ _J‘ <
S g R e
< maxg, (x) - ¢,(¢)|.

[Mycte £€>0 — nmpowmsBosibHOE umncia0. Bennunny O >0 BbiOepeM Takoi,

o
yToOBI IpH 0< X< E BBIIIOJIHSIACH OL[EHKA

maxi¢, (x) - 4,(¢)] < g (15.15)

dukcupyeM O U paccMOTpUM BTOpoe ciaraemoe. Tak kak nmpu O< <1 wu

0< XSE 3HaMEHAaTeNb TMOABIHTETPANbHON (YHKIUU OOJbllle HYJsA, TO MPHU

y — O+ moxpmaTerpanbHas QyHKIHsS — " i_ 5 Eﬂ¢1(x) —¢1(f )) paBHOMEPHO

mo ¢ D[J, 1] u XD[O, g} crpemutcd K Hymo. [Toatomy cymecrsyer Y, >0, Ta-

Koe, 4To npu 0 <y <Yy, BBINOJHAETCS HEPABEHCTBO

Y -0 <

‘ y? + x { 2
OTCI’O,Z[a AJIs1 BTOPOT'O CjiaraéMoro InmojJiyayum
yj¢1 4 2) a8 << (15.16)
sy "‘( -< ) 2

N3 wnepaBenctB (15.15) u (15.16) momyuum ‘zl(x, Y; ¢1)‘<£, npu

XD[O, g} u yl (O, yO) . Otcrona, B cuiy npousBoibHOCTH £ >0, OyneM nMeThb

(x y')ii'Eo,o)Zl(X’ y; $,)=0
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AHanoruyHo paccMaTpuBaercs ciaydaid X, =1.

Takum oOpa3oMm, HaMH JOKa3aHO CyIIECTBOBaHWE Tpenena (QyHKUUU
Zl(x, Y; ¢1) npu (X, y) - (Xo, 0), (X, y)DG, 0<x,<1. Orcroga cienyer, 4To
byHKIUSA Zi(x, Y; ¢1) MMeeT HelpephIBHOE POOIDKeHHE Ha G .

AHanOruuHbIM 00pa3oM JOKa3bIBA€TCA CYIIECTBOBAHHE HEMPEPHIBHOTO
nponoskenns Gynkumit z, (X, V; #,), z,(X, ¥; 8,) u z,,(x y; 4,) Ha G.

Paccmorpum ciydaii 2). [lycts GyHKIHS ¢1( ) YIIOBJIETBOPSIET YCIOBUIO

I'enpaepa ¢ mokasarenem Q' O<a <1, 1o ecTh
‘¢1(X") _¢1(X')‘ =
[TycTh (X, y) - (X0 O) (X y)DG 0< X, <1. lokaxem, 4To

" I)ln(q zl(x Y, ¢1) Z, (%o 0; 9,), (15.17)

rIe Xy, 0; ¢1 J¢1

"na

OTMCTI/IM, 4TO CYHICCTBOBAHUC CHHIYJIIAPHOI'O MHTCrpajia B HpaBOﬁ qaCTu 3TOTIO

PaBEHCTBA CIEAYET U3 relbAepOBOCTH QYHKIIUN ¢1(X) :
[Tycte O >0 —npowusBonbHOe . [Tomaras
0 =[0, AN (%~ F,%,+3), e5,=[0,1 \e,,,
IPEZICTABUM PA3HOCTD Z (X, Y; @) = Z (X 0; ¢1) B BUJIE

Z (% Y )= Z (X 0;8,) =1, +1 ,+1,,

e _1 (x=&)(a.(x)-4.(¢)) ¢ XO) ¢ )

) l, ”ei v+ (x—é) d¢, JO -
=2 | BRI =0(8) (%) -6) |y,
Sy y?+(x=¢)° %4

[Tycte £€>0 — npousBonbHOe. be3 orpannuenust oOIHOCTH OyneM CUH-
o
TaTh, YTO ‘X - XO‘ <E. HNmeem

“‘<1J‘ (X_Q()2 ¢1(X)_¢1(5) dé <
DY A d) el et
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L. =ﬁ[\x—xo+ﬂ”ch—xﬂ”}z&(s_af.
T

l-a
o |x=& " a a am\ 2
2k, (30 y
AHaNOrM4HO, UMEEM ‘I2‘<— < Benmuuny O >0 BwIOepeM Takoii,
arm

2k, (30Y ¢

I-ITO6I:.I BBIIIOJIHAJIOCh HCPABCHCTBO —— 7 <—. Torz[a CIIpaBCJINBbI OLICHKHN
amn

3
1

Ouxcupyem BenuuuHy O. Torma Ha MHOXKeCTBE €5, (yHKuUUA
X=¢N\ (X)) - (S
-OBM-4E) L oy
y*+(x=¢)
) (XO) B ¢1(<( )
X =<
Y, > 0 takue, uTo npu ‘X - XO‘ <9, n 0<y<Yy, cupaBeainBa OLEHKA

(x=8)(2.()-4.(&)) _a(x)-2.(6)|_ 7
v+ (- &) %=E |3

\|1\<§, 1,|< (15.18)

—(%,0) crpemurcs k  dyHKuuHM

paBHOMepHO 1O ¢. Iloaromy cyIiecTBYIOT 51:0<51<g u

Otcrona umeemM

1 7% £t . €
\ls\s;j?d&g!df_g. (15.19)

N3 onerok (15.18)u (15.19)BrITeKaeT cipaBeIMBOCTh paBeHcTBa (15.17).

AHaNOTrHYHBIM o6pa30M AOKa3bIBACTCA CYHICCTBOBAHUC HCIIPEPBLIBHOTO

MPOIOJDKEHUS (PYHKITUI ZI’O(X, Y, ¢1), ZZ(X, Y, ¢4) U ZZ’O(X, Y, ¢4) Ha G.

Onpenesienue. bynem TOBOPMUTB, 4TO BEKTOP-(PyHKIIUS

5=(¢1,¢2,¢3,¢4)T DEn[O,]] YIOBIIETBOPSIET YC/I06UIO CO2NACOBAHHOCHIU NO-

paoka N, eciu s BeexX neabix K =0, mma kotopeix 2K < N, BBINOJIHSAIOTCS pa-

BCHCTBa
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(15.20)

OCHOBHBIMH pe3yjibTaTaM AAHHOI'O ITYHKTa SABJAIOTCA CICAYIOIIUE YT-

BEPIKICHHSI.
Teopema 15.1. Ilycmo eexkmop-gpynkuusn 6=(¢1,¢2,¢3,¢4)T umeem

6ce npou3eoonsie 00 nopsaoka N 21 exnwuumenvno, npuidem N-asa RPoOU3600-

nasa yooenemeopaem yciaoeuro Jlunwuya. Ecnu eekmop-gpynkuyus ® yooene-
meopaem yciouio co2iaco6aHHOCmMU nopAoKa N, mo éce 4acmuvie NPou3-

n +n,

600HbIE —(————,
ox oy

20e N +N, <N, umerwom HenpepviéHble NPOOOJINHCEHUA HA

3aMKHYmMYyIo 001acmbp G.
Teopema 15.2. ITycmo eexmop-gpynxkuus 6=(¢1,¢2,¢3,¢4)T umeem

6ce npou3eoousie 00 nopsaoka N 21 exnwyumenvno, npuuem N-as nPouU3800-
Hasa yooenemeopaem ycnoeuto Jlunwuya. Ecnu ece uacmuvie npouzeoonvie

anl+n2

,20e N, + N, <N, ozpanuuenst 6 3amknymout oonacmu G, mo eéekmop-

pynkuus 6=(¢1, .. 9.9 4)T yooeiemeopsenm ycio8uro CO21aco8AHHOCHU

nopaoka n.

U3 teopem 15.1m 15.2B kadecTBE CIEACTBUS MOIYIUM CIICTYIONTYIO TE€O-
pemy:

Teopema 15.3. Ilycmo eexkmop-gpynkuus 6=(¢1, 9, 9., ¢4)T umeem

6ce npou3eoonsie 00 nopsaoka N 21 exnwyumenvno, npuuem N-as nPouU3B00-
Hasa yooenemeopaem ycaosuro Jlunmuya. Tozoa ona mozo, umoowl eéce uacm-

n.+n,

Hble np0u3600Hble W’
N y 2

20e N, +N,< N, umenu HenpepviéHble NPOOOIICce-

HuAa Ha 3amkHymyio oonacme G, HeodOX00uMo u 00cCmamoyno, Ymoosvl 6eK-
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mop-ynkyus ® =(¢l, 0, 0.9 4)T YO006/1€me0pALaA YCA06UIO CO2NACOBAHHO-

cmu nopsaoka n.
Joxa3areabcTBo TeopeMbl 15.1.1Tycte N 1 N, — IPOU3BOJIBHBIE LIEIIbIE
0" ™u

ox"oy™

HEOTpHULATEIbHbIE YHuCaa. PacCMOTpUM 4YacTHYHO IPOU3BOIHYIO Tak

KaK M3 TapMOHUYHOCTU QYyHKIUU U = u(x, y) BBITEKAET PAaBEHCTBO

0*u
ay2k :(_1) aX2k !

TO CIIPpaBCAJIMBO PAaBCHCTBO

Kk 0™U _
anl+n2u (_1) axnl+n2 ! cClin r]2 - 2k2’
L = mn+n, ’
ox"0y (—1)k2 G—_U , ecimm n,=2K,+1.
ox" "oy

HOC—)TOMy AOCTATOYHO HCCIICA0BATH HA HCIIPCPBIBHYIO ITPOJOJLDKUMOCTE OO0

3aMKHYTOU 001aCTH G TOJIBKO YaCTHBIE MIPOU3BOJHBIE!
ak+1u
ax‘dy
PaccmoTpumM corydait a). [Tokaxkem HENPEpHIBHYIO MPOAOIKAUMOCTD (PyHK-
0 u

105051 v Ha 3aMKHYTYI0 001acTh G. DTO SKBHBAJICHTHO CYIIECTBOBAHHUIO He-
X

o u _
a)ﬁ npu k=1 0) npu  k=0.

MPEPHIBHON MPOJIOKUMOCTH 3TOW (PYHKIIMM Ha Ka)XAyl0 U3 3aMKHYTBIX oOjac-
Ten Gij, I, ]=0,1
ku

JlokaskeM HEenpepbIBHYIO MPOIAOHKUMOCTh (DYHKITHH v Ha 3aMKHYTYIO
X

00JacTh 600. Bocmnonesyemcst mpencrasieanem (15.1). B cury memmer 15.2

GyHkuun Wy, u Uy, OeckoHeuHO Iu((epeHIUpyeMbl B 3aMKHYTOM Kpyre

39 k
_ 0w 0 u
00 00
K. 0OG_ . CrnenoBarenbHO, YaCTHBIC MTPOU3BOIHBIC u AMEIOT He-
00 00 axk axk

pephIBHbIE TTPooDKenus Ha G s mo6oro K=1.
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Takum 00pa3zom, CyIIECTBOBAHHE HEMPEPHIBHOTO MPOAOKEHUS (PYHKIIMU

ou —
K Ha GOO SKBUBAJICHTHO CYIHCCTBOBaHI/IIO HCHpCpBIBHOFO HpOI[OJ'DKCHI/IH
X

|<W =
00
Cl)YHKI_II/II/I Xk Ha GOO .

k

W,
B nemme 15.3 nmpuBeneHo mpeicTaBieHue s a—koo. [TokaxkeM Herpe-
X

PBIBHOCTh CJIaraemblX V, o, K21, onpenenennbix B (15.5)-(15.9)8 3amMkHyTOM
KpyTe ROO [ éoo.
Iycrs k =0. Paccmorpum V,, mpu k=1. Tak kak V,o(X,¥)=0 u

$,(0)=¢.(0), To u3 (15.5)nmeem

S 7 o ¢ IR Vol ¢ N
Uy ) Ayt ex)’)
N Xy (1) + xgy (9 (15.21)

ZT(XZ +(1- y)z) ﬂ(x2 +(1+ y)z) '
3HaMeHaTeNlb KaXJI0W IpoOu HE MEHBIIIe 6—72 npu (X, y) DROO. [TosTomy pyHK-

uus v, , HerpepsiHa B K UG .

[Tycte k=2. Torna u3 (15.6)umeem

_ aV1,o _ y¢1(k_l) (1) + y¢§k_l) (1) +
(X)) vt (1))

IO, e (15.22)

e+ (1-y)) Al 2y

VlO W ~
HenpepbIiBHOCTH TIEPBOTO ClIaraeMoro GX' B K, UG, cnenyer u3 (15.21),a

+

HCHIPCPBIBHOCTb OCTAJIBHBIX CJIAara€MbIX B 3TOM MHOKCCTBEC CJIICAYCT U3 TOI'O, UYTO

o T -
3HaAMEHATEeJb KaXI0W IpoOu HE MEHBbIIIE & npu (X, y) ] KOO.
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n

ITycts k =3. Torga u3 (15.7)u paBeHcTBa ¢Z(O) =- 1(O) uMeeM

TR (- ) N . o ¢
3,0 OX n_(yz_l_(l_x)Z) n_(yz_l_(l_l_ X)Z)
+ X¢z(1k_1) (1) _ X¢£1k_l) (1) (15.23)

¢+ (1-y) ) (2 y)?)

\Y/ — —
HenpepbIBHOCTh IEPBOTO CJIaraeMoro 6;0 B K, OG,, crenyer u3 (15.22),a

HCTIPECPBIBHOCTb OCTAJIBHBIX CJIAara€MbIX B 3TOM MHOKCCTBEC CJIICAYCT U3 TOI'O, YTO

. T 2
3HAMEHATENb K101 ApOOH HE MEHbIIIE o4 npu (X, y) 0K,

[Tycte k =4. Torna u3 (15.8)umeem
V. = 0V _ y¢1(k_l) (1) + y¢£k_l) (1)
4,0 ax ﬂ(y2 +(1_ X)2) ﬂ(y2+(1+ X)Z)

3 Xy (1) + xgy (9 _ (15.24)

ﬂ(X2 +(1- y)z) 7T(x2 +(1+ y)z)

VSO W ~
HemnpepbIBHOCTh NIEPBOTO CJIaraeMoro W B K, OG,, cnenyer n3 (15.23),a

HCHIPECPBIBHOCTb OCTAJIBHBIX CJIAra€MbIX B 3TOM MHOKCCTBEC CJIICAYCT U3 TOI'O, UYTO

. T 2
3HAMEHATENb KaXI0M ApOOH HE MEHbIIIE Y npu (X, y) 0K,

Takum o6paszom, HenpepbiBHOCTE (yHKImiA (15.5)-(15.8)8 ROO [ 600 npu
k, =0 moxa3ana.

Jloka3aTenbCTBO HEMPEPBIBHOCTH V, o ipu K =4k, +i, i = 1,4u k, =1 mpo-
BOJIUTCS aHAJIOTMYHO, 110 WHyKIIHH.

I[OK&)KCM CymCCTBOBAHUC HCIIPCPLIBHOTO IMPOAOJIKCHHUSA Ha GOO CYMMUBI

OCTaJIbHBIX ClIaraeMbIX B IpaBoit yacTw (15.9).
[Mycte k =1. Torna

(M) (% ¥) + (M) (% ¥) = (M) (% y) = (M8 J(x.y) =
=73 (% y)+ 2% y),
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2 (% Ve ==2(% Vi #) — 2% yi #) + 2 X, i )+ Z X, vi8),

rie 74
A L) e+ (y)
T 2T X +(1+ y)

14(X Y) aI’Ctg—+ aI’Ctg—]

y y

HCHpCpBIBHaH IMPOAOJDKMMOCTE IIEPBOr0 CiaaracMoro 214 Ha GOO ciaenyer

u3 1eMMbl 15.5, Tak Kak Ka)kIoe U3 ciaaraéMbIX, COCTaBIISIOIIEE Zﬁ), MMEET He-
IPEPHIBHOE TPOJAOIKCHUE Ha G Y, B YaCTHOCTH, Ha 600
[TpoBepruM CyIecTBOBaHKME HEMPEPHIBHOTO MPOJIODKEHHS y BTOPOTO Clia-
raemoro z\Y ma G
14 00
3
[TycTh (X, y) - (Xo, 0), (X, y) UGy, 0<%, SZ. Torna cnpaBenuBo pa-
BEHCTBO
. - —
" yI)|£1(qxoyo)zl4(x, y) =1(Xo)- (15.25)
3
[TycTh (X, y) N (0, yo), (X, y) UGy, 0<Y, SZ. Torma cnpaBenauBo pa-

BCHCTBO

Sy =2 g #.(¥o) 1,1 Yo
(X’y(|[n0’y0)214(x, y) ﬂ¢1( )arctgy—0+ - 1+y0' (15.26)

Kpowme toro, npu (X, y) - (O, 0), (X, y) UG,, umeem

" I)lrrg0 O)zﬂ(x, y)=¢,(0) . (15.27)

3ameTnM, 9TO 3HaYeHHE, moydeHHoe B (15.27),monyuntes u3 (15.25)npu
X, - 0 mu3 (15.26)mpu y, - O.

W) 42 G
HenpeppiBHas NpOAOIKUMOCTD Z 1, Ha G I0Ka3aHa.

K
u

Takum o0pa3om, yacTHasi MPOU3BOAHAS Fv3 npu K =1 umMeer HempepsiB-
X

HOC IMPOJOJIKCHHUE Ha GOO

ITycte k=2. Torna

(M) (% ¥) = (M. 5) (%, ¥) = (M 27 (%, ¥) + (M . 9")(x.y) =

=29 (x y)+z(x.y),
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me 27 (% Y)=-7(% Vi )+ 2 X Vs #) + 2%,y #") -2 {x,:4"),

(X y)= 9l )[arctg—l_ X arctg—1+ Xj +
4 y y

AV y ), 2/ , X
- (arctg— arctg—j ﬂ( 1(x)+@5(y)) arcty 2. (y).

(2) G
HenpepbiBHas MPOAOKUMOCTD MEPBOTO ciaraeMoro z,’ Ha G, ciexyer

2
n3 geMMbl 15.5,Tak Kak Kaxgoe U3 ciaraeMbIX, COCTABIISIOLIEE Z£4), MMeeT He-

IMPEPLIBHOC IIPOAOJIDKCHUC Ha G H, B 4aCTHOCTH, HA GOO

HpOBCpI/IM CymeCTBOBAHUEC KOHCYHOI'O IIpCaAcyia y BTOpPOro cjaaracMoro

Zﬁ) Ha G,

[TycTh (X, y) - (Xo, 0), (X, y)DGOO, 0<x, SZ. Tornma cnpaBenIuBO pa-

BCHCTBO

~

N yl)i[r(LOy ) 28(x y)=41(x,)- (15.28)

[TycTh (X, y) - (0, yo), (X, y) UGy, 0<Y, S%. Tornma cnpaBenIuBo pa-

BCHCTBO

im  z((x y)=-¢i(yo) (15.29)

(Xx Y)—’(O: yo)
KpoMe TOro, u3 YyCIOBHS COINIACOBAHHOCTH, IIPH (x, y) 5 (O, O),

(X, y) UGy, nMeeM

I
(x. y)

3ametnM, 4TO 3HaYeHHE, nmoyueHHoe B (15.30),monyuntes u3 (15.28)npu
X, — O u paBeHcTBa ¢Z(O) =- Z(O), au3 (15.29) —pu y, - 0.

m z(x y)=-¢3(0). (15.30)

0,0

() —
HCHpCpBIBHaH MMpOaAO0JIZKUMOCTD 214 Ha GOO JOKa3aHa.

k

u
Takum 00pa3om, yacTHasi IPOU3BOIHAS PV npu K =2 umeeT HempephIB-
X

HOC IMPOJOPKCHHUE Ha GOO
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[Tycts kK =3. Torna

(M.87)(x y) +(I'I1‘0¢'1’)(x, y) +(I'I*L¢""1)(x, y) +(I'I*47¢"'4)(x, y)=
=29 (% y) +2(x. ),
e 23 (% Va) =z(% Vi )~ 2, X, Vi ) ~ Z X, i 8"~ Z 1 {x. Vi 8"),

)= Al )[ 1; xJ_¢Z’(y) -y

z29(x y - arctg—+ arctg R

2
y 2 X +(1+y)
(3) C
HenpepbiBHast MPOAOIKUMOCTD MIEPBOTO CJIaraeéMoro Zz;,’ Ha G00 cienyer
3
n3 JeMMBI 15.5,Tak Kak Ka)kgoe U3 cllaraeMbIX, COCTaBIISIOIIEE Z£4)1 nMeeT He-

IpephIBHOE MPOOIDKeHUe Ha G u, B YacTHOCTH, Ha G|

HpOBepI/IM CymeCTBOBAHUC KOHCYHOI'0 IIpPCaciia y BTOPOro cjaracMoro

2% wa G,
ITycte (X, Y) - (XO, 0), (x, y)DGOO, 0<x, s% Torma cnpasenInBo pa-
BEHCTBO
o lim 2506 ) =41 (%) (15.31)

[TycTh (X, y) - (O, yO), (X y)DGOO, 0<y,< § Torna cnpaBenuBo pa-

BCHCTBO

Sy = 2 187 (Yo) 1= ¥
(X’yglp(qolyo)zm(x, y) - ()arctgy—0 p. |n1+y0' (15.32)

Kpowme Toro, npu (X, y) - (O 0) (X y)DC—]00 UMeeM

o lim 20(x y)=¢1(0) . (15.33)

3ameTuM, 4TO 3HauYcHHE, nmonydeHnoe B (15.33),monyunrces u3 (15.31)npu

Xy —» 0 mu3 (15.32) -1pu y, - O.

(3 —
HCHpCpBIBHaH MMpOaAOJIZKUMOCTD 214 Ha GOO JOKa3aHa.
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K
u

Takum oOpa3om, yacTHas MPOU3BOJHAS Fv3 npu K =3 mmMeer HemnpephiB-
X

HOE ITPOJIOJDKEHUE Ha 600.
[Tycte k =4. Torna
(Ml ) (% y) = (Mol ) (6 v) + (M 8% )(x, y) = (M 48" ) (x, ) =
- £)(x y)+2i(x.)
e

22 (% ¥) ==z Vi 8l )+ 2o % i 8 )~ 2%, y; 8% ) + 2, {x,y:8"%),

2{)(x, y) =2 () (arctg—l_ X_ arctg~* XJ -
T y y

Y (y) 1+y 1-y) 2 X
_ 9 t _ arct LIV () _ IV t V().
pn (aVCQT arc QTJ"']T( 1 (%) - 4. (Y)) arcgyt+¢4 (y)

(4) G
HenpepbiBHas MPOAOJKUMOCTD MEPBOTO ciaraemoro 7z, Ha G, ciexyer

4
n3 JeMMBI 15.5,Tak Kak Ka)kgoe U3 cllara€MbIX, COCTaBIISIOIIEE Zf4), nMeeT He-
npepbIBHOE Mpo10JbKeHue Ha G U, B 4aCTHOCTH, Ha GOO.

[TpoBepuM CyHIECTBOBaHHS KOHEYHOIO MpEAENa y BTOPOIrO CIAaraémMoro

Z(j) Ha G .

[TycTh (X, y) - (XO, 0), (X, y) UGy, 0<X, stl. Tornma cnpaBeqIuBO pa-

BCHCTBO
im  ZW(x y)=al (x,)- (15.34)

o). 73
[TycTh (X, y) - (O, yO), (X, y) UGy, 0<Y, S%. Torna cnpaBenuBo pa-

BCHCTBO

im  z(x y) =gV (v,) - (15.35)

I
(%, y)-(0. )

Kpome Toro, wu3 ycloBHUs COTJIACOBAaHHOCTH, IIpU (X, y) . (0, 0),

(X, y) UG, umeem
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m z{(x y)=¢(0). (15.36)

l
(xy)-(0,9)
3ametuM, uTo 3HaueHue nonydeHnoe B (15.36),monyunrcs u3 (15.34)upu

X, — O u paBenctBa @’ (0) =g, (O), aun3 (15.35)npu y, - 0.

4 10 G
HenpeppiBHas IPOAOIKUMOCTD Z;, Ha G j0Ka3aHa.

K
u

Takum oOpa3om, yacTHasi TPOU3BOAHAS Fv3 npu K =4 umeer HempepbIB-
X

HOe npozoikeHue Ha G .

k

u
HenpeppiBHas npoaomxumMocTb v npu K=5 mokaspiBaeTcsi aHAJIOTHY-
X

Ho. Ciyy4aii a) JoKa3aH.
JlokazarenbcTBO ciry4as 0). AHAIOTUYHO CIyYaro a), TOKAKEeM HElpephIB-

k+1
u

ax—kay’ k>0 nHa 3aMKHYTYIO 00-

HYI0 TIPOAOKMMOCTh YaCTHBIX MPOU3BOIHBIX
nacts G .

Bocnonbsyemcst npencraBiaeauem (15.1). B cuny nemmbr 15.2 ¢yHKIuH
Wyo B Uy, Oeckoneuno nudpdepenuupyemsl B 3amkaytom kpyre K UG . Cre-

K+1yx
W k+1,
a 00 a uoo

ox oy ! ox oy

A0BATCJIIbHO, YA4CTHBIC IIPOHU3BOIHLIC HMCIOT HCIIPCPBLIBHLIC

npojokenus Ha G 0o AL BCEX k=>0.

Takum o6pa30M, CyYHCCTBOBAHUEC HCIIPCPLIBHOI'O IMPOJOJDKCHHA YaCTHBIX

ak+1u _
IPOU3BOIHBIX PR Ha G, JKBMBAJEHTHO CYIIECTBOBAHMIO HENPEPHIBHOTO
X oy
K+ o
IPOJOJIKEHHS 3 kaoo na G, oo Beex k=0,
xX"oy

k+
00

ox oy
IlokaskeM HENPEPBIBHOCTH ClIaraéMeIX V, ., onpeaeneHHbix B (15.10)-(15.13)s

B nemme 15.4 npuBeneHO NpeACTABICHUE IS mist Beex k=0.

3aMKHYTOM KpyTe ROO [] 600 s Becex K=0.
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Ilycte  k, =0. Paccmorpum V,, mpu k=0. Tak kak V,,=0 u
$,(0)=¢,(0), o u3 (15.10),umeem
(1-x)(1) , (1+x)e.(
ﬂ(y2+(1—x)2) ﬂ(y2+(1+x)2)
() (D)
ﬂ(x2+(1—y)2) 7T(X2+(1+y)2)

o o 7
3HaMeHaTenb Kaxmoi npobu B mpaBod vactu (15.37), He MeHbIe 64 npu

Vo1=—

(15.37)

(X, y) DROO. [TooTomy GyHKIMS V,, HENPEPHIBHA B ROO [ 600

ITycts K =1. Torma u3 (15.11)umeem
v (I-x)ai(8) _ (+x)¢i(])

e oy ﬂ(y+1 x) ﬂ(y+1+x)_

(15.38)
(1-y)ea(t) _ (1+y)4u()
iT(X2 +(1- y)z) ﬂ(X2 +(1+ y)2)
HenpepsiBHOCTH crlaraemMoro aaLy B R , caenyer u3 (15.21),a HEMPEPBIBHOCTS

OCTAaJIbHBIX CJIaracMbIX B KOO cJIenyeT u3 Toro, 4T0 3HaMCHATCJIb KEDKI[OI\/'I I[pO6I/I

B nipaBoii yactu (15.38)He meHbIIe 6—72 npu (X, y) DROO

n

IMycte k=2. Toraa u3 (15.12),B cuiny paBeHCTBa ¢"(0) =- 1(O), uMeeM
aVzo (1-x)ei() | (+x)e() |
ﬂ(y+1 x) ﬂ(y+1+x)
X¢4( ) + X¢4( )
7T(x2 +(1- y)2) ﬂ(X2 +(1+ y)2)
v, ,
oy

OCTaJIbHBIX CJIaracMbIX B KOO CJIeayeT U3 TOro, 4T0 3HaMCHATECJIb K&)I(I[Oﬁ ,Z[pO6I/I,

(15.39)
+

HenpepriBHOCTH caraemMoro B K o crenyer u3 (15.22),a HenpephIBHOCT

B nipaBoii yactu (15.39)He MeHbIIe 6—72 npu (X, y) 0Ky
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[Tycte k =3. Torma u3 (15.13)umeem
ONVoo __(1=x)gr(1) _ (1+x)¢7(]

Vai = oy ﬂ(y+1 X) ) 7T(y2 1+X) )
L (1-y)ei(n) | (+y)ei(d)
a3 +(1-y)) (e +(1+y))
vy,
dy

OCTAaJIbHBIX CJIaracMbIX B KOO CJIenyeT u3 Toro, 4T0 3HaMCHATCJIb KEDKI[OI\/'I I[pO6I/I

(15.40)

B R , caenyer u3 (15.23),a HENPEPHIBHOCTD

HenpeppiBHOCTH ciaraeMoro

B nipaBoii yactu (15.40)He MeHbIIe 6—72 npu (X, y) DROO

Takum oOGpaszom, HenpepbiBHOCTE (ymkumid (15.10)-(15.13)s K, mpu
k, =0 moxa3zaHsl.

JlokazaTtenbcTBa HenpepblBHOCTH (GyHKumMiA V,, npu K =4k +i, | =0,3u
Kk, =1 npoBosATCS aHAIOTHYHO, IO HHAYKIIHH.

JlokaxeM CyleCTBOBaHME HENPEPBHIBHOTO MPOJODKeHUs Ha G CyMMBbI

OCTaJIbHBIX cllaraeMbIX B mpaBoii yactu (15.14).
[Mycte k=0. Toraa

_ni¢i - I_I*l,(¢,1+ ng,«N, ¢~ 5(1)4"' Z‘ﬁ) ,
rIe D=7 (% y; 8)+Z (% Vi) — 2 X yi B ) -2 . (% V:¥'),

Z) = Al ) In Y +(L- X)2 + ¢ll(y)(arctg—y + arctg—yJ
2mr y*+(1+x) T

l
HemnpepsiBHas po0KUMOCTE CIaraeMoro 514 Ha G00 CIeyeT U3 JIeM-

1
MBI 15.5,Tak Kak kaxkgoe U3 ciaraeMbIX, COCTaBIISIIOINICE 51(4)1 MMEET HENPEPbIB-

HOe mpojiopkeHue Ha G U, B 4aCTHOCTH, Ha G00

~(1
[TpoBepuM cyliecTBOBaHHUE HEMPEPHIBHOTO MPOJIOILKEHUS Y PYHKIIUU 58

Ha G

00"
[TycTh (X, y) - (Xo, 0), (X, y) UGy, 0<%, S%. Tornma crpaBenIuBO pa-

BCHCTBO

. _#i(%), 1-% , 24:(0) 1
(x,yl)l—r:r(]xo,o) (X y)= - In1+xo+ - arctgg. (15.41)
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[TycTh (X, y) - (O, yo), (X, y)DGOO, o<y, S%. Tornma cnpaemnBo pa-

BEHCTBO
i %) Y
ooy 26 (% V) =4 %e) (15.42)
Kpowme toro, npu (X, y) - (O, 0), (x, y) Gy, MMeeM
: #1) Y
Mo 926 (% ) =42(0). (15.43)

3ameTuM, 4TO 3HauYeHHue, nonydeHHoe B (15.43), monygaercs u3 (15.41)
npu X, —» 0 nu3 (15.42)npu y, - 0.

) =
Henpepeisaas npogomkumocts Gynkumn ¢, Ha G ) nokasaua.

[Mycts k=1. Torna
* gp * " * "_ ~(2)
_rll 1"'|_|1,o¢1_|_I z¢4+rr4,¢ 1‘5(521"'{14 1

e
51(5) = Z;(X’ Yy ¢D - Z*l,O(X’ y; 9°) + 2*4(X’ y;¢") -2 4,((X, Y, ¢"),
Z‘ﬁ) = 1;(]);) In[(y2 +(1- X)Z)(y2 +(1+ x)z)} +
+%In[(x2 + (1— y)z)(x2 + (1+ y)zﬂ + ¢{'(x) ;¢Z(y) In(x2 + y2) .

i —
HenpepsiBHas npogoIKUMOCTh CJIaraeMoro 51(4) Ha G, crenyer us nem-

2
MBI 15.5,Tak Kak Ka)xgoe U3 ciaaraeMbIX, COCTABIISIOIIEE 51(4) , IMEeeT HeIpephIB-

HOe mpojiopkeHue Ha G U, B 4aCTHOCTH, Ha GOO.

~(2
[TpoBepuM cylieCTBOBaHUE HEMPEPHIBHOTO MPOJOILKEHUS Y QYHKIIMU £§4)

Ha G

00"
[TycTh (X, y) - (Xo, 0), (X, y) UGy, 0<%, S%. Tornma crpaBenIuBO pa-

BCHCTBO

im & (x y)= 1(77)(0)

(x ¥)- (%, 0)

+2(g1(x,) + 44(0))Inx,

#:(0) In(1+ xoz) +

In(1-x2)+
( XO) g . (15.44)
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[TycTh (X, y) - (O, yo), (X, y)DGOO, o<y, S%. Torna cnpaBequBo pa-

BCHCTBO

¢ 2\, $(¥o) 2
O i

+7T(¢i’(0) +84(Yo))Iny,

W3 cyiiecTBOBaHUS TPEThUX MPOU3BOIHBIX ¢i"(0) u g, (O) BBITEKAET, YTO

(15.45)

BTOPBIC YaCTHbIC IPOU3BOIHBIC @] (X) u ¢Z(y) B Toukax X=0 u y=0 ynonie-

TBOPAIOT yCJIOBUIO JInmnmmna:

#;(x)~¢,(0) eEACIRA 0) 2 (12 (2
i, ; <k{? (K?>0,Kk?>0).

Orcrofia ¥ M3 YCIIOBHSI COTJIaCOBAHHOCTH ¢i’(0) + ¢Z(O) = 0, mpu (X, y) - (O, O) :

(X, y) UGy, momyuum

. +(2) _ ) )
(% J)"p(o,c,) $16 (% y)‘ (x yl;m(o QIT¢1( )+¢4(y)HIn (X2 * yz)‘s
51 lim ¢f(X)—¢f(0)“Xln W2 + yz)‘+
77(% y)~(0,0 X
: A (15.46)
1 #:(y)-4.(0)
Sredloa oy P(Ey)s

(2) (2)
A ol ey

3ameTnM, 4TO 3Ha4YeHHWE, monydeHHoe B (15.46), monygaercs u3 (15.44)
npu X, — O uu3 (15.45) —1pu y, — O, B cuity paBeHcTBa ¢1"(O) + ¢Z(O) =0.
#H2) =
Henpepeisaas npopomkumocts Gynkunn ¢, Ha G nokasaHa.
ITycte k=2. Toraa
* * m m m__ ~(3)
—M,¢7 =T 1o¢1_r| #-T 4¢ 4‘5(21"'{14 g
e & =Z(x i ])t Zdx Vi 8T -2 X Vi) -2, (% vie"),

o _#(x),, Y +(1- X) ¢Z'(Y)( -y yj

arctg— + arctg—
2y +(1+ x) T
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o —
HenpepsiBHas npog0IKUMOCTh CJIaraéMoro 51(4) Ha G cnenyer us jnem-

3
MbI 15.5,Tak kak Kaxxmoe U3 cilaraéMbIX, COCTABIIAIONIEE 51(4), UMEET HelpephIB-

HOe mpojobkeHue Ha G U, B 4aCTHOCTH, Ha GOO.

[TpoBepuMm cyiiecTBOBaHNE HETPEPHIBHOTO MPOJOJDKEHHS Y (PyHKINUN é’l(f)

Ha G

00"
[TycTh (X, y) - (XO, 0), (X, y) UGy, 0<X, Sg. Torna crnpaBenauBO pa-
BEHCTBO

im ”S’)(X’ y)=¢1(XO)|n1_X0_2¢4(0)

I
(% )= (%, 0) V4 1+x, V4

arctgi : (15.47)
Xo

Mycts (X, Y) - (0,¥5), (X Y)OGy, 0<Y, s%. Torna crpaBeIHBO pa-
BEHCTBO
im 6 (% y)=-¢4(Yo)- (15.48)
Kpowme Toro, pu (X, y) - (0, 0), (X, y) DGy, nmeem

i 73) —_ A
Mo 926 (% ) ==02(0). (15.49)

3ameTuM, 4TO 3HauYeHHue, noiydeHHoe B (15.49), monygaerca u3 (15.47)
npu X, —» 0 nu3 (15.48) =1pu y, - 0.

HenpepbpiBHAsI MPOAOTKUMOCTD (PYHKITUH Zzﬁ) Ha 600 J0Ka3aHa.
[Tycts Kk =3. Torna
Mgl + MY - g 41T 9 = 8
re &V =z(x vidy)-Zix vidY ) -2 x yi8 )+ 2. {x. yi8"%),

£ =2 Ol 1oy )y (10

27T

) L'lv(y)ln[(x2+(1— y)Z)(X2+(1+ y)2):|+ 1IV(X)_ lev(y) |n(X2+y2).

21T Vi

131



A.b. Hazumos, 2.M. Myxamanues, B.A. Mopo3os

A _
HenpepsiBHas npog0IKUMOCTh CJIaraeMoro 51(4) Ha G, crenyer us nem-

4
MBI 15.5,Tak Kak Kaxgoe U3 ciaaraeMbIX, COCTABIISIOIIEE 51(4) , IMEeeT HelpephIB-

HOe mpojaonkeHue Ha G u, B 4aCTHOCTH, Ha GOO.

~(4
[IpoBepuM cyIIeCTBOBaHNE HEMPEPHIBHOTO MPOJIOIDKEHUS Y QYHKIUH & §4)

Ha G

00"
[TycTh (X, y) - (XO, 0), (X, y) UGy, 0<X, Sg. Torna cnpaBenauBO pa-

BCHCTBO

R P W M €) AP\ () 2
(x,yl)'[](qxo,o)gl“(x’ )= T ln(l XO) T In(l+x°)+, (15.50)

+2(81 (x,) - ¢4’ (0))nx,

[TycTh (X, y) - (O, yo), (X, y) UGy, 0<Y, S%. Torna cnpaBeqnuBo pa-

BCHCTBO

im 200 =2 Oy - # Dl 1 ).

(x9) (0%
2
+—(21(0) =42 (vo))Inys

U3 cylecTBOBaHHS NPOM3BOAHBIX MATOTO MOPSAKA @, (O) u P, (O) BbITE-

. (15.51)

KacT, 4TO 94aCTHBLIC IIPOU3BOJHBIC YCTBCPTOTO IOPIAIAKA ¢]!V (X) n ‘I,rv (y) B TO4Y-

kax X=0 u y=0 ynoBnerBopsoT ycioBuio Jlunmmua:
909 0oy 197002 (0)
X y

Orcrona ¥ u3 ycnosus  cornacosannoctu @) (0)-¢,' (0)=0, mnpn

<y (0>0.K>0).

(X, y) - (O, O), (X, y)DGOO, MOJTYIHM
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. 1
£ua (% y)‘ = Mog 77

L e 0)

JT(x. y)-(0,0 X

‘¢1V (x) -y (y)HIn (x2 + yz)‘ <

xIn (x2 + y2) +
(15.52)

‘yln (x2 + y2) <
K(4)

(4
S%(x, y')irf?o,o)‘x'” (¢ +y?) o oMo oY (¢ +y?)=0

3ameTuM, 4TO 3HauYeHHe, nonydeHHoe B (15.52), monygaercs u3 (15.50)
npu X, - 0 nu3 (15.51) —pu Yy, — O, B crty pasencrsa ¢, (0) - ¢, (0) = 0.

~ (4 _
HenpeppiBHas npoaoKuMocTh PyHKINN Z§4) Ha G nokasaua.

ak+l
Taxkum 00pa3oM, yacTHas NMPOU3BOAHAS ———— Hpu K=3 umeeT Hempe-
ox oy
peIBHOE npoosnkenue Ha G .
ak+l
HenpepbiBHasE pOI0IKHUMOCTb P npu K=4 noka3piBaeTcs aHAIO-
X oy

rugHO. Ciry4daii 0) J0Ka3aH.
Teopema 15.110Ka3aHa.
Jloka3zaTebcTBO TeopeMbl 15.2.11ycTh BBINOIHEHBI BCE YCIOBUS TE€Ope-
MbI 15.2./okakeM BBITIOJTHEHHE YCIIOBHUS COTIIacOBaHHOCTH mopsika N (15.20).
JlokaskeM BHauaje CrpaBeIMBOCTh mepBoro u3 paBeHcTB (15.20). Boc-

nose3yemcs npeacrasinenneM (15.1). Tak xak QyHKmuu Wy, H Uy, SBISIFOTCS

Oeckoneuno mubdepenunpyembivu B 3amkaytom kpyre K G - (r1emma

15.2),T0 BCe MX YaCTHBIE IPOU3BOJIHBIE OrpaHuYeHbl B G .

K
u
a) PaccMoTpuM 4acTHBIC IPOU3BOIAHBIE o 1<k <n. B stom ciyyae or-
X

ou k
paHI/I"ICHHOCTB ? SKBUBAJICHTHA OrpaHI/ILICHHOCTI/I a
X X

crnaraeMbix [1 1¢£k), M 1,0¢§k), ﬂ4¢gk), I'I1¢gk), r|4,o¢£1k), I'I;|0¢Elk) ¥ TIPE/ICTAaBIICHUS

k
Woo

X
(yHkumii v, o, onpenenennbix B (15.5)-(15.8).

WOO
k

. U3 OT'paHUYCHHOCTH

(15.9) BeITEeKaeT, YTO OrPAHUICHHOCTH DKBUBAJICHTHA OTPAaHUYECHHOCTHU

Takum 00pa3oM, MIMeeM OrpaHMYEHHOCTh QYHKIMHA V, o, 1sk<n.
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IIycts k=1. U3 orpanuyennocTd GpyHKuuM V, o, neMmbl 15.1u npescras-
aenus (15.5)npu (X, y) - (O, O), (X, y) G,y mosyuuM CrpaBeyInBOCTb PaBEH-

crea ¢,(0)-¢,(0)=0.

IIycte K =3. 13 orpaHu4eHHOCTH QYHKIMH V; o, JeMMbl 15.1u npescras-
nenus (15.7)npu (X, y) - (O, O), (X, y) G,y mosyduM crpaBeJInBOCTb PaBEH-
crBa ¢;(0) +¢,(0) = 0.

CrnpaBeyIMBOCTh PaBEHCTBA ¢1(2k) (O) = (—1)k ¢£fk) ( O) JJIS OCTaJIbHBIX 3HA-

yenuii K YCTaHAaBJIMBACTCA aHAJIOTHUYHO.
k+1

0) PaccMOTpuM YacTHBIC TPOU3BOIHBIC , 0<k<n-1. B atom ciy-

k

ox“ay
a k+1u k+1,

SKBHMBAJIEHTHA OIPAHUYEHHOCTH 90

ax oy Ox“dy
HUYEHHOCTH CJIaraeMbIX ﬂ;¢£k), I'I;O¢£k), I 4¢£k), |_|:1¢4(1k), |_|4,0¢£1k), I'I2,0¢ﬁk) 1
ak+1W00

“0

X0y
OTPaHMYEHHOCTH QYHKIMHA V, ;, onpenenennbix B (15.10)-(15.13).

qac OrpaHU4CHHOCTD . N3 orpa-

npencrasicaus (15.14)BbITeKaeT, 4TO OrPaHHYECHHOCTD SKBHUBAJICHTHA

Takum 00pa3om, IMeeM OrpaHM4eHHOCTh GyHKumii V, ,, 0sk<n-1.

IIycts k=0. U3 orpannyeHHocTd QYHKIHMHA V,,, 1eMMbl 15.1u npencras-
nenns (15.10) mpu (X, y) - (0, O), (X, y)l]GOO MOJyYUM CHPaBEIMBOCTH pa-
encrsa @,(0)-¢,(0) = 0.

IIycts Kk =2. W3 orpann4eHHOCTH QyHKIUHM V, ,, JeMMbl 15.1n npencras-
nenns (15.12) mpu (X, y) - (0, O), (X, y)l]GOO MOJyYUM CHPaBEIMBOCTH pa-
enctsa ¢;(0) +¢5(0) = 0.

CrnpaBeyIMBOCTh PaBEHCTBA ¢1(2k) (O) = (—1)k ¢£fk) ( O) JUJIS OCTaJIbHBIX 3HA-

YeHUH K ycTaHaBIMBaeTCsl aHAJOTHYHO.
B) PaccMoTpeHune ocTanbHBIX YaCTHBIX MPOU3BOIAHBIX CBOAMTCS K CIIydasm
a) win 0). JIelcTBUTENBLHO, U3 TAPMOHUYHOCTH (QYHKIMH U = u(x, y) B 00JacTu

G CJICaycCT CIIpaBEAJIMBOCTb PaBCHCTBA

0*u _, .\«0*u
P e
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CnenoBaTeiLHO,
o™y K, 0™y
———=(-1)" , ecmm N, =2K,
ox"™oy"™ ox™ "
o™ "y K, 0™y
u —=(—)2—, ectm N, =2k, +1.
ox"ay"™ ox"22gy

Teopema 15.2 noka3zaHa.
Joka3aTenbcTBO TeopeMbl 15.3. JlocTaTO4HOCTB. YTBEpKIACHUE JOCTA-
TOYHOCTHU 3TOM TEOPEMBI COBIAJAET C YTBEPKACHHEM TeopeMbl 15.1.

0™ ™u
H606XOHI/IMOCTB. HYCTB BCC YaCTHBIC ITPOMU3BOAHLIC ﬁ HUMCEIOT HE-
ox"ay'™
npepsiBHbIe TpoAonkeHus Ha G. Torga onu orpanuueHsl B G. BrimonmHenue
YCJIOBHS COTJIACOBAaHHOCTH TIOpsiIKAa N ceayeT u3 Teopemsl 15.2.

Teopema 15.310Ka3aHa.

16.IPEACTABJIEHUE PEHIEHUS 3AJTAYU TUPUXJIE
C IIOMOIBIO PEI'YJIAPU30BAHHOI'O OITEPATOPA IYACCOHA

B Teopeme 1.3 yTBepikmaercs, 4To AJis CYIIECTBOBAHUS U €IMHCTBEHHOCTH

HETIPEPBIBHO ITPOJOJHKUMOI0 HA G pemenus 3agauu Jupuxie
A=0 B G, u\ =y, (16.1)

r

HEO0OXOJMMO W JOCTATOYHO, YTOOBI IpaHUYHasT (PYHKIIUS lP(X, y) SIBJISLJIaCh He-

npepblBHOM (yHKIMe Ha KoHType [ . JloKa3aTenbCTBO JOCTaTOYHOCTH 3TOU
TEOpPEMBbl OCHOBAaHO Ha IPEACTaBICHUM MCKOMOM IPaHUYHOM (PYHKIMU IMOTEH-

nuaJIoM HBOﬁHOFO ciosa U=ro , TIC cD(X, y) — IINIOTHOCTDH ITOTCHIMAJIa ABJIACT-

Csl HEM3BECTHOM (pyHKUMEH, onpeneneHHoW Ha koHType [ . CymecTBoBaHUE U
¢JIMHCTBCHHOCTh TAaKOH TUIOTHOCTH JIOKa3aHo B § 6. OHa moiyvaercs Kak pere-

HHE CUCTEMBI UHTEIPAJIBHBIX YPABHEHHM
(1+A)d=W, (16.2)

rie ® u W —BekTop-QpyHKIMH, COOTBETCTBYIOIINE KOHTYPHBIM (PyHKIIUSIM P 1
W . Crporoe 1okazareabCTBO OJHO3HAYHON pa3pelIMMOCTH CUCTEMbI HHTETPajlhb-
HBIX ypaBHeHHHU (16.2) cOCTOSIIO M3 IEMOYKH JIOCTATOYHO JUTMHHBIX BBIKJIAJIOK.

[IpuurHOM, ABIISAICA TOT (PaKT, YTO TPAHUYHBIN OIlepaTop
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A:C[0,1 - cJo,1,
HOpOoXIeHHbIN onepaTopoM [lyaccona [, He ABJSUICS BIOJHE HENIPEPHIBHBIM H,
OoJiee TOTO, €ro HOpMa U CHEKTPAIBHBIA PanyC PABHSIUCH CAMHHUIIC, 3 MATPH-
a-onepaTop
| +A:C[0,1] - C[0,]

HE SBJSUICS (DPEArOJIbMOBBIM. DTO OOCTOSATENBCTBO HE MO3BOJSUIO MPUMEHSTH
Teoputo Openrosapbma WM UCKaTh UCKOMYIO TUIOTHOCTh B BHE psiaa Helimana.

PaccMOTpHM BBEIEHHBIE BhIle perysspusarop ° mis oneparopa Ilyaccona
M, perymspuszoBannbii omeparop N —M" u pemenne 3amaun (16.1), npencras-

JIEHHOE B BHIE U =(I'I —I'I+)CD, rjie TIOTHOCTh @ ompenensercss U3 yCIOBHUS

uj. = W . Torna ans onpeneneHus: HEU3BECTHOU TUVIOTHOCTA P MOTy4yaeTcs: aHajo-

ruyHas cucteme (16.2)cucrema nHTErpanbHbIX ypaBHeHHH (cM. cneacTBus 13.1)
(1+B)o=w, (16.3)

rie @ u W BekTOp-PyHKINH, COOTBETCTBYIOIIUE IIOTHOCTH P M rpaHUYHOMY

snauenuio W. Kak mokaszano B 8 14,Hopma HBH U CIEKTPAJIbHBIA paguyc r(B)

IPaHUYHOTO oneparopa B coBmamaroT v MeHblle eauHubl. [loaTomy paszpemm-
MOCTh CHCTEMBI HHTETPAIbHBIX ypaBHeHUH (16.3)sBisieTcss OY4eBUIHBIM CIIC/ICT-
BUEM OOLIMX TEOPEM O CHKMMAIOIIMXCS OTOOpPAKEHMSIX. JTO OJHO W3 BaXKHBIX
CBOMCTB PETyJISIpU30BaHHOrO orneparopa Ilyaccona.

Jl1s TOro 4ToObl OTMETUTH JPYrO€ BaXKHOE CBOMCTBO PETYJISPU30BAHHOTO
oneparopa Ilyaccona, cHauana 3ameTuM, 4TO, 3Has rpaHU4HOE 3HadeHue W rap-

MOHWYECKOW (YHKIMU U, 3aJJaHHOW B MOJYIUIOCKOCTH Y >0 WM eIUHUYHOM

Kpyre ¢ LIEHTPOM BHauaje KOOpJMHAT, OJIHO3HAYHO MO>XHO BOCCTAaHOBUTH Camy
TapMOHUYECKYI0 QYHKIIMIO KaK 00pa3 TPaHUYHOTO 3HAYEHUS MPU JTCUCTBUH OTIe-
paropa Ilyaccona u=T1W. Perynsapu3oBaHHblil omepaTop SBISETCS AHAIOIOM
oneparopa Ilyaccona ays kBaapara, TO €CTh I OOJACTH C YIJIOBBIMUA TOYKAMH.
[MapMonnyeckass (GyHKIHUS TMOJTy4yaeTcs Kak o0pa3 I'paHUYHOTO 3HAYEHHUS MpU

JICHCTBUH PETYJIIPU30BAHHOTO OIEPaTopa:
u=(N-n")w-u,
rae U 6eckoneuno auddepeHuupyemas BILIOTh A0 rpaHunbsl G rapMoHUUecKas

GbyHKIUS, OJHO3HAYHO ONpeenseMasi TpaHUYHbIM 3HaYECHUEM
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u=(n-n*)or,
a ®" — KoHTypHas (QyHKIHS, COOTBETCTBYIOMIAs BEKTOP-(QyHKIMN $+, petiie-

HUIO CUCTEMBI HHTETPAIbHBIX YPABHEHUN (I + B)GD =BWY.

['panmuneblii oneparop B BBeaeH B 8 13,a HeKOTOpbIE €ro CBOWCTBA IPH-
BesieHbl B 8 14.IIpuBeaem eriie 0JJHO BaXXHOE CBOMCTBO oreparopa B.

Jlemma 16.1. Ilycme EDEN[O, 1] — NPOU3B80JIbHAA 6EKMOD-PYHKUUA.
Tozoa eexmop-hynkyus Y=B® Geckoneuno oughgpepenyupyema u ona nio-

0020 N 20 yooenemeopsaem ycioeuio co2naco8anHocmu nopaoka N .
Joxa3zareabcTBo. /JJokaxkem cipaBeIIMBOCTb PABEHCTB

wff”( )-(— )kwi”)( 0,

29(1)
wfk (1)
¥ (0)

(- 1) ~'//32k (1)’
(-0 (9

JUTs Beex melbix K= 0.

[TokaxkeM crpaBeIMBOCTh TiepBOro u3 paBeHcTB (16.4). Beruucium 3Ha-

yenns ") (0) n " (0). Jinst sToro 3anumem paserctso W = B® B passepHy-

TOM BHUJIE.
1 (X) = Bify(X) + Big o X) + B.g [X)
@,(x) = B,#,(X) + B, {X) + B @ ), (16.5)
l//3(X) 31¢1 X) + By g z(x) +B.gp A(X)
‘//4()() 41¢1(X)+ B4¢2(X)+B4¢4X)
U TIPEJICTaBUM (PYHKIHH lﬂl( ) uy, (X) B BHJIE CyMMbI HHTETPAJIOB:
w.(¥)=— () (t)ct+ J b,(x, 1)(t)ct +
1 1
7_4 t) @, (t dt+_jb (x,t)@,(t)dt, (16.6)
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(%)= [b,(x (1) +2 b, (x, 1) (1) +

N | P ey 2
Ot

1
+=
T

N | P ey >

b,(%, t) @, (t)dt += jb (x,t)@,(t)ct,

2

(16.7)

rae

b, = 1-x 1-x b, = 1 B 1
(1-x)°+t*  (1-x)"+(2-t)" 1+(x-t)" B (x+t)"
1

1+(x—t)2

b= X _ X
H(2-x-t)" " X+t? 24 (2-1)"

Boruucnss IMPONU3BOAHBIC 11O/ 3HAKOM HHTerpana oJIyuYum

PUPRE L CO I LT

ox" )¢3( tydt+

0

(16.8)
T

Ja Q(xt)%() Ja“b( )¢4()

09 =272 g e ﬂj"”ba(n T g 1)+

l e dota n{a T laa (16.9)

Jl7ist ynoOCcTBa BBIYMCICHUS POU3BOHBIX l//l(n) (X) u z//g”) (X) JUTSL IPOU3BOJIBHO

ro 3Ha4YeHus N, pa3noxuM GyHkmmu b, i =1, 4 B cymMy mpocTeiinmx apobeii
1 1 1 1 1
q_ ==~ — . + . + . ’
2 x-1-it x-1+it x-1-i(2-t) x- Ti( 2t)

1 1 1 1 1
12\ x—=t—-1 X-t+i XxX+t—-1 X+t+i
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bs"l(l'l‘l"lj’

_E X=t—1 X—-t+i XxX+t—2-1 X+t-2+]

1 1 1 1 1
b, — +—— . . :
2| x—it  x+it x—|(2—t) x+|(2—t)
JIi1si BBIYMCIICHUS! TIPOM3BOHBIX N-ro nopsiaka ¢yHkuumit b (X, t) i=1 4 10 me-

pEMEHHOM X, BocmoJjib3yemcsi (opMmysnol [js MPOU3BOJHOW N-To MOpsiaka

dhyHKIIUN g(x) = a

(-2)"n! |
(x+a)™

KOTOpasi CIpaBeInBa JJIsl TI0OOTr0 HAaTypaldbHOIO YKciIa N U KOMIUIEKCHOTO a.

9" (x)=

B cumy stoit hopmyiel Oynem nMeTh

9", (x, t) (—1)“+1n![ 11

X 2| (x=1-it)" (x=-1+it)"

) 1 . 1
x+t=2-i)"" (x+t-2+i)""|
( ) )

ob,(xt) _(=9)'ny 1 1
ox" 2
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3HAYCHUSIMH dTHUX IPOU3BOAHBIX B TOUKE X = O aBasroTcs:

oy(0t) _nf 1 1 1 ~ 1
ox" 2| (a+it)™ (1-it)™ (1+i(2-t))" (2-i(2-t)"

b,(0,1) :g{_ﬂ(—ﬂ“ﬂ RUc :)}

axn |2 (t+i)n+1 (t_i)n+1

G”Q(O,t)_n!{_ i 1 ]_

ox 02| (t+i)T (t-i)T (te2+i)T (wte2-i)7

:E[ (=) , i) ]
2 @i (1) (1-i(2-0)" (ari(2-)
ab_(Ot)_[ S S }

axn 2 (it)n+1 (_it)n+1 (i(z_t))n+l (—i(2—t))n+l
()t )
2 tn+1 (2 _ t)n+1
B Hac manbpHeiiieM OynyT HHTEPECOBATh TOJIBKO Y€THBIC 3HAYCHUS N
Cayuait a) n=4k, k=0, ciydaii 6) n=4k+ 2, k= Q.
Cayuaii a). [Tycte n=4Kk. Tak kak

a4kbl(0,t):(4k)!{ 1, 1

ax4k 2 (1+it)4k+1 (1_it)4k+l_

_ 1 _ 1 ]
(1+i(2-0))"" (2-i(2-1))*"|

a4kb2(0’ t) _ (4k) !{_ 1+ (_])4k+1 N 1+ (_ ])4k+1] 0
PN i2 | (t+i)* T (=) |

a4kb3(o,t)=(4k)![ (),
ax4k 2 (1_ it)4k+1 (1+ it)4k+1

G * ]_(4@![ 1,1

(1—i(2—t))4k+l_(l+i(2_t))4k+1 T (1_it)4<+1 (1+it)4(+1_

140



Knaccuueckuit u perynsapu3oBanHsiil oneparopsl [lyaccona

_ 1 ~ 1 ]_ 0*b (0,1) |

(1-i(2-t))* " (ari(2-0)**| ™

9%, (0,1) _(4k)![_—i +i, i+ ]_0

I - 2 Ak (2—t)4k+1 =

TO MOACTaBIIsAs 3TH 3HaueHus B (16.8)u (16.9),monyunm

o(0) =L} g (g L1 5 ) -

1 aX4k 1
1 g%k 119%
—J :lx( g, )+ ﬂ{ S;(k Y (t) (16.10)
4K £0%D, (0, 1:0%n (0,
i(0)= {7200, ans L2 1=
(0], )y, 110°5(00)
o e A OL S e S MO L CEREY

U3 paBeHCTBa npaBbix yacteit (16.10)u (16.11)BbITeKaeT paBEHCTBO JICBBIX Yac-
TEH: l// ( ) l//£4k)(0), k=0.
Coaydaii a) moka3aH.
Cayuaii 0). [Tycts n=4K + 2. Tak kak
9*%,(0,1) _ (4 +2) ![ 1 1

a2 - 2 (l+it)4k+3 + (1_it)4k+3_

_ 1 _ 1 }
(L+i(2-0))"" (1-i(2-t))*"|
a4k+2bz(0,t) B (4k+ 2) ![ 1+( ])4k+3 . 1+(_ :)4k+3j|

ax4k+2 - i2 (t+|)4k 3 (t— )4k+3

0", (0,t) _ (4k+2)) (=)™ i
ax4k+2 2 (1_ It)4k+3 (1+ it)4k+3

0,
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(- )4k+2 ) k2 ] _ (4k +2) ![_ 1 B 1 +

(1—i(2_t))4k+3 (1+i(2_t))4k+3 2 (1_it)4<+3 (1+it) &+ 3

N 1 .\ 1 ]=_64k+2q(0,t)
(l—l (2-t))4k+3 (1+ | ( 2_t))4k+3 aX4k+2 ’

0%, (0,t) _(4k+2) —i+i -+ |_
Oz - 2 _t4k+3+(2_t)4k+3 =0,

TO MOACTaBIIsAsA 3T 3HaueHus B (16.8)u (16.9),momyunm

sz L%+ (0, t g+
! )(o)=%,g%¢z(t)d P 2T B0 ot -

1

2

TR 1t0* (o)
_[ 4k+2 dt+ﬂ‘[ k2 ¢3(t)dt, (16.12)
4k+2 1 64k+2 a4k+
7 )(0)=7,£%¢2( )dt nj%%( t)dt =
_110"h(0,t) 110 H(0.1)

T ] aX4k+2
2

) _1
#5(t) dt ﬂ! Sz f.()dt (16.13)

[TpaBsie yactu paBeHcTB (16.12)u (16.13)oTinyaroTcst TOJIBKO 3HAKAMH, CIIEI0-

BAaTEIIbHO, U JIEBBIC YaCTH OTIMYAIOTCS TOJIBKO 3HAKAMHM:
(4k+2) — 7, (%+2
w9 (0)=-4{<7(0), k>0,
Cayuaii 0) moka3aH.

CripaBelNTMBOCTH OCTATBHBIX paBeHCTB (16.4)10Kka3bIBalOTCsl aHATOTUIHO.
Jlemma 16.110Ka3ana.

[Tycts W DC(F) ny COOTBETCTBYIOIIAsA el BeKTop-pyHkuus. PaccMoT-

PUM CHCTEMY UHTEIPAJIBHBIX YPABHEHUM
(1+B)® =BV, (16.14)

—+
rie @ — HeusBecTHas BekTop-(yHkius. [To Teopeme 14.1 onepatop B neiict-

BYET B IIPOCTPAHCTBE BEKTOP-(HYHKIUI 6[0,]] U €ro HopMma HBH j pasHa

clo.g-c|o,
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CHEKTPaJIbHOMY paauycy I (B) , IpryeM

r(B)=r =%Tarctg§’ (0,204&r < 0,204

[TosTomMy cuctema wHTErpanbHbIX ypaBHeHHid (16.14) mMmeeT B MPOCTPaHCTBE

6[0, ZI] €IMHCTBEHHOE PEIICHUE
® =(1+B)"BW=B(l +B)"W. (16.15)
B cuny Teopembr 13.2BeKTOp-GyHKIHS @ spnseTcs GeCKOHEuHO nudde-
PEHIIMPYEMOI Ha OTPE3Ke [O, ZI] :
CripaBeAsTUBO CIEAYIOIIEE YTBEPKICHUE.
Teopema 16.1. Ilycms W I:IC(I') .Tozoa ece uacmuvie npou3eooHvie

2apMOHUYECKOU pyHKUUU
u+=(n_n+)¢+, (16.16)

20e ® onpeodenena 6 (16.15),umerom nenpepuvienvie npooonicenus Ha G.

JHokaszaTeaberBo. Ilycts @ koHTypHas (QyHKUMS, COOTBETCTBYIOIIAS

BEKTOP-(OYHKIMH ® uu= (I'I - I'I+)<D+. U3 npencrasnenns (16.15)u nemmebr

—+
16.1 cnenyert, uto BekTop-yHKIMa P OeckoHeuHo nuddepeHiupyema Ha OT-

pe3ke [O, II] U YIOBJIETBOPSIET YCIOBHUIO COTJIACOBAaHHOCTH Jt000Tr0 mopsiaka. [1o-
aTOMYy, B cuily Teopembl 15.1, perynspuszoBaHHas rapMoHUYecKas (QyHKIIHs
u =(I'I —I'I+)CD+ ¥ BCE €€ YacTHBIC MPOU3BOJHBIC MMEIOT HENPEPBIBHBIE MPO-
JOJDKEHUS HA 3aMKHYTYIO 00J1acTh G.

Teopema 16.110ka3aHa.

Teopema 16.2. Ilycms W EIC(F). Tozoa pewenue 3aoauu /lupuxie
(16.1)npeocmasumo 6 euoe

u=(N-n*)w-u, (16.17)

20e U* onpeoenena ¢ (16.16).

Joka3zarenbcTBo. B cuy Teopemsr 15.2 pyHkius (I'I -1 +)‘P UMeeT He-

MIPEPBIBHOE MPOIOIKEHUE Ha G. Clie0BaTebHo, rapMoHu4ecKasi QyHKIIUS
u=(n-n)w-u
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UMEEeT HempepbIiBHOE MpojaokeHrue Ha G, U BEeKTOp-QyHKIUA u‘r, COOTBETCT-

BYIOLIAsl €€ TPAaHUYHOMY 3HAUYECHUIO u‘r , YIIOBJIETBOPSIET PABEHCTBY:

d. =(1+B)®-(1+B)((1 +B)'BY).
Orcrona, umeem U- =W,

Teopema 16.210Ka3aHa.

Teopema 16.3.Ilycmo ¢exmop-gpynkuyus WY umeem nenpepwvienvie npo-
U3600HbBIE 00 NOPAOKa N GKIIOYUMENbHO, npuuem N-1 NPOU3EOOHAA YOoéie-

meopsaem ycnosuro Jlunwuya. Ecnu eexkmop-gpynkuyusa P yooenemeopsem yc-
JI08UI0 CO2NLACOBAHHOCHU NOPAOKA N, MO 6ce YACHHbIE RPOU380OHbIE 00 NO-
paoka N pewenusn (16.17)3a0auu Jupuxne (16.1)umerom nenpepuienvie npo-

ooJvicenusn na amxuymyio oonacmo G, 20e U™ onpedenena ¢ (16.16).
Joka3zaTeabcTBo. B cuny teopembl 15.1 Bce yacTHbIE MPOM3BOJHBIC 0

nopsiika N rapMOHUYECKOU (PYHKIIMH (I'I —I'I+)LIJ UMEIOT HEIpepbIBHBIE MPO-

nomkenus Ha G .
B teopeme 16.110Ka3aH0, YTO BCEe YAaCTHBIE MPOU3BOAHBIE TAPMOHUYECKOM

GyHKIMU U* UMEIOT HenpepbiBHBIE NMpoaosbkeHus Ha G. CiemoBaTenbHO, BCE
YaCTHBIE IIPOU3BOIHBIE 110 MOPAIKa N UX Pa3HOCTU

u=(N-n")w-u’
MUMEIOT HETIPEPBIBHBIC MTPOIOJDKESHUS Ha G.
Teopema 16.310ka3aHa.
Tak kak Hopma ormeparopa B: 6[0,]] - 6[ O,Z] MEHBIIIE €IUHUIBI, TO
CIIPaBEJIUBO Pa3I0KCHHE
(1+B) " =1-B+B*-B%+... (16.18)
U UMEET MECTO OIIEHKAa CKOPOCTH CXOAMMOCTH

(1+8)* - (-1 8"

k=0

<—, nON. (16.19)

clog-cfoj
Hapsiny ¢ rapmonundeckoit GpyHkuuen U = u(x, y) paccMOTpHUM TOCIIE0Ba-

TEIbHOCTh TAPMOHUYECKUX (PYHKIIUIA

un(x,y)=(l'l—l'l*)zn:(—l)k BW, n=12,... (16.20)

k=0
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OtmetnM, 9TOo QyHKIHS U= u(x, y) u QyHkmMu U, =U, (X, y) HU TIpU OJHOM
3Ha4YeHUH N, BOOOIIE TOBOPS, HE SBISIOTCS HEPEPHIBHBIMY BILUIOTH IO TPAHUIIHI.
OnHako pa3HOCTb 3TUX (PyHKIUI U—U, SIBISETCS HENPEPBIBHOW BILUIOTH A0 Ipa-
HUIIBL. boslee TOUHO cipaBeyIUBO CIAEAYIONIEe YTBEPKICHHE.

Teopema 16.2./[na nrwooi ¢pynkyuu WL (F) peuwienue 0000ueHnoll
3a0auu /Jupuxne (16.1)npeocmasumo 6 euoe paoa.

- k
u=(M-n")X(-1)" @, (x.y), (16.21)
k=0
20e O, (X, y) =B"W u CNpaeeouea OUeHKa CKOPOCHU CX00UMocmu
Hu(x, y)=u,(x, y)HC(G) <Mr", n=1,2,..,

l * I
1-r H ml clo.q-¢(g) HB LIJHc[o,l] '

Joka3zareiabcTBo. [etictButenbHo, u3 paBeHcTB (16.18)-(16.20)u Hepa-

aM =

BeHCTBa ' <1 BeITEKaeT cripaBeIMBOCTH pasioxenus (16.21).
CrpaBeIMBO paBEeHCTBO

[oe]

u-u,=(N-n") Y (-1)'B'w=
k=n+1

[oe]

=(-1)™(n —I'I*)(Z(—l)k B")B”(BG), (16.22)
k=1
rie N=1,2,.. . B cuny nemmbl 10.3 BekTOp-pyHKITUSA BY sBsiercs HENpepbIB-
HOHW Ha OTpe3Ke [0,]] M YJIOBJIETBOPSIET YCIOBHUIO coriacoBaHHOCTU. [TloaTomy u3
paBeHcTBa (16.22) BhITEKAaET HEMPEPHIBHOCTH BIUIOTH 1O TPAHUIBI (PYHKIUU
u-u,.

[Tepexons k HopmaMm B paBeHcTBe (16.22),moay4uum

00

(n- rl*)[Z(—l)k BKJB”(BE)

IN

Ju=tifee) <

c(e)

Sl ULRIL NS @HBHE[O,]]*C[O,JHBHZ[ or-ctonB¥eroy =
=1r_—an - clo.4-c(g) HBEqu,q'

Teopema 16.210Kka3aHa.
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