Čńăćă 2

ŇŊŐČŐŸĂČŐĆŻĚ ŇĚŠŐĎŻ ŘĚŸĚŊĹ§ ŐĄŻŁŊŐĆĚŊŊŻŢ ĎĹŤŤĚŘĚŊŰĹĂŃĲŊŻŢ ŞŘĂĆŊĚŊĹĽ

1. Őąźěě ŕřěďśšăćńěŋĺě ňŋőčőÿăčőćżţ ňěšőďőć. Ć ďăŋ-

ŋőľ čńăćě ňż řăśśňăšřĺćăěň ůĺśńěŋŋżě ňěšőďż řěÿěŋĺ£ ğăďăůĺ Łőÿĺ (1.1), (1.2), łőšőřżě ňőčşš ążšĳ ğăďăŋż ťőřňşńőľ

y_n+_k = F (f; x_n+_k, x_n+_{k−}1, . . . , x_n; y_n+_k, y_n+_{k−}1, . . . , y_n). (1)

Ğďěśĳ ğŋăůěŋĺě řěÿěŋĺ£ y_{n+k} ć šőůłě x_{n+k} őŕřěďěń£ěšś£ ůěřěğ ğŋăůěŋĺ£ řěÿěŋĺ£ ć k šőůłăţ, ŕřěďÿěśšćş¿źĺţ x_{n+k}. Šăłőľ ňěšőď ŋăğżćăěšś£ k-ÿăčőćżň.

Ĺğ łńăśśă (1) ćżďěńĺň ňŋőčőÿăčőćżě ňěšőďż ćĺďă k∑ i=0 α_iy_n+_i = h k∑ i=0 β_if(x_n+_i, y_n+_i), α_k ≠ 0, (2)

ŕřĺňěŋ£ěňżě ŋă śěšłě ś ŕőśšő£ŋŋżň ÿăčőň

x_n = x0 + n h, n = 0, 1, 2, . . . , N_h, N_h = [ X h ] . (3)

Řăğŋőśšĳ ňěęďş ŋăĺąőńĳÿĺň ĺ ŋăĺňěŋĳÿĺň ğŋăůěŋĺ£ňĺ ĺŋďěłśă ŋěĺğćěśšŋőľ ťşŋłűĺĺ y_n, ćţőď£źěľ ć şřăćŋěŋĺě (2), řăćŋă k. Ŕő¡šőňş śőőšŋőÿěŋĺě (2) £ćń£ěšś£ řăğŋőśšŋżň şřăćŋěŋĺěň k-čő ŕőř£ďłă, őąźěě řěÿěŋĺě łőšőřőčő ğăćĺśĺš őš k ŕăřăňěšřőć. Ůšőąż ćżďěńĺšĳ ěďĺŋśšćěŋŋőě řěÿěŋĺě ¡šőčő şřăćŋěŋĺ£, ŋěőąţőďĺňő ğăďăšĳ k ďőŕőńŋĺšěńĳŋżţ şśńőćĺľ ŋă ťşŋłűĺ¿ y_n. İšĺňĺ ďőŕőńŋĺšěńĳŋżňĺ şśńőćĺ£ňĺ £ćń£¿šś£ ğŋăůěŋĺ£ ťşŋłűĺĺ y_n ŕřĺ n = 0, 1, . . . , k − 1:

y0 = g0, y1 = g1, . . . , y_{k−}1 = g_{k−}1, (4)

łőšőřżě ŕřěďŕőńăčă¿šś£ ĺğćěśšŋżňĺ.

Ĺśŕőńĳğş£ ğŋăůěŋĺ£ (4), ĺğ şřăćŋěŋĺ£ (2) ŕřĺ n = 0 ňőęŋő ŋăľšĺ y_k, ğăšěň, ĺśŕőńĳğş£ ğŋăůěŋĺ£ g_1, . . . , g_{k−1}, y_k ĺ ŕőńăčă£ ć (2) n = 1, ŋăľšĺ y_{k+1} ĺ š. ď. Šăłĺň őąřăğőň, ďăŋŋżľ ňěšőď ůĺśńěŋŋőčő řěÿěŋĺ£ ďĺťťěřěŋűăńĳŋőčő şřăćŋěŋĺ£ (1.1), (1.2) śőśšőĺš ć řěÿěŋĺĺ řăğŋőśšŋőľ ğăďăůĺ Łőÿĺ ďń£ řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) ĺ ŋăůăńĳŋżţ şśńőćĺľ (4).

Ěśńĺ ĺśłőňőě řěÿěŋĺě y_{n+k} ćţőďĺš ć ŕřăćş¿ ůăśšĳ ¡šőčő şřăćŋěŋĺ£, ůšő ążćăěš, łőčďă β_k ≠ 0, šő ťőřňşńă (2) őŕřěďěń£ěš ŋě£ćŋżľ ňěšőď. Ěśńĺ β_k = 0, šő ĺśłőňőě řěÿěŋĺě ć ŕřăćş¿ ůăśšĳ ŋě ćţőďĺš ĺ şřăćŋěŋĺě (2) ňőęěš ążšĳ řăğřěÿěŋő őšŋőśĺšěńĳŋő y_{n+k}. Ć ¡šőň śńşůăě ťőřňşńă (2) őŕřěďěń£ěš £ćŋżľ ňěšőď.

Ććěďěň ć řăśśňőšřěŋĺě ňŋőčőůńěŋż ρ(z) = k∑ i=0 α_iz^i, (5)

σ(z) = k∑ i=0 β_iz^i, (6) ĺ őŕěřăšőř E śďćĺčă ŕő şğńăň:

E y_n = y_n+1, E^iy_n = y_n+_i.

Šőčďă şřăćŋěŋĺě (2) ňőęěš ążšĳ ŕřěďśšăćńěŋő ć ćĺďě

ρ(E) y_n = h σ(E) f_n, (7)

čďě f_n = f(x_n, y_n).

Ŋăř£ďş ś (2) ĺ (7) ňż ąşďěň ŕőńĳğőćăšĳś£ šăłęě śńěďş¿źěľ ğăŕĺśĳ¿ řăğŋőśšŋőčő şřăćŋěŋĺ£:_k ∑ i=0 α_iy_n+_i h = k∑ i=0 β_i f(x_n+_i, y_n+_i). (8)

Şřăćŋěŋĺ£ (2), (7) ĺ (8) ŋăğżćă¿šś£ šăłęě łőŋěůŋő-řăğŋőśšŋżňĺ śţěňăňĺ.

2. Ŕőśšřőěŋĺě řăğŋőśšŋżţ śţěň ňěšőďőň ŋěőŕřěďěńěŋŋżţ łő¡ťťĺűĺěŋšőć. Łő-

¡ťťĺűĺěŋšż α_i ĺ β_i ćżąĺřă¿šś£ šăłĺň őąřăğőň, ůšőąż řăğŋőśšŋőě şřăćŋěŋĺě (2) ăŕŕřőłśĺňĺřőćăńő ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1) ś ďőśšăšőůŋő čńăďłőľ ŕřăćőľ ůăśšĳ¿ ś ŋěłőšőřżň ŕőř£ďłőň s. İšő őğŋăůăěš, ůšő ŋěć£ğłă ρ, łőšőřă£ ŕőńşůăěšś£ ŕőśńě ŕőďśšăŋőćłĺ šőůŋőčő řěÿěŋĺ£ y(x) ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) ć řăğŋőśšŋőě şřăćŋěŋĺě (2): k∑ i=0 α_iy(x_n+_i) − h k∑ i=0 β_iy^′(x_n+_i) = ρ_n+_k, (9)

£ćń£ěšś£ ćěńĺůĺŋőľ O(h^{s+1}). Ůĺśńő s ŋăğżćăěšś£ ŕőř£ďłőň ăŕŕřőłśĺňăűĺĺ, ĺńĺ śšěŕěŋĳ¿ řăğŋőśšŋőčő şřăćŋěŋĺ£ (2). Ćěńĺůĺŋă r_n+_k = ρ_n+_k h (10)

ŋăğżćăěšś£ ŕőčřěÿŋőśšĳ¿ ăŕŕřőłśĺňăűĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) řăğŋőśšŋżň şřăćŋěŋĺěň (2).

Ďřşčĺňĺ śńőćăňĺ, ŕőčřěÿŋőśšĳ ăŕŕřőłśĺňăűĺĺ { ¡šő ŋěć£ğłă, łőšőřă£ ŕőńşůăěšś£ ŕőśńě ŕőďśšăŋőćłĺ šőůŋőčő řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ć řăğŋőśšŋőě şřăćŋěŋĺě (8).

Ěśńĺ ćőśŕőńĳğőćăšĳś£ ťőřňşńőľ Šěľńőřă ďń£ y(x_{n+i}) ĺ y^′(x_{n+i}):

y(x_n+_i) = s+1∑ j=0 (ih)^j j! y(^j)(x_n) + O(h^s+2),

y^′(x_n+_i) = s∑ j=0 (ih)^j j! y(^j+1)(x_n) + O(h^s+1),

(11)

šő ŕőśńě ŕőďśšăŋőćłĺ (11) ć (9) ňőęěš ążšĳ ŕőńşůěŋő řăğńőęěŋĺě ćěńĺůĺŋż ρ_{n+k} ŕő śšěŕěŋ£ň h:

ρ_n+_k = ( k∑ i=0 α_i ) y(x_n) + h ( k∑ i=1 iα_i − k∑ i=0 β_i ) y^′(x_n) +

+ h2 2 ( k∑ i=1 i2α_i − 2 k∑ i=1 iβ_i ) y^{′′}(x_n) + . . . +

+ h^s s! ( k∑ i=1 i^sα_i − s k∑ i=1 i^{s−}1β_i ) y(^s)(x_n) +

+ h^s+1 (s + 1)! ( k∑ i=1 i^s+1α_i − (s + 1) k∑ i=1 i^sβ_i ) y(^s+1)(x_n) + O(h^s+2).

(12)

Ĺğ (12) ćĺďŋő, ůšő, ďń£ šőčő ůšőąż ćěńĺůĺŋă ρ_{n+k} ĺňěńă ŕőř£ďőł O(h^{s+1}), ŋěőąţőďĺňő ćżŕőńŋěŋĺě şśńőćĺľ k∑ i=0 α_i = 0, k∑ i=1 iα_i − k∑ i=0 β_i = 0, . . . . . . . . .. . . . . .. . . . . . . . . . . . . . . k∑ i=1 iα_i − ν k∑ i=1 i^−1β_i = 0, ν = 2, 3, . . . , s.

(13)

Ŕřěďŕőńăčăěň, ůšő łő¡ťťĺűĺěŋšż α_i, β_i şďőćńěšćőř£¿š şśńőćĺ£ň (13) ŕřĺ ŋěłőšőřőň s > 1, šăł ůšő ćśěčďă ćżŕőńŋ£¿šś£ ŕěřćżě ďćă łő¡ťťĺűĺěŋšŋżţ şśńőćĺ£ (13).

Ŕőďůěřłŋěň, ůšő śšěŕěŋĳ s řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) őŕřěďěń£ěšś£ šőńĳłő łő¡ťťĺűĺěŋšăňĺ α_i ĺ β_i ¡šőčő şřăćŋěŋĺ£ ĺ ŋě ğăćĺśĺš őš šőčő łőŋłřěšŋőčő ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£, ďń£ řěÿěŋĺ£ łőšőřőčő őŋő ŕřĺňěŋ£ěšś£. Ŕő¡šőňş, ěśńĺ ŕřăćă£ ůăśšĳ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) őąńăďăěš ďőśšăšőůŋőľ čńăďłőśšĳ¿ (ă ňż ć ďăńĳŋěľÿěň ŕřěďŕőńăčăěň, ůšő ťşŋłűĺ£ f(x, y) ĺňěěš ŋěŕřěřżćŋżě ůăśšŋżě ŕřőĺğćőďŋżě ďő ŕőř£ďłă s + 1 ćłń¿ůĺšěńĳŋő ĺ, śńěďőćăšěńĳŋő, y(x) | ŋěŕřěřżćŋżě ŕřőĺğćőďŋżě ďő ŕőř£ďłă s + 2), šő ŋěć£ğłă (9) ĺ ŕőčřěÿŋőśšĳ ăŕŕřőłśĺňăűĺĺ (10) ŋă řěÿěŋĺĺ šăłőčő ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ğăŕĺÿşšś£ ć ćĺďě

ρ_n+_k = h^s+1 (s + 1)! ( k∑ i=1 i^s+1α_i − (s + 1) k∑ i=1 i^sβ_i ) y(^s+1)(x_n) + O(h^s+2) =

= C_{s+1}h^{s+1}y^{(s+1)}(x_n) + O(h^{s+2}),

(14)

r_n+_k = h^s (s + 1)! ( k∑ i=1 i^s+1α_i − (s + 1) k∑ i=1 i^sβ_i ) y(^s+1)(x_n) + O(h^s+1) =

= C_{s+1}h^sy^{(s+1)}(x_n) + O(h^{s+1}).

(15) čďě C_s+1 = 1 (s + 1)! ( k∑ i=1 i^s+1α_i − (s + 1) k∑ i=1 i^sβ_i ) . Ěśńĺ ęě řěÿěŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ŋě őąńăďăěš ŋşęŋżň ůĺśńőň ŕřőĺğćőďŋżţ, šő ŋěć£ğłă (9) ĺ ŕőčřěÿŋőśšĳ ăŕŕřőłśĺňăűĺĺ (10) ĺňě¿š, ćőőąźě čőćőř£, ňěŋĳÿĺľ ŕőř£ďőł ŕő h ĺ őűěŋłĺ (14), (15) ŋě ćżŕőńŋ£¿šś£.

Ďń£ šőčő ůšőąż ćěńĺůĺŋă ρ_{n+k} ĺ ŕőčřěÿŋőśšĳ ăŕŕřőłśĺňăűĺĺ ŋě ĺğňěŋ£ńĺśĳ ŕřĺ şňŋőęěŋĺĺ řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) ŋă ŕřőĺğćőńĳŋş¿ ŕőśšő£ŋŋş¿, ććőďĺšś£ ŋőřňĺřőćłă řăğŋőśšŋőčő şřăćŋěŋĺ£ ś ŕőňőźĳ¿ ďőŕőńŋĺšěńĳŋżţ şśńőćĺľ, ŋăńăčăěňżţ ŋă łő¡ťťĺűĺěŋšż şřăćŋěŋĺ£. Őążůŋő ŕőńăčă¿š α_k = 1 (16)

ĺńĺ_k ∑ i=0 β_i = 1. (17)

Ŕřĺ ćżŕőńŋěŋĺĺ şśńőćĺ£ (16) şřăćŋěŋĺě (2) ňőęěš ążšĳ ğăŕĺśăŋő ć ćĺďě

y_n+_k = − k−1∑ i=0 α_iy_n+_i + h k∑ i=0 β_if(x_n+_i, y_n+_i). (18)

Ć ¡šőň śńşůăě ŋěć£ğłă p_{n+k} (9) ŋăğżćăěšś£ ńőłăńĳŋőľ ŕőčřěÿŋőśšĳ¿ ťőřňşńż (18).

Ć łăůěśšćě ŕřĺňěřă ĺśŕőńĳğőćăŋĺ£ şśńőćĺľ (13) ďń£ ŕőśšřőěŋĺ£ řăğŋőśšŋőľ śţěňż (2) ŕőŕřőąşěň ŋăľšĺ £ćŋżľ ĺ ŋě£ćŋżľ ďćşţÿăčőćżě ňěšőďż ňăłśĺňăńĳŋő ćőğňőęŋőľ śšěŕěŋĺ, š.ě. ŕőŕżšăěňś£ ŕőśšřőĺšĳ řăğŋőśšŋżě śţěňż y_n+2 + α1y_n + α0y_n = h(β1f(x_n+1, y_n+1) + β0f(x_n, y_n)) (19) ĺ y_n+2 + α1y_n+1 + α0y_n = h (β2f(x_n+2, y_n+2) + β1f(x_n+1, y_n+1) + β0f(x_n, y_n)), (20) ś ŋăĺćżśÿĺň ŕőř£ďłőň ăŕŕřőłśĺňĺřş¿źĺě ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1).

Łő¡ťťĺűĺěŋšż α_i ĺ β_i £ćŋőľ śţěňż (19) ďőńęŋż şďőćńěšćőř£šĳ śĺśšěňě şřăćŋěŋĺľ (13), łőšőřă£ ć ďăŋŋőň śńşůăě ĺňěěš ćĺď 1 + α_1 + α_0 = 0, 2 + α_1 − β_0 − β_1 = 0, 4 + α_1 − 2β_1 = 0, 8 + α_1 − 3β_1 = 0, . . .. . . . . .. . . . . . . . . . . . . . . Řěÿă£ śőćňěśšŋő ŕěřćżě ůěšżřě şřăćŋěŋĺ£ ¡šőľ śĺśšěňż, ŋăţőďĺň α_0 = −5, α_1 = 4, β_0 = 2, β1 = 4. Şřăćŋěŋĺě ĺğ śĺśšěňż (13), śőőšćěšśšćş¿źěě ν = 4, 16 + α_1 − 4β_1 = 0 ŋě ćżŕőńŋ£ěšś£ ŕřĺ ŋăľďěŋŋżţ ğŋăůěŋĺ£ţ łő¡ťťĺűĺěŋšőć. Šăłĺň őąřăğőň, ĺśłőňă£ řăğŋőśšŋă£ śţěňă (19) ĺňěěš śšěŕěŋĳ 3 ĺ ğăŕĺśżćăěšś£ ć ćĺďě y_n+2 + 4y_n+1 − 5y_n = h(4f(x_n+1, y_n+1) + 2f(x_n, y_n)). (21) Łő¡ťťĺűĺěŋšż ŋě£ćŋőľ śţěňż (20) ďőńęŋż şďőćńěšćőř£šĳ śńěďş¿źěľ śĺśšěňě şřăćŋěŋĺľ: 1 + α_1 + α_0 = 0, 2 + α_1 − β_0 − β_1 − β_2 = 0, 4 + α_1 − 2(β_1 + 2β_2) = 0, 8 + α_1 − 3(β_1 + 4β_2) = 0, 16 + α_1 − 4(β_1 + 8β_2) = 0, . . . . . .. . . . . .. . . . . . . . .. . . . . . . . . Řěÿă£ śőćňěśšŋő ŕěřćżě ŕ£šĳ şřăćŋěŋĺľ, ŋăţőďĺň α_0 = −1, α_1 = 0, β_0 = 1 3 , β_1 = 4 3 , β_2 = 1 3 . Şřăćŋěŋĺě ĺğ śĺśšěňż (13), śőőšćěšśšćş¿źěě ν = 5, 32 + α_1 − 5(β_1 + 16β_2) = 0 ŋě ćżŕőńŋ£ěšś£ ŕřĺ ŋăľďěŋŋżţ ğŋăůěŋĺ£ţ łő¡ťťĺűĺěŋšőć. Šăłĺň őąřăğőň, ĺśłőňă£ řăğŋőśšŋă£ śţěňă (20) ĺňěěš śšěŕěŋĳ 4 ĺ ğăŕĺśżćăěšś£ ć ćĺďě

y_n+2 − y_n = h 3 (f(x_{n+2}, y_{n+2}) + 4f(x_{n+1}, y_{n+1}) + f(x_n, y_n)). (22)

3. Şśšőľůĺćőśšĳ ňŋőčőÿăčőćżţ ňěšőďőć. Ŋăň ŋşęŋż śţőď£źĺěś£ ňěšőďż (2). Ňě-

šőď (2) śţőďĺšś£, ěśńĺ ďń£ łăęďőľ ğăďăůĺ ĺğ řăśśňăšřĺćăěňőčő łńăśśă (1.1), (1.2) max k < n < N_h

|y(x_n) − y_n| → 0 (23) ŕřĺ h → 0, max 0 < n < k−1

|y(x_n) − y_n| → 0. (24)

Šő őąśšő£šěńĳśšćő, ůšő řăğŋőśšŋă£ śţěňă (2) ăŕŕřőłśĺňĺřşěš ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1) ś ŋěłőšőřżň ŕőř£ďłőň s > 1, ěźě, ćőőąźě čőćőř£, ŋě őğŋăůăěš, ůšő řěÿěŋĺě řăğŋőśšŋőľ ğăďăůĺ (2), (4) śţőďĺšś£ ł řěÿěŋĺ¿ ďĺťťěřěŋűĺăńĳŋőľ ğăďăůĺ (1.1), (1.2). Ůšőąż ¡šő ŕřőĺńń¿- śšřĺřőćăšĳ, řăśśňőšřĺň ğăďăůş Łőÿĺ { y^′(x) = −x3, 0 < x < X < ∞, y(0) = 0.

(25)

Ŕřăćă£ ůăśšĳ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (25) śłőńĳ şčőďŋő řăğ ďĺťťěřěŋűĺřşěňă. Ąşďěň řěÿăšĳ ¡šş ğăďăůş ś ŕőňőźĳ¿ £ćŋőčő ňěšőďă (21) šřěšĳěčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ, ă ć łăůěśšćě ŋăůăńĳŋżţ şśńőćĺľ (4) ćőğĳňěň šőůŋżě ŋăůăńĳŋżě ğŋăůěŋĺ£

y0 = y(0) = 0,

y1 = y(h) = − h4 4 . (26)

Řăğŋőśšŋőě şřăćŋěŋĺě (21) ďń£ ďăŋŋőľ ğăďăůĺ ğăŕĺÿěšś£ ć ćĺďě

y_n+2 + 4y_n+1 − 5y_n = −h4(6n3 + 12n2 + 12n + 4). (27)

Őŋő £ćń£ěšś£ ńĺŋěľŋżň řăğŋőśšŋżň şřăćŋěŋĺěň ś ŕőśšő£ŋŋżňĺ łő¡ťťĺűĺěŋšăňĺ. Őąźěě řěÿěŋĺě (27) ŕřěďśšăćń£ěš śőąőľ śşňňş őąźěčő řěÿěŋĺ£ őďŋőřőďŋőčő şřăćŋěŋĺ£

y_n+2 + 4y_n+1 − 5y_n = 0 (28)

ĺ ůăśšŋőčő řěÿěŋĺ£ ŋěőďŋőřőďŋőčő şřăćŋěŋĺ£ (27). Őąźěě řěÿěŋĺě őďŋőřőďŋőčő şřăćŋěŋĺ£ (28) ćżřăęăěšś£ ůěřěğ łőřŋĺ ţăřăłšěřĺśšĺůěśłőčő şřăćŋěŋĺ£

z2 + 4z − 5 = 0 (29)

ĺ ĺňěěš ćĺď y0_n = C1 + C2(−5)^n. (30) Ŋěšřşďŋő şąěďĺšĳś£, ůšő ůăśšŋżň řěÿěŋĺěň ŋěőďŋőřőďŋőčő şřăćŋěŋĺ£ (27) £ćń£ěšś£ ťşŋłűĺ£

y_n = −

(hn)^4 4 + h4n 6 . (31)

Šăłĺň őąřăğőň, őąźěě řěÿěŋĺě (27) ğăŕĺśżćăěšś£ ć ćĺďě

y_n = C1 + C2(−5)^n −

(hn)^4 4 + h4n 6 , (32)

čďě łőŋśšăŋšż C_1 ĺ C_2 őŕřěďěń£¿šś£ ĺğ ŋăůăńĳŋżţ şśńőćĺľ (26): C1 = − h4 36 , C2 = h4 36 (32^′)

Őłőŋůăšěńĳŋő ŕőńşůăěň y_n = − h4 36 + h4 36 (−5)^n −

(hn)^4 4 + h4n 6 . (33)

Řăśśňőšřĺň řěÿěŋĺě (33) ğăďăůĺ (27), (26) ŕřĺ ťĺłśĺřőćăŋŋőň x_n = nh = x^∗. Ěśńĺ h → 0, šő ůăśšŋőě řěÿěŋĺě (31) ŋěőďŋőřőďŋőčő şřăćŋěŋĺ£ (27) śšřěňĺšś£ ł šőůŋőňş řěÿěŋĺ¿ ğăďăůĺ (25):

y_n → −

(x^∗)^4 4 = y(x^∗). Řěÿěŋĺě (30) őďŋőřőďŋőčő şřăćŋěŋĺ£ (28), łőńěąń£śĳ, ŋěőčřăŋĺůěŋŋő ćőğřăśšăěš ŕő ňőďşń¿ |y0_n| → ∞ ĺğ-ğă śńăčăěňőčő h4 36 (−5)^n.

Šăłĺň őąřăğőň, ŕőśšřőěŋŋőě ůĺśńěŋŋőě řěÿěŋĺě (33) řăğŋőśšŋőľ ğăďăůĺ (27), (26) ŋě śţőďĺšś£ ł řěÿěŋĺ¿ ďĺťťěřěŋűĺăńĳŋőľ ğăďăůĺ (25).

Ěśńĺ ćňěśšő šőůŋżţ ŋăůăńĳŋżţ şśńőćĺľ (26) ćżąřăšĳ ďń£ řăğŋőśšŋőčő şřăćŋěŋĺ£ (27) śŕěűĺăńĳŋżě ŋăůăńĳŋżě şśńőćĺ£ y0 = 0, y1 = − h4 12 , (34)

šő C_1 = C_2 = 0 ĺ y_n → y(x^∗). Őďŋăłő şśńőćĺ£ (34) ć ďěľśšćĺšěńĳŋőśšĺ ŋě ňőčşš şńşůÿĺšĳ śĺšşăűĺ¿ ĺ őąěśŕěůĺšĳ śţőďĺňőśšĳ ůĺśńěŋŋőčő řěÿěŋĺ£ ł šőůŋőňş řěÿěŋĺ¿ ğăďăůĺ (25). Ŋă śăňőň ďěńě ĺğ-ğă őÿĺąőł őłřşčńěŋĺ£ ŋăţőďĺšś£ řěÿěŋĺě ŋě şřăćŋěŋĺ£ (27), ă şřăćŋěŋĺ£ ś ćőğňşźěŋĺěň

y_n+2 + 4y_n+1 − 5y_n = −h4(6n3 + 12n2 + 12n + 4) + δ. (35)

Ŕřěďŕőńőęĺň, ůšő δ = δ(h) = O(h^q). Šőčďă őąźěě řěÿěŋĺě (35) ğăŕĺÿěšś£ ć ćĺďě

y_n = C1 + C2(−5)^n −

(hn)^4 4 + h4n 6 + nδ(h) 6 . (36)

Ěśńĺ C_1 ĺ C_2 őŕřěďěńĺšĳ ĺğ śŕěűĺăńĳŋżţ ŋăůăńĳŋżţ şśńőćĺľ (34), šő C1 = − δ(h) 36 , C2 = δ(h) 36 (36^′)

ĺ, łăł ćĺďŋő ĺğ (36), őŕ£šĳ ŋěš śţőďĺňőśšĺ ĺğ-ğă šőčő ęě śńăčăěňőčő δ(h) 36 (−5)^n.

Őšśşšśšćĺě śţőďĺňőśšĺ ğăłń¿ůăěšś£ ć ŕřĺŋűĺŕĺăńĳŋőň őšńĺůĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (25) őš řăğŋőśšŋőčő şřăćŋěŋĺ£ (27). Ŕőř£ďőł ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ řăćěŋ ěďĺŋĺűě, ă ŕőř£ďőł řăğŋőśšŋőčő şřăćŋěŋĺ£ řăćěŋ ďćşň. Şřăćŋěŋĺě (27) ĺňěěš ďćă ťşŋďăňěŋšăńĳŋżţ řěÿěŋĺ£ 1 ĺ (−5)^n, śőőšćěšśšćş¿źĺě ďćşň łőřŋ£ň ţăřăłšěřĺśšĺůěśłőčő şřăćŋěŋĺ£ (29) z_1 = 1 ĺ z_2 = −5. Ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (25) ĺňěěš őďŋő ťşŋďăňěŋšăńĳŋőě řěÿěŋĺě y(x) = 1, łőšőřőě ăŕŕřőłśĺňĺřşěšś£ řěÿěŋĺěň y_n = z^n_1 = 1 řăğŋőśšŋőčő şřăćŋěŋĺ£. Ňőęŋő śłăğăšĳ, ůšő śőśšăćń£¿źă£ C_2z^n_2 = C_2(−5)^n, śőőšćěšśšćş¿źă£ ćšőřőňş ťşŋďăňěŋšăńĳŋőňş řěÿěŋĺ¿ řăğŋőśšŋőčő şřăćŋěŋĺ£, ŋőśĺš ŕăřăğĺšĺůěśłĺľ ţăřăłšěř. Ěě ćńĺ£ŋĺě ŕřĺćőďĺš ł łăšăśšřőťĺůěśłőňş ĺśłăęěŋĺ¿ řěğşńĳšăšă.

Ćěřŋěňś£ ł őąźěňş řăğŋőśšŋőňş şřăćŋěŋĺ¿ (2) ĺ řăśśňőšřĺň ăńčěąřăĺůěśłőě şřăćŋěŋĺě

ρ(z) = 0, (37)

čďě ρ(z) | ňŋőčőůńěŋ, őŕřěďěń£ěňżľ ŕő ťőřňşńě (5). Şřăćŋěŋĺě (37) ŋăğżćăěšś£ ţăřăłšěřĺśšĺůěśłĺň şřăćŋěŋĺěň, ă ňŋőčőůńěŋ ρ(z) | ţăřăłšěřĺśšĺůěśłĺň ňŋőčőůńěŋőň řăğŋőśšŋőčő şřăćŋěŋĺ£ (2).

Ďőŕşśšĺň, ůšő ş ňŋőčőůńěŋă ρ(z) ĺňěěšś£ łőřěŋĳ z_1, šăłőľ, ůšő |z_1| > 1, ĺńĺ łřăšŋżľ łőřěŋĳ z_2, šăłőľ, ůšő |z_2| = 1. Ŕřĺňěŋĺň ňŋőčőÿăčőćżľ ňěšőď (2) ł řěÿěŋĺ¿ ğăďăůĺ Łőÿĺ

y^′ = 0, y(x0) = 0. (38)

Ťőřňşńă (2) ŕřĺňěš ćĺď_k ∑ i=0 α_i y_n+_i = 0. (39)

Ć łăůěśšćě ŋăůăńĳŋżţ şśńőćĺľ ďń£ (39) ćőğĳňěň ŋăůăńĳŋżě ğŋăůěŋĺ£ y0 = h, y1 = hz1, y2 = hz21, . . . , y_{k−}1 = hz^{k−}11 . Šőčďă řěÿěŋĺěň şřăćŋěŋĺ£ (39) ąşďěš śěšőůŋă£ ťşŋłűĺ£

y_n = hz^n1 .

Ěśńĺ ğăťĺłśĺřőćăšĳ şğěń x_n = x_0 + nh = x, šő ŕřĺ h → 0

|y_n| = h|z1|^n = x − x0 n |z1|^n → ∞. Ŕřĺ ŋăńĺůĺĺ łřăšŋőčő łőřŋ£ z_2 ć łăůěśšćě ŋăůăńĳŋżţ şśńőćĺľ ďń£ (39) ćőğĳňěň śńěďş¿źĺě ŋăůăńĳŋżě şśńőćĺ£: y0 = h, y1 = hz2, y1 = 2hz2, . . ., y_{k−}1 = (k − 1)hz^{k−}12 . Šőčďă řěÿěŋĺěň şřăćŋěŋĺ£ (39) ąşďěš ťşŋłűĺ£

y_n = nhz^n2 .

Ŕřĺ ťĺłśĺřőćăŋŋőň şğńě x_n = x_0 + nh = x ĺňěěň |y_n| = nh|z2|^n = nh = x − x0 ≠ 0. Ć őąőĺţ śńşůă£ţ řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£ ŋě śšřěňĺšś£ ŕřĺ h → 0 ł řěÿěŋĺ¿ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (38), łőšőřőě šőęďěśšćěŋŋő řăćŋő ŋşń¿. Śńěďőćăšěńĳŋő, ňěšőď (2) ŋě £ćń£ěšś£ śţőď£źĺňś£.

Ĺğ śłăğăŋŋőčő ćżÿě ňőęŋő śďěńăšĳ ćżćőď, ůšő ŋě ćśě ňěšőďż (2), łő¡ťťĺűĺěŋšż łőšőřżţ şďőćńěšćőř£¿š şśńőćĺ£ň (13), ŕřĺčőďŋż ďń£ ůĺśńěŋŋőčő řěÿěŋĺ£ ğăďăůĺ Łőÿĺ (1.1), (1.2). Śřěďĺ ňěšőďőć (2) śńěďşěš ğăąřăłőćăšĳ šě, ďń£ łőšőřżţ ţăřăłšěřĺśšĺůěśłĺľ ňŋőčőůńěŋ (5) ĺňěěš łőřŋĺ, ŕő ňőďşń¿ ąőńĳÿĺě ěďĺŋĺűż, ĺńĺ łřăšŋżě łőřŋĺ, ŕő ňőďşń¿ řăćŋżě ěďĺŋĺűě.

Ć ść£ğĺ ś ¡šĺň ťőřňşńş (2) ŋăğżćă¿š şśšőľůĺćőľ, ěśńĺ ćśě łőřŋĺ ţăřăłšěřĺśšĺůěśłőčő ňŋőčőůńěŋă (5) řăśŕőńőęěŋż ć ěďĺŋĺůŋőň łřşčě ŋă łőňŕńěłśŋőľ ŕńőśłőśšĺ ś űěŋšřőň ć ŋăůăńě łőőřďĺŋăš, ă ŋă čřăŋĺűě łřşčă ŋěš łřăšŋżţ łőřŋěľ.

Ŕěřćőě şśńőćĺě śĺśšěňż (13) őğŋăůăěš, ůšő ţăřăłšěřĺśšĺůěśłĺľ ňŋőčőůńěŋ (5) ćśěčďă ĺňěěš łőřěŋĳ z_1 = 1. Ďń£ şśšőľůĺćőľ ťőřňşńż (2) ¡šőš łőřěŋĳ ŋăğżćăěšś£ čńăćŋżň. Ćśě őśšăńĳŋżě k − 1 łőřŋěľ ŋăğżćă¿šś£ ŕőśšőřőŋŋĺňĺ. Ěśńĺ ţăřăłšěřĺśšĺůěśłĺľ ňŋőčőůńěŋ ŋě ĺňěěš ąőńĳÿě łőřŋěľ ŋă čřăŋĺűě, ă ćśě ŕőśšőřőŋŋĺě łőřŋĺ ńěęăš ćŋşšřĺ ěďĺŋĺůŋőčő łřşčă, šő şśšőľůĺćă£ ťőřňşńă (2) ŋăğżćăěšś£ śĺńĳŋő şśšőľůĺćőľ. Ěśńĺ ěśšĳ ŕőśšőřőŋŋĺě łőřŋĺ ŋă čřăŋĺűě ĺ ćśě őŋĺ ŕřőśšżě, šő şśšőľůĺćă£ ťőřňşńă ŋăğżćăěšś£ śńăąő şśšőľůĺćőľ.

4. Ŋěłőšőřżě £ćŋżě łőŋěůŋő-řăğŋőśšŋżě ťőřňşńż. Řăśśňőšřĺň ŕřĺňěřż ÿĺřőłő

řăśŕřőśšřăŋěŋŋżţ łőŋěůŋő-řăğŋőśšŋżţ ťőřňşń. İšĺ ťőřňşńż ĺňě¿š śńěďş¿źĺě łő¡ťťĺűĺěŋšż:

α_k = 1, α_{k−}1 = −1, α_{k−}2 = . . . = α0 = 0, šăł ůšő

y_n+_k − y_n+_{k−}1 = h k∑ i=0 β_if(x_n+_i, y_n+_i).

Őąőğŋăůĺň n + k = m + 1, šőčďă

y_m+1 − y_m = h k∑ j=0 β_{k−j} f(x_m+1_{−j} , y_m+1_{−j}).

Ŕěřěţőď£ őš m ł n, őš j ł i ĺ őąőğŋăůă£ β_{k−i} = b_i, ŕőńşůăěň

y_n+1 − y_n = h k∑ i=0 b_if(x_n+1_{−i}, y_n+1_{−i}). (40)

Ć £ćŋżţ ťőřňşńăţ ŋěĺğćěśšŋőě ğŋăůěŋĺě y_{n+1} ŋě ćţőďĺš ć ŕřăćş¿ ůăśšĳ, ŕő¡šőňş £ćŋżě ťőřňşńż ğăŕĺśżćă¿šś£ ć ćĺďě

y_n+1 − y_n = h k∑ i=0 B_if(x_{n−i}, y_{n−i}). (41)

4.1. İłśšřăŕőń£űĺőŋŋă£ ťőřňşńă Ăďăňśă. Łő¡ťťĺűĺěŋšż B_i ć (41) ćżąěřěň šăł, ůšőąż ťőřňşńă (41) ĺňěńă ňăłśĺňăńĳŋş¿ śšěŕěŋĳ, ĺńĺ ňăłśĺňăńĳŋżľ ŕőř£ďőł ăŕŕřőłśĺňăűĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) ś ďőśšăšőůŋő čńăďłőľ ŕřăćőľ ůăśšĳ¿. Śĺśšěňă ńĺŋěľŋżţ şřăćŋěŋĺľ (13), łőšőřőľ ďőńęŋż şďőćńěšćőř£šĳ łő¡ťťĺűĺěŋšż B_i, ĺňěěš k + 1 ŋěĺğćěśšŋżţ B_i. Őŕřěďěńĺšěńĳ śĺśšěňż, śőśšăćńěŋŋżľ ĺğ ŕěřćżţ k + 1 şřăćŋěŋĺľ, śőďěřęăźĺţ ¡šĺ ŋěĺğćěśšŋżě, ěśšĳ őŕřěďěńĺšěńĳ Ćăŋďěřňőŋďă. Śńěďőćăšěńĳŋő, łő¡ťťĺűĺěŋšż B_i őŕřěďěń£¿šś£ ĺğ ¡šőľ śĺśšěňż ěďĺŋśšćěŋŋżň őąřăğőň.

Ĺšăł, ďń£ ń¿ąőčő k śşźěśšćşěš £ćŋă£ řăğŋőśšŋă£ ťőřňşńă (41) (k + 1)-ľ śšěŕěŋĺ, ăŕŕřőłśĺňĺřş¿źă£ ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1) ś ďőśšăšőůŋő čńăďłőľ ŕřăćőľ ůăśšĳ¿ ś (k +1)-ň ŕőř£ďłőň. İšă ťőřňşńă ŋăğżćăěšś£ £ćŋőľ, ĺńĺ ¡łśšřăŕőń£űĺőŋŋőľ, ťőřňşńőľ Ăďăňśă.

Ťőřňşńă (41) ňőęěš ążšĳ ŕőńşůěŋă ďřşčĺň śŕőśőąőň, ěśńĺ ĺśţőďĺšĳ ŋě ĺğ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1), ă ĺğ ĺŋšěčřăńĳŋőčő śőőšŋőÿěŋĺ£

y(x_n+1) − y(x_{n−j}) =

x_{n+1}∫

x_{n−j} f(x, y(x)) dx = x_{n+1}∫

x_{n−j} y^′(x) dx. (42) Ďń£ ¡šőčő ăŕŕřőłśĺňĺřşěň ŕőďżŋšěčřăńĳŋş¿ ťşŋłűĺ¿ őďŋőčő ŕěřěňěŋŋőčő f(x, y(x)) ăńčěąřăĺůěśłĺň ĺŋšěřŕőń£űĺőŋŋżň ňŋőčőůńěŋőň, łőšőřżľ ć şğńăţ x_m, m = n − k, n − k + 1, . . . , n, ŕřĺŋĺňăěš ğŋăůěŋĺ£ f(x_m, y(x_m)). Ğăŕĺÿěň ¡šő ňŋőčőůńěŋ ć ťőřňě ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ńăčřăŋęă

L_{k;n} = k∑ i=0 f(x_{n−i}, y(x_{n−i})) ˘_i(x), (43) čďě ˘_i = n∏ m=n−k m≠n−i x − x_m x_{n−i} − x_m . Ğăňěŋĺň y^′(x) ć (42) ŕő ťőřňşńě Ńăčřăŋęă:

y^′(x) = f(x, y(x)) = L_{k;n}(x) + r_{k;n}(x), (44) čďě r_{k;n}(x) = y(^k+2)(ξ) (k + 1)! n∏ m=n−k

(x − x_m), ξ { ŕřőňěęşšőůŋă£ šőůłă ňěęďş x_{n−k} ĺ x. Šőčďă

y(x_n+1) − y(x_{n−j} ) = h k∑ i=0 B_if(x_{n−i}, y(x_{n−i})) + ρ_n+1, (45) čďě B_i = 1 h x_{n+1}∫

x_{n−j} ˘_i(x) dx =

(−1)^i i!(k − i)! 1∫

−j t(t + 1) . . .(t + k) t + i dt,

ρ_n+1 =

x_{n+1}∫

x_{n−j} r_{k;n}(x) dx =

x_{n+1}∫

x_{n−j} y(^k+2)(ξ(x)) (k + 1)! n∏ m=n−k

(x − x_m) dx = O(h^{k+2}), (46)

B_i { ćŕőńŋě őŕřěďěńěŋŋżě ůĺśńă, ŋě ğăćĺś£źĺě ŋĺ őš h, ŋĺ őš x_n. Őšąřăśżćă£ ć (45) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 − y_{n−j} = h k∑ i=0 B_if(x_{n−i}, y_{n−i}), (47)

ăŕŕřőłśĺňĺřş¿źěě ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1) ś ŕőř£ďłőň k + 1. Řăğŋőśšŋőě şřăćŋěŋĺě (41) ŕőńşůăěšś£ ĺğ ťőřňşńż (47) łăł ůăśšŋżľ śńşůăľ ŕřĺ j = 0.

Ŋěśłőńĳłő £ćŋżţ ťőřňşń Ăďăňśă řăğńĺůŋőľ śšěŕěŋĺ ś şłăğăŋĺěň ŕőř£ďłă řăğŋőśšŋőčő şřăćŋěŋĺ£ ĺ łő¡ťťĺűĺěŋšă ŕřĺ čńăćŋőň ůńěŋě ŕőčřěÿŋőśšĺ ρ_{n+1} ¡šĺţ ťőřňşń ŕřĺćěďěŋż ć šăąń. 1.

Ěśńĺ ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ ŕřěďśšăćĺšĳ ć ťőřňě ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ŋĳ¿šőŋă ďń£ řăćŋżţ ŕřőňěęşšłőć

L_{k;n}(x) = L_{k;n}(x_n + th) = k∑ i=0 ▽^if_n t(t + 1) . . .(t + i − 1) i! , (48)

čďě ▽^if_n | łőŋěůŋă£ řăğŋőśšĳ i-čő ŕőř£ďłă ŋăğăď ťşŋłűĺĺ y^′(x) = f(x, y(x)) ć şğńě x_n, x = x_n+th, šő ťőřňşńă ůĺśńěŋŋőčő ĺŋšěčřĺřőćăŋĺ£ ňőęěš ążšĳ ŕőńşůěŋă ć řăğŋőśšŋőľ ťőřňě. Ğăňěŋĺň y^′(x) ć (42) ŕő ťőřňşńě Ŋĳ¿šőŋă

y^′(x) = f(x, y(x)) = f(x_n + th, y(x_n + th)) = = k∑ i=0 ▽^if_n t(t + 1) . . .(t + i − 1) i! + r_{k;n}(x)

(49)

ĺ ŕőńőęĺň j = 0. Šőčďă

y(x_n+1) − y(x_n) = h k∑ i=0 γ_i ▽^i f_n + ρ_n+1, (50) čďě γ_i = 1 i! 1∫

0 t(t + 1) . . .(t + i − 1) dt, (51)

ρ_n+1 = h^k+2 (k + 1)! 1∫

0 t(t + 1) . . .(t + k)y(^k+2)(ξ(x_n + th)) dt =

= γ_{k+1}h^{k+2}y^{(k+2)}(η) = γ_{k+1}h^{k+2}y^{(k+2)}(x_n) + O(h^{k+3}),

(52) η ğăłń¿ůěŋő ňěęďş x_{n−k} ĺ x_n+1. Őšąřăśżćă£ ć (50) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň řăğŋőśšŋőě şřăćŋěŋĺě, ¡łćĺćăńěŋšŋőě (41), ŋő ŕřěďśšăćńěŋŋőě ć řăğŋőśšŋőľ ťőřňě:

y_n+1 = y_n + h k∑ i=0 γ_i ▽^i f_n =

= y_n + h ( f_n + 1 2 ▽ f_n + 5 12 ▽2 f_n + 3 8 ▽3 f_n + 251 720 ▽4 f_n + + 95 288 ▽5 f_n +

19087 60480

▽6 f_n +

5257 17280

▽7 f_n + . . . + γ_k ▽^k f_n ) . (53)

4.2. İłśšřăŕőń£űĺőŋŋă£ ťőřňşńă Ŋĺśšř-ěňă. Ěśńĺ ŕőďżŋšěčřăńĳŋş¿ ťşŋłűĺ¿ y^′(x) ć śőőšŋőÿěŋĺĺ (42) ğăňěŋĺšĳ ňŋőčőůńěŋőň ŕő ťőřňşńě Ŋĳ¿šőŋă (49) ĺ ŕőńőęĺšĳ j = 1, šő ¡šő ŕřĺćěďěš ł řăğŋőśšŋőňş şřăćŋěŋĺ¿

y_n+1 = y_{n−}1 + h k∑ i=0 A_i ▽^i f_n (54)

ś łő¡ťĺűĺěŋšăňĺ

A_i = 1 i! 1∫

−1 t(t + 1) . . .(t + i − 1) dt. Ŕőďśšăćń££ ůĺśńěŋŋżě ğŋăůěŋĺ£ łő¡ťĺűĺěŋšőć, ĺňěěň

y_n+1 = y_{n−}1 + h ( 2f_n + 1 3 ▽2 f_n + 1 3 ▽3 f_n + 29 90 ▽4 f_n + 14 45 ▽5 f_n + . . . + A_k ▽^k f_n ) = = y_{n−1} + h ( 2f_n + 1 3 (▽^2f_n + ▽^3f_n + ▽^4f_n + ▽^5f_n) − − 1 90 (▽^4f_n + 2 ▽^5 f_n) + . . . + A_k ▽^k f_n ) . (55)

Ťőřňşńă (55) ŋăğżćăěšś£ ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńőľ Ŋĺśšř-ěňă. Ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ťőřňşńż Ŋĺśšř-ěňă

ρ_n+1 = hA_k+1 ▽^k+1 f_n + O(h^k+3) = hA_k+1h^k+1f (^k+1)(η, y(η)) + O(h^k+3) =

= A_{k+1}h^{k+2}y^{(k+2)}(x_n) + O(h^{k+3}),

(56)

η ğăłń¿ůěŋő ňěęďş x_{n−k−}1 ĺ x_n.

Ĺğ-ğă ŕřőśšőšż łő¡ťĺűĺěŋšőć śůěš ŕő ťőřňşńě (55) řěăńĺğşěšś£ ŕřőźě, ůěň ŕő ťőřňşńě Ăďăňśă (53), őśőąěŋŋő, ěśńĺ ůńěŋăňĺ h 90 ▽4 f_n, 2h 90 ▽5 f_n ĺ š.ď. ňőęŋő ŕřěŋěąřěůĳ.

Őš řăğŋőśšŋőľ ťőřňż (55) ńěčłő ŕěřěľšĺ ł őřďĺŋăšŋőľ ťőřňě (47), ğăňěŋ££ łőŋěůŋżě řăğŋőśšĺ ĺţ ćżřăęěŋĺ£ňĺ ůěřěğ ğŋăůěŋĺ£ ťşŋłűĺĺ

▽^if_n = i∑ l=0 (−1)^lC^l_if_{n−l}. (57)

Ŋěśłőńĳłő £ćŋżţ ťőřňşń ś şłăğăŋĺěň ŕőř£ďłă řăğŋőśšŋőčő şřăćŋěŋĺ£ ĺ śšěŕěŋĺ, ă šăłęě łő¡ťĺűĺěŋšă ŕřĺ čńăćŋőň ůńěŋě ŕőčřěÿŋőśšĺ ρ_{n+1} ŕřĺćěďěŋż ć šăąń. 1.

Š ă ą ń ĺ ű ă 1 Ŕřĺňěřż łőŋěůŋő-řăğŋőśšŋżţ ťőřňşń ć őřďĺŋăšŋőľ ťőřňě

Ńőłăńĳŋă£ Â Ťőřňşńă Ŕőř£ďőł Śšěŕěŋĳ ŕőčřěÿŋőśšĳ k s C_{s+1} h^{s+1}y^{(s+1)}(xn)

1 2 3 4 5

§ćŋżě ťőřňşńż Ăďăňśă

1 y_{n+1} = yn + hfn 1 1 1 2 h^2y^{(2)}

2 y_{n+2} = y_{n+1} + 1 2 h (3f_{n+1} − fn) 2 2 5 12 h^3y^{(3)}

3 y_{n+3} = y_{n+2} + 1 12 h (23f_{n+2} − 16f_{n+1} + 5fn) 3 3 3 8 h^4y^{(4)}

4 y_{n+4} = y_{n+3} + 1 24 h (55f_{n+3} − 59f_{n+2} + 37f_{n+1} − 9fn) 4 4 251 720 h^5y^{(5)}

5 y_{n+5} = y_{n+4} + 1 720 h (1901f_{n+4} − 2774f_{n+3} + 2616f_{n+2} − 1274f_{n+1} + 251fn) 5 5 95 288 h^6y^{(6)}

Ťőřňşńż Ŋĺśšř-ěňă

6 y_{n+2} = yn + 2hf_{n+1} 2 2 1 3 h^3y^{(3)}

7 y_{n+3} = y_{n+1} + 1 3 h (7f_{n+2} − 2f_{n+1} + fn) 3 3 1 3 h^4y^{(4)}

8 y_{n+4} = y_{n+2} + 1 3 h (8f_{n+3} − 5f_{n+2} + 4f_{n+1} − fn) 4 4 29 90 h^5y^{(5)}

Ťőřňşńż Ňĺńŋă

9 y_{n+4} = yn + 4 3 h (2f_{n+3} − f_{n+2} + 2f_{n+1}) 4 4 14 45 h^5y^{(5)}

10 y_{n+6} = yn + 3 10 h (11f_{n+5} − 14f_{n+4} + 26f_{n+3} − 14f_{n+2} + 11f_{n+1}) 6 6 41 140 h^7y^{(7)}

Śţěňă \3/8"

11 y_{n+4} = y_{n+1} + 3 8 h (7f_{n+3} − 3f_{n+2} + 5f_{n+1} − fn) 4 4 27 80 h^5y^{(5)}

Ťőřňşńż Ţěňňĺŋčă śţěňă \1/2"

12 y_{n+4} = y_{n+3} + y_{n+2} 2 + 1 48 h (119f_{n+3} − 99f_{n+2} + 69f_{n+1} − 17fn) 4 4 161 480 h^5y^{(5)}

śţěňă \2/3"

13 y_{n+4} =

2y_{n+2} + y_{n+1} 3 + 1 72 h (191f_{n+3} − 107f_{n+2} + 109f_{n+1} − 25fn) 4 4 707 2160 h^5y^{(5)}

śţěňă \1/3"

14 y_{n+4} = y_{n+3} + y_{n+2} + y_{n+1} 3 + 1 36 h(91f_{n+3} − 63f_{n+2} + 57f_{n+1} − 13fn) 4 4 121 360 h^5y^{(5)}

Ŋě£ćŋżě ťőřňşńż Ăďăňśă

15 y_{n+1} = yn + hf_{n+1} 1 1 − 1 2 h^2y^{(2)}

16 y_{n+1} = yn + 1 2 h (f_{n+1} + fn) 1 2 − 1 12 h^3y^{(3)}

Ŕřőďőńęěŋĺě šăąńĺűż 1

1 2 3 4 5

17 y_{n+2} = y_{n+1} + 1 12 h (5f_{n+2} + 8f_{n+1} − fn) 2 3 − 1 24 h^4y^{(4)}

18 y_{n+3} = y_{n+2} + 1 24 h (9f_{n+3} + 19f_{n+2} − 5f_{n+1} + fn) 3 4 − 19 720 h^5y^{(5)}

19 y_{n+4} = y_{n+3} + 1 720 h (251f_{n+4} + 646f_{n+3} − 264f_{n+2} + 106f_{n+1} − 19fn) 4 5 − 3 160 h^6y^{(6)}

Ŋě£ćŋżě ťőřňşńż Ňĺńŋă

20 y_{n+2} = yn + 1 3 h (f_{n+2} + 4f_{n+1} + fn) 2 4 − 1 90 h^5y^{(5)}

śţěňă \3/8"

21 y_{n+3} = yn + 3 8 h (f_{n+3} + 3f_{n+2} + 3f_{n+1} + fn) 3 4 − 3 80 h^5y^{(5)}

22 y_{n+4} = yn + 2 45 h (7f_{n+4} + 32f_{n+3} + 12f_{n+2} + 32f_{n+1} + 7fn) 4 6 − 8 945 h^7y^{(7)}

23 y_{n+5} = yn + 5 288 h (19f_{n+5} + 75f_{n+4} + 50f_{n+3} + 50f_{n+2} + 75f_{n+1} + 19fn) 5 6 − 55 24 h^7y^{(7)}

Ŋě£ćŋżě ťőřňşńż Ţěňňĺŋčă śţěňă \1/2"

24 y_{n+3} = y_{n+2} + y_{n+1} 2 + 1 48 h (17f_{n+3} + 51f_{n+2} + 3f_{n+1} + fn) 3 4 − 3 160 h^5y^{(5)}

śţěňă \2/3" 25 y_{n+3} =

2y_{n+1} + yn 3 + 1 72 h (25f_{n+3} + 91f_{n+2} + 43f_{n+1} + 9fn) 3 4 − 43 2160 h^5y^{(5)}

śţěňă \1/3"

26 y_{n+3} = y_{n+2} + y_{n+1} + yn 3 + 1 72 h (26f_{n+3} + 73f_{n+2} + 30f_{n+1} + 10fn) 3 4 − 1 40 h^5y^{(5)}

4.3. Ťőřňşńż Ňĺńŋă. Ěśńĺ ć (47) ŕőńőęĺšĳ j = 3, k = 3 (ă ¡šő őğŋăůăěš, ůšő ĺŋšěčřĺřşěšś£ ŕő őšřěğłş [x_{n−3}, x_{n+1}] ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ L_{3;n}, ŕőśšřőěŋŋżľ ŕő ůěšżřěň šőůłăň x_{n−3}, x_{n−2}, x_{n−1}, x_n), šő ŕőńşůăěšś£ řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 − y_{n−}3 = 4h 3 (2f_n − f_{n−1} + 2f_{n−2}), (58)

ĺňě¿źěě ůěšćěřšş¿ śšěŕěŋĳ. Ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ťőřňşńż (58)

ρ_n+1 = 14 45 h5y(5)(x_n) + O(h6). (59)

Ěśńĺ ć (47) ŕőńőęĺšĳ j = 5, k = 5 (ůšő őğŋăůăěš ĺŋšěčřĺřőćăŋĺě ŕő őšřěğłş [x_{n−5}, x_{n+1}] ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă L_{5;n}, ŕőśšřőěŋŋőčő ŕő ÿěśšĺ şğńăň x_{n−5}, x_{n−4}, x_{n−3}, x_{n−2}, x_{n−1}, x_n), šő ŕőńşůăěšś£ řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 − y_{n−}5 = 3h 10 (11f_n − 14f_{n−1} + 26f_{n−2} − 14f_{n−3} + 11f_{n−4}) (60)

ÿěśšőľ śšěŕěŋĺ. Ŕőčřěÿŋőśšĳ ťőřňşńż (60)

ρ_n+1 = 41 140 h7y(7)(x_n) + O(h8). (61)

Ğăňěšĺň, ůšő ťőřňşńż (58), (60) ţăřăłšěřĺğş¿šś£ řăśŕőńőęěŋĺěň őřďĺŋăš, śĺňňěšřĺůŋżň őšŋőśĺšěńĳŋő śřěďŋěľ őřďĺŋăšż. Őŋĺ ŋăğżćă¿šś£ ťőřňşńăňĺ Ňĺńŋă.

4.4. Śţěňă \1/2". Ěśńĺ ćğ£šĳ ŕőńşśşňňş řăğŋőśšŋżţ şřăćŋěŋĺľ (53) ĺ (54), śőőšćěšśćş¿źĺţ ňěšőďăň Ăďăňśă ĺ Ŋĺśšř-ěňă, šő ŕőńşůĺň ŋőćőě řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 = 1 2 (y_n + y_{n−1}) + h 2 k∑ i=0 (γ_i + A_i) ▽^i f_n. (62)

Ŕőńăčă£ ć (62) k = 3 ĺ ŕőďśšăćń££ ůĺśńěŋŋżě ğŋăůěŋĺ£ łő¡ťťĺűĺěŋšőć γ_i ĺ A_i, ĺňěěň

y_n+1 = 1 2 (y_n + y_{n−1}) + h ( 3 2 f_n + 1 4 ▽ f_n + 3 8 ▽2 f_n + 17 48 ▽3 f_n ) . (63)

Ŕěřěţőď£ ć (63) őš łőŋěůŋżţ řăğŋőśšěľ ł őřďĺŋăšăň ś ŕőňőźĳ¿ (57), ŕőńşůăěň řăğŋőśšŋş¿ ťőřňşńş y_n+1 = 1 2 (y_n + y_{n−1}) + h 48 (119f_n − 99f_{n−1} + 69f_{n−2} − 17f_{n−3}). (64)

Łőŋěůŋő-řăğŋőśšŋă£ śţěňă (64) ŋăğżćăěšś£ śţěňőľ \1/2". Ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ¡šőľ śţěňż řăćŋă ŕőńşśşňňě ńőłăńĳŋżţ ŕőčřěÿŋőśšěľ ťőřňşń Ăďăňśă (53) ĺ Ŋĺśšř-ěňă (54) ŕřĺ k = 3 ĺ őŕřěďěń£ěšś£ řăćěŋśšćőň ρ_n+1 = 161 480 h5y(5)(x_n) + O(h6). (65)

5. Ůăśšő ĺśŕőńĳğşěňżě ŋě£ćŋżě řăğŋőśšŋżě ťőřňşńż. 5.1. Ĺŋšěřŕőń£űĺőŋŋă£ ťőř-

ňşńă Ăďăňśă. Łő¡ťĺűĺěŋšż b_i ŋě£ćŋőľ ťőřňşńż (40) ćżąěřěň šăł, ůšőąż ťőřňşńă (40) ĺňěńă ňăłśĺňăńĳŋş¿ śšěŕěŋĳ. Śĺśšěňă ńĺŋěľŋżţ şřăćŋěŋĺľ (13), łőšőřőľ ďőńęŋż şďőćńěšćőř£šĳ łő- ¡ťĺűĺěŋšż b_i, ĺňěěš k + 1 ŋěĺğćěśšŋżţ b_i. Őŕřěďěńĺšěńĳ śĺśšěňż, śőśšřăćńěŋŋőľ ĺğ ŕěřćżţ k + 1 şřăćŋěŋĺľ, śőďěřęăźĺţ ¡šĺ ŋěĺğćěśšŋżě, ěśšĳ őŕřěďěńĺšěńĳ Ćăŋďěřňőŋďă. Śńěďőćăšěńĳŋő, łő¡ťĺűĺěŋšż b_i őŕřěďěń£¿šś£ ĺğ ¡šőľ śĺśšěňż ěďĺŋśšćěŋŋżň őąřăğőň.

Ĺšăł, ďń£ ń¿ąőčő k śşźěśšćşěš ŋě£ćŋă£ řăğŋőśšŋă£ ťőřňşńă (40) (k+1) -ľ śšěŕěŋĺ, ăŕŕřőłśĺňĺřş¿źă£ ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (1.1) ś ďőśšăšőůŋő čńăďłőľ ŕřăćőľ ůăśšĳ¿ ś (k+1) -ň ŕőř£ďłőň. İšă ťőřňşńă ŋăğżćăěšś£ ŋě£ćŋőľ, ĺńĺ ĺŋšěřŕőń£űĺőŋŋőľ, ťőřňşńőľ Ăďăňśă.

Łăł ĺ £ćŋă£ ťőřňşńă (41), ŋě£ćŋă£ ťőřňşńă (40) ňőęěš ążšĳ ŕőńşůěŋă ś ŕőňőźĳ¿ ĺŋšěčřăńĳŋőčő śőőšŋőÿěŋĺ£ (42). Ďń£ ¡šőčő ŕőďżŋšěčřăńĳŋş¿ ťşŋłűĺ¿ őďŋőčő ŕěřěňěŋŋőčő f(x, y(x)) ăŕŕřőłśĺňĺřşěň ăńčěąřăĺůěśłĺň ĺŋšěřŕőń£űĺőŋŋżň ňŋőčőůńěŋőň, łőšőřżľ ć şğńăţ x_m, m = n − k + 1, n − k + 2, . . . , n + 1, ŕřĺŋĺňăěš ğŋăůěŋĺ£ f(x_m, y(x_m)). Ŕőćšőř££ ŕřěďżďşźĺě řăśśşęďěŋĺ£, ňż ŕřĺďěň ł ťőřňşńě

y_n+1 − y_{n−j} = h k∑ i=0 b_if(x_n+1_{−i}, y_n+1_{−i}), (66) čďě b_i =

(−1)^i i!(k − i)! 1∫

−j (t − 1)t(t + 1) . . .(t + k − 1) t + i − 1 dt, (67) b_i { ćŕőńŋě őŕřěďěńěŋŋżě ůĺśńă, ŋě ğăćĺś£źĺě ŋĺ őš h, ŋĺ őš x_n. Ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ťőřňşńż (66)

ρ_n+1 =

x_{n+1}∫

x_{n−j} y(^k+2)(ξ(x)) (k + 1)!

n+1∏

m=n−k+1

(x − x_m) dx = O(h^{k+2}), (68)

ξ(x) ğăłń¿ůěŋő ňěęďş x_{n−k}+1 ĺ x_n+1. Ťőřňşńă (40) ŕőńşůăěšś£ ĺğ ťőřňşńż (66) łăł ůăśšŋżľ śńşůăľ ŕřĺ j = 0.

Ŋěśłőńĳłő ŋě£ćŋżţ ťőřňşń Ăďăňśă řăğńĺůŋőľ śšěŕěŋĺ ś şłăğăŋĺěň ŕőř£ďłă řăğŋőśšŋőčő şřăćŋěŋĺ£ ĺ łő¡ťťĺűĺěŋšă ŕřĺ čńăćŋőň ůńěŋě ŕőčřěÿŋőśšĺ ρ_{n+1} ŕřĺćěďěŋż ć šăąń. 1.

Ěśńĺ ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ ŕřěďśšăćĺšĳ ć ťőřňě ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ŋĳ¿šőŋă ďń£ řăćŋżţ ŕřőňěęşšłőć

L_{k;n}+1(x) = L_{k;n}+1(x_n + th) = k∑ i=0 ▽^if_n+1

(t − 1)t(t + 1) . . .(t + i − 2) i! , (69)

čďě ▽^if_{n+1} | łőŋěůŋă£ řăğŋőśšĳ i-čő ŕőř£ďłă ŋăğăď ťşŋłűĺĺ y^′(x) = f(x, y(x)) ć şğńě x_{n+1}, x = x_n + th, ĺ ŕőńőęĺšĳ j = 0, šő ŕřĺďěň ł řăğŋőśšŋőľ ťőřňě ŋě£ćŋőľ ťőřňşńż Ăďăňśa

y_n+1 = y_n + h k∑ i=0 γ_i ▽^i f_n+1 = y_n + h ( f_n+1 − 1 2 ▽ f_n+1 − − 1 12 ▽2 f_n+1 − 1 24 ▽3 f_n+1 − 19 720 ▽4 f_n+1 − 3 160 ▽5 f_n+1 − − 863 60480

▽6 f_n+1 − 275 24192

▽7 f_n+1 − . . . + γ_k ▽^k f_n+1 ) , (70)

čďě γ_i = 1 i! 1∫

0 (t − 1)t(t + 1) . . .(t + i − 2) dt. (71)

Ďń£ ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ťőřňşńż (70) śŕřăćěďńĺćő řăćěŋśšćő

ρ_n+1 = h^k+2 (k + 1)! 1∫

0 (t − 1)t(t + 1) . . .(t + k − 1)y^{(k+2)}(ξ(x_n + th)) dt =

= γ_{k+1}h^{k+2}y^{(k+2)}(η) = γ_{k+1}h^{k+2}y^{(k+2)}(x_n) + O(h^{k+3}),

(72)

η ğăłń¿ůěŋő ňěęďş x_{n−k}+1 ĺ x_n+1.

Ĺğ ćżřăęěŋĺľ (51), (71) ďń£ łő¡ťťĺűĺěŋšőć γ_i ĺ γ_i ŋěŕőśřěďśšćěŋŋő śńěďşěš

γ_{i−}1 + γ_i = γ_i. (73)

Śşňňĺřş£ (73), ŕőńşůăěň_i ∑ i=0 γ_i = γ_i. (74)

Šăł łăł γ_i < 0, ă γ_i > 0, šő ĺğ (73) śńěďşěš, ůšő γ_i ňőŋőšőŋŋő şążćă¿š ĺ

|γ_i| < γ_i. (75)

Őšś¿ďă śńěďşěš, ůšő łőŋśšăŋšă ć čńăćŋőň ůńěŋě ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ş ĺŋšěřŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă ćśěčďă ňěŋĳÿě, ůěň ş ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă šőľ ęě śšěŕěŋĺ.

Ğăňěšĺň, ůšő łő¡ťťĺűĺěŋš b_0 ć ťőřňşńě (40) şďőćńěšćőř£ěš śőőšŋőÿěŋĺ¿

b0 = k∑ i=0 γ_i = γ_k. (76)

5.2. Ŋě£ćŋżě ťőřňşńż Ňĺńŋă. Łńăśś řăğŋőśšŋżţ ťőřňşń ňőęěš ążšĳ ŕőńşůěŋ ĺŋšěčřĺřőćăŋĺěň ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ŋĳ¿šőŋă (69) ŕő őšřěğłş [x_{n−j} , x_{n+1}], j > 1. İšő ŕřĺćőďĺš ł ŋě£ćŋżň řăğŋőśšŋżň ťőřňşńăň Ňĺńŋă

y_n+1 − y_{n−j} = h k∑ i=0 a_i ▽^i f_n+1 (77) ś łő¡ťĺűĺěŋšăňĺ

a_i = 1 i! 1∫

−j (t − 1)t(t + 1) . . .(t + i − 2) dt. (78)

Ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ťőřňşńż Ňĺńŋă

ρ_n+1 = ha_k+1 ▽^k+1 f_n+1 + O(h^k+3) = ha_k+1h^k+1f (^k+1)(η, y(η)) + O(h^k+3) =

= a_{k+1}h^{k+2}y^{(k+2)}(x_n) + O(h^{k+3}),

(79)

η ğăłń¿ůěŋő ňěęďş x_{n−k}+1 ĺ x_n+1.

Čřşŕŕă ŋě£ćŋżţ ťőřňşń Ňĺńŋă ďń£ ŋěśłőńĳłĺţ ğŋăůěŋĺľ j ŕřĺćěďěŋă ć šăąń. 2. Ćżřăęă£ řăğŋőśšĺ ůěřěğ ğŋăůěŋĺ£ ťşŋłűĺĺ ś ŕőňőźĳ¿ (57), ŕőńşůĺň ŋě£ćŋżě ťőřňşńż Ňĺńŋă ć őřďĺŋăšŋőľ ťőřňě. Ŋěśłőńĳłő šăłĺţ ťőřňşń ďń£ k = j + 1 ŕřĺćěďěŋż ć šăąń. 1 ćňěśšě ś şłăğăŋĺěň ŕőř£ďłă řăğŋőśšŋőčő şřăćŋěŋĺ£ ĺ śšěŕěŋĺ, ă šăłęě łő¡ťťĺűĺěŋšă ŕřĺ čńăćŋőň ůńěŋě ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ρ_{n+1}.

Š ă ą ń ĺ ű ă 2

Ŕřĺňěřż łőŋěůŋő-řăğŋőśšŋżţ ťőřňşń ć řăğŋőśšŋőľ ťőřňě

y_{n+1+l} − y_{n−j} = h ( C_0f_{n+1} + C_1

▽f_{n+1} 2 + C_2^{▽2} f_{n+1} 12 + C_3^{▽3} f_{n+1} 24 +

+ C_4^{▽4} f_{n+1} 720 + C_5^{▽5} f_{n+1} 1440

+ C_6^{▽6} f_{n+1} 60480

+ C_7^{▽7} f_{n+1} 120960 )

Â y_{n+1+l} − y_{n−j} C_0 C_1 Ś_2 C_3 C_4 C_5 C_6 C_7

Ŋě£ćŋżě ňěšőďż (l = 0)

1 y_{n+1} − yn 1 -1 -1 -1 -19 -27 -863 -1375

2 y_{n+1} − y_{n−1} 2 -4 4 0 -8 -16 -592 -1024

3 y_{n+1} − y_{n−2} 3 -9 27 -9 -27 -27 -783 -1215

4 y_{n+1} − y_{n−3} 4 -16 80 -64 224 0 -512 -1024

5 y_{n+1} − y_{n−4} 5 -25 175 -225 2125 -475 -1375 -1375

§ćŋżě ňěšőďż (l = 1)

6 y_{n+2} − y_{n+1} 1 1 5 9 251 475 19087 36799

7 y_{n+2} − yn 2 0 4 8 232 448 18224 35424

6. Őśőąěŋŋőśšĺ ŕőćěďěŋĺ£ ňŋőčőÿăčőćżţ ňěšőďőć ŋă ąőńĳÿĺţ ĺŋšěřćăńăţ ĺŋšěčřĺřőćăŋĺ£. Ďń£ ťőřňşń Ăďăňśă (40), (41) ţăřăłšěřĺśšĺůěśłőě şřăćŋěŋĺě (37)

z^n+1 − z^n = 0

ĺňěěš ěďĺŋśšćěŋŋżľ łőřěŋĳ z_1 = 1, ă őśšăńĳŋżě łőřŋĺ řăćŋż ŋşń¿. Ŕő¡šőňş ťőřňşńż Ăďăňśă £ćń£¿šś£ śĺńĳŋő şśšőľůĺćżňĺ. Őŋĺ ĺňě¿š ňăłśĺňăńĳŋş¿ śšěŕěŋĳ śřěďĺ šěţ ťőřňşń, ş łőšőřżţ ćśě ŕőśšőřőŋŋĺě łőřŋĺ řăćŋż ŋşń¿.

Ďń£ ťőřňşń Ŋĺśšř-ěňă (55) ĺ Ňĺńŋă (58), (60), (77) ţăřăłšěřĺśšĺůěśłőě şřăćŋěŋĺě (37)

z^n+1 − z^{n−j} = 0 (j > 1), ĺńĺ z^{n−j} (z^j+1 − 1) = 0, ĺňěěš ŕőňĺňő čńăćŋőčő łőřŋ£ z_1 = 1 ěź-ě ĺ ŕőśšőřőŋŋĺě łőřŋĺ, ŕő ňőďşń¿ řăćŋżě ěďĺŋĺűě. Ŕő¡šőňş ťőřňşńż Ŋĺśšř-ěňă ĺ Ňĺńŋă £ćń£¿šś£ śńăąő şśšőľůĺćżňĺ.

Ŕřĺňěŋĺň őďŋş ĺğ šăłĺţ śńăąő şśšőľůĺćżţ ťőřňşń

y_n − y_{n−}2 = 2hf_{n−}1 (80)

ł řěÿěŋĺ¿ ğăďăůĺ Łőÿĺ { y^′(x) = λy + a, λ < 0, a = const, y(0) = g0.

(81)

Şřăćŋěŋĺě (81) ăśĺňŕšőšĺůěśłĺ şśšőľůĺćő ĺ ćś£łőě ěčő řěÿěŋĺě y(x) = − a λ + Ce^{–x} = − a λ + ( y(0) + a λ ) e^{–x} (82)

śšřěňĺšś£ ł ŕőśšő£ŋŋőňş řěÿěŋĺ¿ y = − a λ ŕřĺ x →∝. Ć ďăŋŋőň śńşůăě řăğŋőśšŋőě şřăćŋěŋĺě (80) ŕřĺőąřěšăěš ćĺď

y_n − y_{n−}2 = 2h(λy_{n−}1 + a), ĺńĺ y_n − 2hλy_{n−}1 − y_{n−}2 − 2ah = 0. (83) Ć łăůěśšćě ŋăůăńĳŋżţ şśńőćĺľ (4) ďń£ (83) ćőğĳňěň ğŋăůěŋĺ£ šőůŋőčő řěÿěŋĺ£ (82)

y0 = g0, y1 = y(h). (84)

Őąźěě řěÿěŋĺě (83) ňőęŋő ćżřăğĺšĳ ůěřěğ łőřŋĺ z_1 ĺ z_2 ţăřăłšěřĺśšĺůěśłőčő şřăćŋěŋĺ£

z2 − 2hλz − 1 = 0, (85)

ă ĺňěŋŋő y_n = C1z^n1 + C2z^n2 − a λ , čďě z1 = hλ + √ h2λ2 + 1 = 1 + hλ + h2λ2 2 + O(h^4) = e^{h–} + O(h^3), z2 = hλ − √ h2λ2 + 1 = hλ − 1 − h2λ2 2 + O(h^4) = = − ( 1 − hλ + h2λ2 2 ) + O(h^4) = −e^{−h–} + O(h^3),

(86)

0 < z_1 < 1, 1 < |z_2|.

Őŕřěďěńĺň ŕőśšő£ŋŋżě C_1 ĺ C_2 ĺğ ŋăůăńĳŋżţ şśńőćĺľ (84):

C1 = y1 + a λ − ( a λ + y_0 ) z2 z1 − z2 = y1 + a λ − ( a λ + y_0 ) z2 2 √ h2λ2 + 1 ,

C2 = a λ + y_0 − y1 + a λ − ( a λ + y_0 ) z2 2 √ h2λ2 + 1 . Ďń£ řěÿěŋĺ£ řăğŋőśšŋőľ ğăďăůĺ (83), (84) ŕőńşůăěň ŕřěďśšăćńěŋĺě

y_n = C1 ( hλ + √ h2λ2 + 1 )n + C_2 ( hλ − √ h2λ2 + 1 )n − a λ . (87)

Ŕăřăňěšřż a ĺ λ ćśěčďă ňőęŋő ćżąřăšĳ šăł, ůšőąż C_2 ≠ 0. Ŕřĺ ŕřőĺğćőńĳŋőň ťĺłśĺřőćăŋŋőň h ś řőśšőň n řěÿěŋĺě y_n śšřěňĺšś£ ł ąěśłőŋěůŋőśšĺ ĺğ-ğă ¡łśŕőŋěŋűĺăńĳŋőčő řőśšă ćšőřőľ śőśšăćń£¿źěľ: C2 ( hλ − √ h2λ2 + 1 )n = C_2(−1)^n(e^{−h–} + O(h^3))^n = C_2(−1)^n ( e^{−h–}+^O(^{h3} ) )n = = C_2(−1)^ne^{−–xn+O(xnh2)} = C_2(−1)^ne^{−–xn(1+O(h2))} −→_{n→∞} ∞.

(88)

Šăłĺň őąřăğőň ś řőśšőň n řěğłő ćőğřăśšăěš őšłńőŋěŋĺě ůĺśńěŋŋőčő řěÿěŋĺ£ (87) őš šőůŋőčő řěÿěŋĺ£ (82) ğăďăůĺ (81).

Řăśśňőšřĺň ąőńěě ŕőďřőąŋő ŕřĺůĺŋş šăłőčő ŕőćěďěŋĺ£ ůĺśńěŋŋőčő řěÿěŋĺ£ řăğŋőśšŋőľ ğăďăůĺ (83), (84). Ŕěřćă£ śőśšăćń£¿źă£ (87) C1 ( hλ + √ h2λ2 + 1 )n = C_1 ( e^{h–} + O(h3) )n = C_1 ( e^{h–}+^O(^{h3}) )n = = C_1e^{–xn+O(xnh2)} = C_1e^{–xn(1+O(h2))}.

(89)

śšřěňĺšś£ ł ŋşń¿ ŕřĺ n →∝ ĺ ăŕŕřőłśĺňĺřşěš śńăčăěňőě ( y(0) + a λ ) e^{–x}

ć (82), łőšőřőě £ćń£ěšś£ ťşŋďăňěŋšăńĳŋżň řěÿěŋĺěň ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (81). Ŕőśšő£ŋŋă£ śőśšăćń£¿źă£ ć (87) śőćŕăďăěš ś ŕőśšő£ŋŋőľ śőśšăćń£¿źěľ šőůŋőčő řěÿěŋĺ£ (82). Ňőęŋő śłăğăšĳ, ůšő ćšőřă£ śőśšăćń£¿źă£ C_2z^n_2 , śőőšćěšśšćş¿źă£ ćšőřőňş łőřŋ¿ ţăřăłšěřĺśšĺůěśłőčő şřăćŋěŋĺ£ (85), ŋőśĺš ŕăřăğĺšĺůěśłĺľ ţăřăłšěř. Ěě ćńĺ£ŋĺě ś řőśšőň n ążśšřő ćőğřăśšăěš ĺ ŕřĺćőďĺš łăšăśšřőťĺůěśłőňş ĺśłăęěŋĺ¿ řěğşńĳšăšă.

Ĺğ ćśěčő śłăğăŋŋőčő śńěďşěš, ůšő ŕřĺňěŋěŋĺě śńăąő şśšőľůĺćżţ ťőřňşń šřěąşěš őśšőřőęŋőśšĺ ŕřĺ ĺŋšěčřĺřőćăŋĺĺ ŋă ąőńĳÿĺţ ĺŋšěřćăńăţ [x_0, x_0 + X].

Ŕřĺ h → 0 łőřěŋĳ z_2 → −1, őśšăćă£śĳ ŕő ňőďşń¿ ąőńĳÿě ěďĺŋĺűż (86). Ćěřŋěňś£ ł őąźěňş şřăćŋěŋĺ¿ (2). Ěśńĺ ćśě ŕőśšőřőŋŋĺě łőřŋĺ ţăřăłšěřĺśšĺůěśłőčő ňŋőčőůńěŋă (5) ŕő ňőďşń¿ ňěŋĳÿě ěďĺŋĺűż, šő ŕřĺ ďőśšăšőůŋő ňăńőň h łőřŋĺ şřăćŋěŋĺ£ k∑ i=0 (α_i − λhβ_i)z^i = 0 (90)

ąńĺğłĺ ł łőřŋ£ň ţăřăłšěřĺśšĺůěśłőčő şřăćŋěŋĺ£ (37) ĺ ćśě, łřőňě őďŋőčő (łőšőřżľ śšřěňĺšś£ ł čńăćŋőňş łőřŋ¿), ŕő ňőďşń¿ ňěŋĳÿě ŋěłőšőřőčő ůĺśńă, śšřőčő ňěŋĳÿěčő ěďĺŋĺűż. Ťşŋďăňěŋšăńĳŋżě řěÿěŋĺ£ řăğŋőśšŋőčő şřăćŋěŋĺ£ k∑ i=0 (α_i − λhβ_i)y_{n+i} = ha k∑ i=0 β_i, (91) śőőšćěšśšćş¿źĺě ¡šĺň łőřŋ£ň şřăćŋěŋĺ£ (90), śšřěň£šś£ ł ŋşń¿ ŕřĺ n → ∞, ĺ ćńĺ£ŋĺě ŕăřăğĺšĺůěśłĺţ śőśšăćń£¿źĺţ şążćăěš.

Ŋăŕřĺňěř, ďń£ £ćŋőčő ňěšőďă Ăďăňśa řăğŋőśšŋőě şřăćŋěŋĺě (53) ďń£ řěÿěŋĺ£ ğăďăůĺ (81) ğăŕĺśżćăěšś£ ć ćĺďě

y_n+1 = y_n + h k∑ i=0 γ_i ▽^i (λy_n + a). (92)

Ğăňěŋ££ řăğŋőśšĺ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£ (57), ŕőńşůăěň

y_n+1 = y_n + hλ k∑ i=0 γ_i ( i ∑ l=0 (−1)^lC^l_iy_{n−l} ) + γ_0ah. (93)

Ţăřăłšěřĺśšĺůěśłőě şřăćŋěŋĺě ďń£ řăğŋőśšŋőčő şřăćŋěŋĺ£ (93) ĺňěěš ćĺď

ρ(z) = z^k+1 − z^k − hλ k∑ i=0 γ_i ( i ∑ l=0 (−1)^lC^l_iz^{k−l} ) =

= z^{k+1} − z^k − hλ k∑ i=0 γ_i ( i ∑ l=0 (−1)^lC^l_iz^{i−l} ) z^{k−i} = 0, ĺńĺ ρ(z) = z^k+1 − z^k − hλ k∑ i=0 γ_i(z − 1)^iz^{k−i} = 0.

Ŕřĺ ąőńĳÿĺţ ŕő ňőďşń¿ őšřĺűăšěńĳŋżţ z ňŋőčőůńěŋ ρ(z) ĺňěěš ğŋăł (−1)^{k+1}.

ρ(−1) = (−1)^k+1 − (−1)^k − hλ k∑ i=0 γ_i(−2)^i(−1)^{k−i} = (−1)^k+1 ( 2 + hλ k∑ i=0 γ_i2^i ) .

Ěśńĺ 2 + hλ k∑ i=0 γ_i2^i < 0, šő ρ(−1) ĺňěěš ğŋăł (−1)^k. Śńěďőćăšěńĳŋő, ţăřăłšěřĺśšĺůěśłĺľ ňŋő-

čőůńěŋ ρ(z) ĺňěěš őšřĺűăšěńĳŋżľ łőřěŋĳ, ŕő ňőďşń¿ ą«őńĳÿĺľ ěďĺŋĺűż, ĺ śřěďĺ ťşŋďăňěŋšăńĳŋżţ řěÿěŋĺľ şřăćŋěŋĺ£ (93) ĺňěěšś£ ŋěőčřăŋĺůěŋŋő řăśšşźěě ŕő ăąśőń¿šŋőľ ćěńĺůĺŋě řěÿěŋĺě ŕřĺ n →∝. İšő ŕřĺćěďěš ł ćőğřăśšăŋĺ¿ ćńĺ£ŋĺ£ ŕăřăğĺšĺůěśłĺţ śőśšăćń£¿źĺţ ć ŕőńşůăěňőň ś ŕőňőźĳ¿ (92) ůĺśńěŋŋőň řěÿěŋĺĺ ăśĺňŕšőšĺůěśłĺ şśšőľůĺćőčő ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (81). Ŕő¡šőňş şśńőćĺě 2 + hλ k∑ i=0 γ_i2^i > 0 (94)

£ćń£ěšś£ ŋěőąţőďĺňżň ďń£ ŕőńşůěŋĺ£ ŕřĺěňńěňżţ řěğşńĳšăšőć.

Ğăňěšĺň, ůšő ś şćěńĺůěŋĺěň ŕőř£ďłă k + 1 ăŕŕřőłśĺňăűĺĺ şśńőćĺě (94) ďń£ ćěńĺůĺŋż ÿăčă ĺŋšěčřĺřőćăŋĺ£ h śšăŋőćĺšś£ ćśě ąőńěě ęěśšłĺň, šăł łăł ś şćěńĺůěŋĺěň k řăśšěš ćěńĺůĺŋă k∑ i=0 γ_i2^i ĺ őąńăśšĳ ğŋăůěŋĺľ h, ďń£ łőšőřżţ ćżŕőńŋ£ěšś£ şśńőćĺě (94), şňěŋĳÿăěšś£.

Ć ůăśšŋőśšĺ, ďń£ ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ ś ąőńĳÿĺň ŕő ňőďşń¿ őšřĺűăšěńĳŋżň λ şśńőćĺě (94) ňőęěš ŕřĺćőďĺšĳ ł śšőńĳ ňăńőľ ćěńĺůĺŋě ÿăčă ĺŋšěčřĺřőćăŋĺ£, ůšő ťőřňşńă (53) őłăğżćăěšś£ ŕřăłšĺůěśłĺ ŋěŕřĺčőďŋőľ. Ďń£ řěÿěŋĺ£ šăłĺţ şřăćŋěŋĺľ ŋěőąţőďĺňő ĺśŕőńĳğőćăšĳ śŕěűĺăńĳŋżě ňěšőďż.

7. Řěăńĺğăűĺ£ ŋě£ćŋżţ řăğŋőśšŋżţ śţěň. Řăśśňőšřĺň ŋăţőęďěŋĺě ůĺśńěŋŋőčő řěÿě-

ŋĺ£ ğăďăůĺ (1.1), (1.2) ś ŕőňőźĳ¿ ŋě£ćŋżţ ňŋőčőÿăčőćżţ ňěšőďőć. Őšżśłăŋĺě řěÿěŋĺ£ řăğŋőśšŋőčő şřăćŋěŋĺ£ śćőďĺšś£ ł řěÿěŋĺ¿ ăńčěąřăĺůěśłőčő ĺńĺ šřăŋśűěŋďěŋšŋőčő şřăćŋěŋĺ£. Ůăśšő

¡šő şřăćŋěŋĺě řěÿăěšś£ ňěšőďőň ĺšěřăűĺľ. Őąřăšĺňś£ ł őąźěľ řăğŋőśšŋőľ ťőřňşńě (18). Őąőğŋăůĺň y^{(0)}_{n+k} ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě ł ĺśłőňőňş řěÿěŋĺ¿ y_{n+k}. Šőčďă ĺšěřăűĺőŋŋżľ ŕřőűěśś ćżůĺśńěŋĺ£ y_{n+k} ňőęěš ążšĳ ŕřěďśšăćńěŋ ć ćĺďě

y(+1) n+k = hβ_kf(x_{n+k}, y^{()}_{n+k}) − k−1∑ i=0 (α_iy_{n+i} − hβ_if(x_{n+i}, y_{n+i})), ν = 0, 1, 2, . . . , (95) ĺńĺ y(+1) n+k = y^{()}_{n+k} + hβ_k(f(x_{n+k}, y^{()}_{n+k}) − f(x_{n+k}, y^{(−1)}_{n+k} )), ν = 1, 2, . . . . (96) Ĺšěřăűĺőŋŋżľ ŕřőűěśś (95), (96) śţőďĺšś£ ł řěÿěŋĺ¿ y_{n+k} şřăćŋěŋĺ£ (18), ěśńĺ hL|β_k| < 1, (97) čďě L { łőŋśšăŋšă Ńĺŕÿĺűă ťşŋłűĺĺ f(x, y) (śň. (1.39) ĺ (1.107)).

Őąśşďĺň ćőŕřőś ő ćżąőřě ŋăůăńĳŋőčő ŕřĺąńĺęěŋĺ£ ďń£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă (95) ĺ ő łőńĺůěśšćě ćżŕőńŋ£ěňżţ ĺšěřăűĺľ. Ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě y^{(0)}_{n+k} ňőęěš ążšĳ ćżąřăŋő řăğńĺůŋżňĺ śŕőśőąăňĺ. Ŋăŕřĺňěř, ňőęŋő ŕőńőęĺšĳ y^{(0)}_{n+k} = y_{n+k−1}. Ć łăůěśšćě ŋăůăńĳŋőčő ŕřĺąńĺęěŋĺ£ ňőęŋő ćğ£šĳ ğŋăůěŋĺě, ŕőńşůěŋŋőě ŕő £ćŋőľ řăğŋőśšŋőľ ťőřňşńě. Ć šăłőň śńşůăě £ćŋă£ ťőřňşńă ŋăğżćăěšś£ ŕřěďśłăğżćă¿źěľ (ĺńĺ ŕřěďĺłšőřőň), ŋě£ćŋă£ ťőřňşńă | ĺśŕřăćń£¿źěľ (ĺńĺ łőřřěłšőřőň), ă ćěśĳ łőňąĺŋĺřőćăŋŋżľ ŕřőűěśś ŋăğżćăěšś£ ŕřěďśłăğżćă¿źě-ĺśŕřăćń£¿źĺň ňěšőďőň, ĺńĺ ňěšőďőň ŕřőčŋőğă ĺ łőřřěłűĺĺ (ĺńĺ ňěšőďőň ŕřěďĺłšőř-łőřřěłšőř).

Łőńĺůěśšćő ĺšěřăűĺľ ν, łőšőřőě ŋěőąţőďĺňő ćżŕőńŋĺšĳ, ğăćĺśĺš őš ćěńĺůĺŋż ÿăčă ĺŋšěčřĺřőćăŋĺ£, śšěŕěŋěľ £ćŋőľ ĺ ŋě£ćŋőľ ťőřňşń ĺ šřěąşěňőľ šőůŋőśšĺ řěÿěŋĺ£ ŋě£ćŋőčő şřăćŋěŋĺ£. Ěśńĺ śšěŕěŋĳ ŕřěďśłăğżćă¿źěľ ťőřňşńż ňěŋĳÿě śšěŕěŋĺ ĺśŕřăćń£¿źěľ ťőřňşńż, šő łăęďă£ ćŋőćĳ ćżŕőńŋ£ěňă£ ĺšěřăűĺ£ (95) ĺńĺ (96) şćěńĺůĺćăěš ŕőř£ďőł šőůŋőśšĺ őůěřěďŋőčő ŕřĺąńĺęěŋĺ£ ŋă ěďĺŋĺűş ďő šěţ ŕőř, ŕőłă ŋě ąşďěš ďőśšĺčŋşš ŕőř£ďőł ĺśŕřăćń£¿źěľ ťőřňşńż. Ďń£ šőčő ůšőąż šőůŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ y^{()}_{n+k} őŕřěďěń£ńăśĳ śšěŕěŋĳ¿ ŋě£ćŋőľ ťőřňşńż, ůĺśńő ĺšěřăűĺľ ďőńęŋő ążšĳ ŋě ňěŋĳÿě řăğŋőśšĺ śšěŕěŋěľ ŋě£ćŋőľ ĺ £ćŋőľ ťőřňşń.

Ěśńĺ P őąőğŋăůĺšĳ ćżůĺśńěŋĺě ś ŕőňőźĳ¿ ŕřěďśłăğżćă¿źěľ ťőřňşńż ŋăůăńĳŋőčő ŕřĺąńĺęěŋĺ£ y^{(0)}_{n+k} , E | ćżůĺśńěŋĺě ğŋăůěŋĺ£ ŕřăćőľ ůăśšĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) f (0)_n+_k = f(x_n+_k, y(0)_n+_k), ă C | şšőůŋěŋĺě ŕőńşůěŋŋőčő ŕřĺąńĺęěŋĺ£ y(0)_n+_k ś ŕőňőźĳ¿ ĺśŕřăćń£¿- źěľ ťőřňşńż, šő ňěšőďż ŕřőčŋőğă ĺ łőřřěłűĺĺ ňőęŋő ŕřěďśšăćĺšĳ ć śĺňćőńĺůěśłőň ćĺďě P EC, ěśńĺ ĺśŕřăćń£¿źă£ ťőřňşńă ŕřĺňěŋ£ěšś£ őďĺŋ řăğ, ĺńĺ P (EC), ěśńĺ ĺśŕřăćń£¿źă£ ťőřňşńă ŕřĺňěŋ£ěšś£ ąőńěě őďŋőčő řăğă. Ěśńĺ ŕőńşůěŋŋőě ŕőśńě ν ĺšěřăűĺľ ŕřĺąńĺęěŋĺě y^{()}_{n+k} ł řěÿěŋĺ¿ y_{n+k} ĺśŕőńĳğőćăšĳ ďń£ ćżůĺśńěŋĺ£ ğŋăůěŋĺ£ ŕřăćőľ ůăśšĺ f_{n+k} = f^{()}_{n+k} = f(x_{n+k}, y^{()}_{n+k}) ŕřĺ őšżśłăŋĺĺ řěÿěŋĺ£ ć śńěďş¿źěň şğńě x_{n+k+1}, šő ňěšőďż ŕřőčŋőğă ĺ łőřřěłűĺĺ ŕřĺŋĺňă¿š śńěďş¿źĺľ ćĺď: P ECE ĺńĺ P (EC)E.

Řăśśňőšřĺň ĺŋšěřŕőń£űĺőŋŋżľ ňěšőď Ăďăňśă ć őřďĺŋăšŋőľ ťőřňě (40). Őąőğŋăůĺň y^{(0)}_{n+1} ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě ł ĺśłőňőňş ğŋăůěŋĺ¿ řěÿěŋĺ£ y_{n+1} ĺ őŕřěďěńĺň ŕěřćőě ŕřĺąńĺęěŋĺě ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£

y(+1) n+1 = y_n + hb_0f(x_{n+1}, y^{()}_{n+1}) + h k∑ i=1 b_if(x_n+1_{−i}, y_n+1_{−i}),

ĺńĺ ć śĺńş (76) y(+1) n+1 = hγ_kf(x_{n+1}, y^{()}_{n+1}) + g(h, y_n, f_n, f_{n−1}, . . ., f_{n+1−k}). (98) Ğďěśĳ g | ĺğćěśšŋă£ ťşŋłűĺ£ śćőĺţ ăřčşňěŋšőć, ν = 0, 1, 2, . . . . Ĺšěřăűĺĺ ŕőćšőř£¿šś£ ďő šěţ ŕőř, ŕőłă ć ŕřěďěńăţ ğăďăŋŋőľ šőůŋőśšĺ ŋě şśšăŋőć£šś£ ŕřĺąńĺęěŋĺ£ ł řěÿěŋĺ¿. Ĺšěřăűĺőŋŋżľ ŕřőűěśś (98) śţőďĺšś£ ł řěÿěŋĺ¿ y_{n+1} şřăćŋěŋĺ£ (40), ěśńĺ hL < 1 γ_k

. (99)

Ĺğ (98) śńěďşěš, ůšő y(+1) n+1 = y^{()}_{n+1} + hγ_k(f(x_{n+1}, y^{()}_{n+1}) − f(x_{n+1}, y^{(−1)}_{n+1} )). (100) Ěśńĺ ĺŋšěřŕőń£űĺőŋŋżľ ňěšőď Ăďăňśă ĺśŕőńĳğőćăšĳ ć řăğŋőśšŋőľ ťőřňě (70), šő ĺšěřăűĺőŋŋżľ ŕřőűěśś śšřőĺšś£ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺ£

y(+1) n+1 = y_n + h k∑ i=0 γ_i ▽^i f ()_n+1, (101)

čďě ▽^if^{()}_{n+1} = ▽^if(x_{n+1}, y^{()}_{n+1}). Łăł ĺ ć śńşůăě (98) ĺńĺ (100), ďń£ ŋăůăńă ĺšěřăűĺőŋŋőčő ŕřőűěśśă (101) šřěąşěšś£ ğŋăšĳ ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě y^{(0)}_{n+1} ďń£ y_{n+1}. Őďŋăłő ĺšěřăűĺőŋŋżľ ŕřőűěśś ňőęŋő ŋăůăšĳ, ěśńĺ ćżąřăšĳ ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě ▽^kf^{(0)}_{n+1} ďń£ ▽^kf_{n+1}. Ŋăŕřĺňěř, ňőęŋő ŕőńőęĺšĳ ▽^kf (0)_n+1 = ▽^kf_n (102) ĺ ŕő ťőřňşńăň śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ▽^{i−}1f_n+1 = ▽^if_n+1 + ▽^{i−}1f_n, i = k, k − 1, . . . , 1, (103) ćżůĺśńĺšĳ ćśě řăğŋőśšĺ, ćţőď£źĺě ć (101): ▽^{k−}1f (0)_n+1, ▽^{k−}2f (0)_n+1, . . . , ▽f (0)_n+1, f (0)_n+1.

Ğăšěň ŕřĺ ŕőňőźĺ (101) ŕřĺ ν = 0 ŋăţőďĺň

y(1)_n+1 = y_n + h k∑ i=0 γ_i ▽^i f (0)_n+1.

Őŕřěďěń£ěň ŕřăćş¿ ůăśšĳ f^{(1)}_{n+1} = f(x_{n+1}, y^{(1)}_{n+1}) ĺ ěě łőŋěůŋżě řăğŋőśšĺ ▽f (1)_n+1, ▽2f (1)_n+1, . . . , ▽^{k−}1f (1)_n+1, ▽^kf (1)_n+1 ŕő ťőřňşńăň śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ▽^if_n+1 = ▽^{i−}1f_n+1 − ▽^{i−}1f_n, i = 1, 2, . . . , k. (104) Ďăńěě ŕřĺ ŕőňőźĺ (101) ŕřĺ ν = 1 ŕőńşůăěň y^{(2)}_{n+1}. Ĺšěřăűĺőŋŋżľ ŕřőűěśś ŕőćšőř£ěň ďő šěţ ŕőř, ŕőłă ć ŕřěďěńăţ ğăďăŋŋőľ šőůŋőśšĺ ŋě şśšăŋőć£šś£ ŕřĺąńĺęěŋĺ£ y^{()}_{n+1}.

Ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě ▽^kf^{(0)}_{n+1} ňőęŋő ŕőńşůĺšĳ ¡łśšřăŕőń£űĺěľ ŕő ŋěśłőńĳłĺň ŕřěďżďşźĺň ğŋăůěŋĺ£ň ▽^kf_n, ▽^kf_{n−1}, . . . .

Ťőřňşńş (101) ňőęŋő ŕřěőąřăğőćăšĳ ł ďřşčőňş ćĺďş. Ďń£ ¡šőčő ćőśŕőńĳğşěňś£ ťőřňşńăňĺ (104) śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ĺ śćőľśšćăňĺ (73), (74) ďń£ łő¡ťťĺűĺěŋšőć γ_i ĺ γ_i ťőřňşń Ăďăňśă (53), (70). Řăśśňőšřĺň śşňňş ć (70): k∑ i=0 γ_i ▽^i f_n+1 = k∑ i=0 γ_i ( f_n+1 − i−1∑ j=0 ▽^jf_n ) = f_{n+1} k∑ i=0 γ_i − k−1∑ i=0 ▽^if_n k∑ j=i+1

γ_j =

= γ_kf_{n+1} − k−1∑ i=0 (γ_k − γ_i) ▽^i f_n = γ_kf_{n+1} + k∑ i=0 γ_i ▽^i f_n − γ_k k∑ i=0 ▽^if_n.

Ŕőďśšăćń££ ŕőńşůěŋŋőě ćżřăęěŋĺě ć (70), ĺňěěň

y_n+1 = y_n + h k∑ i=0 γ_i ▽^i f_n − hγ_k k∑ i=0 ▽^if_n + hγ_kf_n+1. (105)

Őąőğŋăůă£ P_{n+1} ŕřĺąńĺęěŋĺě ł y_{n+1}, ŕőńşůěŋŋőě ŕő £ćŋőľ ťőřňşńě Ăďăňśă (53),

P_n+1 = y_n + h k∑ i=0 γ_i ▽^i f_n,

ťőřňşńş (105) ňőęŋő ŕřěďśšăćĺšĳ šăł:

y_n+1 = P_n+1 − hγ_k k∑ i=0 ▽^if_n + hγ_kf_n+1. (106)

Šőčďă ĺšěřăűĺőŋŋżľ ŕřőűěśś ŕřĺŋĺňăěš ćĺď

y(+1) n+1 = P_{n+1} − hγ_k k∑ i=0 ▽^if_n + hγ_kf(x_n+1, y()_n+1). (107)

Ěśšěśšćěŋŋő ŕřĺŋ£šĳ P_{n+1} ć łăůěśšćě ŋăůăńĳŋőčő ŕřĺąńĺęěŋĺ£ y^{(0)}_{n+1} ďń£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă (107). Šőčďă ŕőńşůăěšś£ ŕřěďśłăğżćă¿źě-ĺśŕřăćń£¿źĺľ ňěšőď. Ťőřňşńă (107) ąőńěě şďőąŋă ďń£ śůěšă ŕő śřăćŋěŋĺ¿ śő (101), šăł łăł ğďěśĳ ŋě šřěąşěšś£ ŕěřěśůĺšżćăšĳ łőŋěůŋżě řăğŋőśšĺ ŋă łăęďőľ ĺšěřăűĺĺ. Łőŋěůŋżě řăğŋőśšĺ ▽^if_{n+1} ćżůĺśń£¿šś£ šőńĳłő őďĺŋ řăğ ŕőśńě őłőŋůăŋĺ£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă.

Ğăňěšĺň, ůšő ťőřňşńă (100) ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ ŕřőćěďěŋĺ£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă ć ń¿ąőň śńşůăě ŋěğăćĺśĺňő őš šőčő, ć łăłőľ ťőřňě ĺśŕőńĳğşěšś£ ťőřňşńă Ăďăňśă: ć őřďĺŋăšŋőľ ťőřňě (40) ĺńĺ řăğŋőśšŋőľ ťőřňě (70).

Ŕřĺćěďěň ňěšőď ŕřőčŋőğă ĺ łőřřěłűĺĺ, őśŋőćăŋŋżľ ŋă ťőřňşńăţ Ňĺńŋă. Ďń£ ŋě£ćŋőľ ťőřňşńż ůěšćěřšőčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ y_n+1 = y_{n−}1 + h 3 (f_{n+1} + 4f_n + f_{n−1}) (108) śőőšćěšśšćş¿źĺľ ĺšěřăűĺőŋŋżľ ŕřőűěśś ĺňěěš ćĺď y(+1) n+1 = y_{n−1} + h 3 (f^{()}_{n+1} + 4f_n + f_{n−1}), ν = 0, 1, . . . . (109) Ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě y^{(0)}_{n+1} ďń£ y_{n+1} ćżůĺśń£ěšś£ ŕő £ćŋőľ ťőřňşńě (58), šőęě ĺňě¿źěľ ůěšćěřšżľ ŕőř£ďőł ăŕŕřőłśĺňăűĺĺ: y(0)_n+1 = y_{n−}3 + 4h 3 (2f_n − f_{n−1} + 2f_{n−2}). (110) Ďń£ ŋě£ćŋőľ ťőřňşńż ÿěśšőčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ y_n+1 = y_{n−}3 + 4h 90 (7f_{n+1} + 32f_n + 12f_{n−1} + 32f_{n−2} + 7f_{n−3}) (111) śőőšćěšśšćş¿źĺľ ĺšěřăűĺőŋŋżľ ŕřőűěśś ĺňěěš ćĺď

y(+1) n+1 = y_{n−3} + 4h 90 (7f^{()}_{n+1} + 32f_n + 12f_{n−1} + 32f_{n−2} + 7f_{n−3}), ν = 0, 1, . . . , (112) ĺńĺ y(+1) n+1 = 14 45 hf(x_n+1, y()_n+1) + y_{n−}3 + 4h 90 (32f_n + 12f_{n−1} + 32f_{n−2} + 7f_{n−3}), ν = 0, 1, . . . . (112^′) Ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě y^{(0)}_{n+1} ďń£ y_{n+1} ćżůĺśń£ěšś£ ŕő £ćŋőľ ťőřňşńě (60), šőęě ĺňě¿źěľ ÿěśšőľ ŕőř£ďőł ăŕŕřőłśĺňăűĺĺ: y(0)_n+1 = y_{n−}5 + 3h 10 (11f_n − 14f_{n−1} + 26f_{n−2} − 14f_{n−3} + 11f_{n−4}). (113)

Ňěšőď ŕřőčŋőğă ĺ łőřřěłűĺĺ, őśŋőćăŋŋżľ ŋă (109), (110) ĺ (112), (113), ŋăğżćăěšś£ ňěšőďőň Ňĺńŋă.

Ěśńĺ ŋě£ćŋă£ ťőřňşńă Ňĺńŋă ĺśŕőńĳğşěšś£ ć řăğŋőśšŋőľ ťőřňě, ŋăŕřĺňěř

y_n+1 = y_{n−}1 + h ( 2f_n + 1 3 ▽2 f_n+1 − 1 90 (▽^4f_{n+1} + ▽^5f_{n+1}) ) , (114)

šő śőőšćěšśšćş¿źĺľ ĺšěřăűĺőŋŋżľ ŕřőűěśś ĺňěěš ćĺď

y(+1) n+1 = y_{n−1} + h ( 2f_n + 1 3 ▽2 f ()_n+1 − 1 90 (▽^4f^{()}_{n+1} + ▽^5f^{()}_{n+1}) ) , ν = 0, 1, . . . . (115)

Ĺšěřăűĺőŋŋżľ ŕřőűěśś ňőęěš ążšĳ ŋăůăš, ěśńĺ ćżąřăšĳ ŋăůăńĳŋőě ŕřĺąńĺęěŋĺě ▽^5f^{(0)}_{n+1} ďń£ ▽^5f_{n+1}. Ďń£ ¡šőčő ňőęŋő ŕőńőęĺšĳ

▽5f (0)_n+1 = ▽5f_n,

čďě ▽^5f_n | ĺğćěśšŋă£ ćěńĺůĺŋă, ĺ ŕő ťőřňşńăň (103) śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ćżůĺśńĺšĳ řăğŋőśšĺ ▽4f (0)_n+1, ▽3f (0)_n+1, ▽2f (0)_n+1.

Ğăšěň ŕřĺ ŕőňőźĺ (115) ŕřĺ ν = 0 ŋăţőďĺšś£ y^{(1)}_{n+1}. Őŕřěďěń£ěšś£ ŕřăćă£ ůăśšĳ

f (1)_n+1 = f(x_n+1, y(1)_n+1)

ĺ ěě łőŋěůŋżě řăğŋőśšĺ ▽f (1)_n+1, ▽2f (1)_n+1, . . . , ▽5f (1)_n+1.

Ďăńěě ŕő ťőřňşńě (115) ŕřĺ ν = 1 ŕőńşůăěň y^{(2)}_{n+1}. Ĺšěřăűĺőŋŋżľ ŕřőűěśś ŕőćšőř£ěšś£ ďő šěţ ŕőř, ŕőłă ŋě śőćŕăďşš ś ğăďăŋŋőľ šőůŋőśšĳ¿ őůěřěďŋżě ŕřĺąńĺęěŋĺ£ ł řěÿěŋĺ¿.

8. Ŕőśšřőěŋĺě ŋăůăńĳŋżţ ğŋăůěŋĺľ. Řăğŋőśšŋă£ ťőřňşńă (2), ŕřěďŋăğŋăůěŋŋă£ ďń£

ŋăţőęďěŋĺ£ řěÿěŋĺ£ y_{n+k} ć šőůłě x_{n+k}, śőďěřęĺš ğŋăůěŋĺ£ řěÿěŋĺ£ y_n, y_{n+1}, . . . , y_{n+k−1} ć ŕřěďżďşźĺţ şğńăţ x_n, x_{n+1}, . . . , x_{n+k−1} ĺ śőőšćěšśšćş¿źĺě ğŋăůěŋĺ£ ŕřăćőľ ůăśšĺ f(x_n, y_n), f(x_n+1, y_n+1), . . . , f(x_n+_{k−}1, y_n+_{k−}1). Ŕřěďŕőńăčăěšś£, ůšő şłăğăŋŋżě ćěńĺůĺŋż ğăřăŋěě ĺğćěśšŋż. Śőćłşŕŋőśšĳ ¡šĺţ ćěńĺůĺŋ śőśšăćń£ěš šăł ŋăğżćăěňżľ ťřőŋš ňŋőčőÿăčőćőčő ňěšőďă.

Ěśńĺ ťőřňşńă ůĺśńěŋŋőčő ĺŋšěčřĺřőćăŋĺ£ ĺśŕőńĳğşěšś£ ć řăğŋőśšŋőľ ťőřňě, ŋăŕřĺňěř, (53), (55), (105), šő ěě ŕřĺňěŋěŋĺě šăłęě ŕřěďŕőńăčăěš ğŋăŋĺě ćţőď£źĺţ ć ŋěě łőŋěůŋżţ řăğŋőśšěľ ▽^if_n ŕřăćőľ ůăśšĺ f(x, y). Śőćőłşŕŋőśšĳ ¡šĺţ řăğŋőśšěľ šăłęě őąřăğşěš ťřőŋš řăğŋőśšŋőčő ňěšőďă. Ć ŋăůăńě ĺŋšěčřĺřőćăŋĺ£ ťřőŋš ćłń¿ůăěš ć śěą£ ŋăůăńĳŋżě ğŋăůěŋĺ£ (4) ĺ śőőšćěšśšćş¿źĺě ğŋăůěŋĺ£ ŕřăćżţ ůăśšěľ ĺńĺ ğŋăůěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ. Őďŋăłő ğŋăůěŋĺ£ ¡šĺţ ćěńĺůĺŋ ŋăň ŋěĺğćěśšŋż. Ŕő¡šőňş ŕřĺňěŋěŋĺě ňŋőčőÿăčőćżţ ňěšőďőć šřěąşěš ŕřěďćăřĺšěńĳŋőčő ŕőśšřőěŋĺ£ ŋěďőśšă¿źĺţ ŋăůăńĳŋżţ ğŋăůěŋĺľ ĺńĺ łőŋěůŋżţ řăğŋőśšěľ.

Ŋěďőśšă¿źĺě ŋăůăńĳŋżě ğŋăůěŋĺ£ ňőčşš ążšĳ ŋăľďěŋż ś ŕőňőźĳ¿ őďŋőÿăčőćżţ ňěšőďőć, őŕĺśăŋŋżţ ć čń. 1, ŋăŕřĺňěř, ňěšőďőň Řşŋčě{Łşššă ĺńĺ ňěšőďőň ř£ďă Šěľńőřă. Řăśśňőšřěŋŋżě ć ďăŋŋőľ čńăćě łőŋěůŋő-řăğŋőśšŋżě śţěňż šăłęě ňőčşš ążšĳ ĺśŕőńĳğőćăŋż ďń£ ćżůĺśńěŋĺ£ ŋăůăńĳŋżţ ğŋăůěŋĺľ. Ŕőśšřőěŋĺě ťřőŋšă ňŋőčőÿăčőćőčő ňěšőďă ć ŋăůăńě ĺŋšěčřĺřőćăŋĺ£ ĺŋőčďă ŋăğżćă¿š řăğčőŋőň.

Řăśśňőšřĺň ŕřőűěďşřş řăğčőŋă ďń£ ňěšőďőć Ăďăňśă (53), (105). İšă ŕřőűěďşřă őśŋőćăŋă ŋă ĺšěřăűĺőŋŋőň ŕřĺňěŋěŋĺĺ řăğŋőśšŋżţ ťőřňşń ś ŕőśńěďőćăšěńĳŋő şćěńĺůĺćă¿źěľś£ śšěŕěŋĳ¿. Ĺśŕőńĳğş£ ŋăůăńĳŋżě ğŋăůěŋĺ£ ğăďăůĺ Łőÿĺ (1.1), (1.2) ĺ £ćŋş¿ ťőřňşńş Ăďăňśă (53) ŕěřćőčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ, ćżůĺśń£ěň y(1)1 = y0 + hf0.

Ŕőčřěÿŋőśšĳ y^{(1)}_1 śőśšăćń£ěš O(h^2). Ŋăţőďĺň f^{(1)}_1 , ▽f^{(1)}_1 ĺ ŕőńăčăěň ▽f0 = ▽f (1)1 .

Ĺśŕőńĳğş£ £ćŋş¿ ťőřňşńş Ăďăňśă (53) ćšőřőčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ, ćżůĺśń£ěň

y(2)1 = y0 + h ( f0 + 1 2 ▽ f0 ) , y(2)2 = y(2)1 + h ( f (2)1 + 1 2 ▽ f (2)1 ) . Ŕőčřěÿŋőśšĳ y^{(2)}_1 , y^{(2)}_2 śőśšăćń£ěš O(h^3). Ŋăţőďĺň f^{(2)}_2 , ▽f^{(2)}_2 , ▽^2f^{(2)}_2 ĺ ŕőńăčăěň

▽2f0 = ▽2f1 = ▽2f (2)2 ,

▽f0 = ▽f (2)2 − 2 ▽2 f (2)2 .

Ĺśŕőńĳğş£ £ćŋş¿ ťőřňşńş Ăďăňśă (53) šřěšĳěčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ, ćżůĺśń£ěň

y(3)1 = y0 + h ( f0 + 1 2 ▽ f0 + 5 12 ▽2 f0 ) , y(3)2 = y(3)1 + h ( f (3)1 + 1 2 ▽ f (3)1 + 5 12 ▽2 f1 ) , y(3)3 = y(3)2 + h ( f (3)2 + 1 2 ▽ f (3)2 + 5 12 ▽2 f (3)2 ) . Ŕőčřěÿŋőśšĳ y^{(3)}_1 , y^{(3)}_2 , y^{(3)}_3 śőśšăćń£ěš O(h^4). Ŋăţőďĺň f^{(3)}_3 , ▽f^{(3)}_3 , ▽^2f^{(3)}_3 , ▽^3f^{(3)}_3 ĺ ŕőńăčăěň

▽3f0 = ▽3f1 = ▽3f2 = ▽3f (3)3 ,

▽2f0 = ▽2f (3)3 − 3 ▽3 f (3)3 ,

▽2f1 = ▽2f (3)3 − 2 ▽3 f (3)3 ,

▽f0 = ▽f (3)3 − 3 ▽2 f (3)3 + 3 ▽3 f (3)3 .

Ĺśŕőńĳğş£ ťőřňşńş Ăďăňśă (53) ůěšćěřšőčő ŕőř£ďłă ăŕŕřőłśĺňăűĺĺ, ćżůĺśń£ěň

y(4)1 = y0 + h ( f0 + 1 2 ▽ f0 + 5 12 ▽2 f0 + 3 8 ▽3 f0 ) , y(4)2 = y(4)1 + h ( f (4)1 + 1 2 ▽ f (4)1 + 5 12 ▽2 f1 + 3 8 ▽3 f1 ) , y(4)3 = y(4)2 + h ( f (4)2 + 1 2 ▽ f (4)2 + 5 12 ▽2 f (4)2 + 3 8 ▽3 f2 ) , y(4)4 = y(4)3 + h ( f (4)3 + 1 2 ▽ f (4)3 + 5 12 ▽2 f (4)3 + 3 8 ▽3 f (4)3 ) . Ŕőčřěÿŋőśšĳ y^{(4)}_1 , y^{(4)}_2 , y^{(4)}_3 , y^{(4)}_4 śőśšăćń£ěš O(h^5). Ŋăţőďĺň f^{(4)}_4 , ▽f^{(4)}_4 , ▽^2f^{(4)}_4 , ▽^3f^{(4)}_4 , ▽^4f^{(4)}_4 ĺ ŕőńăčăěň ▽4f0 = ▽4f (4)4 ,

▽3f0 = ▽3f (4)4 − 4 ▽4 f (4)4 ,

▽2f0 = ▽2f (4)4 − 4 ▽3 f (4)4 + 6 ▽4 f (4)4 ,

▽f0 = ▽f (4)4 − 4 ▽2 f (4)4 + 6 ▽3 f (4)4 − 4 ▽4 f (4)4 .

(116)

Ŕőčřěÿŋőśšĳ ćżůĺśńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ▽^if_0 śőśšăćń£ěš O(h^5). Ěśńĺ śŋőćă ćőśŕőńĳğőćăšĳś£ ťőřňşńőľ Ăďăňśă (53) ŕ£šőčő ŕőř£ďłă šőůŋőśšĺ, šő ćżůĺśńěŋŋżě ğŋăůěŋĺ£ y^{(5)}_1 , y^{(5)}_2 , y^{(5)}_3 , y(5)4 , y(5)5 ąşďşš ĺňěšĳ ŕőčřěÿŋőśšĳ ŕőř£ďłă O(h6). Šőčďă őŕřěďěń£ěňżě ś ĺţ ŕőňőźĳ¿ łőŋěůŋżě řăğŋőśšĺ ▽^if^{(5)}_5 , i = 0, 1, 2, 3, 4, 5, ć šőůłě x_5 šăłęě ąşďşš ĺňěšĳ ŕőčřěÿŋőśšĳ ŕőř£ďłă O(h^6), ă śńěďőćăšěńĳŋő, šăłş¿ ęě ŕőčřěÿŋőśšĳ ąşďşš ĺňěšĳ ĺ řăğŋőśšĺ ▽^if_0.

Šăłĺň śŕőśőąőň ćżůĺśń£¿šś£ ŋěďőśšă¿źĺě ŋăůăńĳŋżě ğŋăůěŋĺ£ ćňěśšě ś śőőšćěšśšćş¿- źĺňĺ řăğŋőśš£ňĺ. Ŕřőďőńęă£ ¡šőš ĺšěřăűĺőŋŋżľ ŕřőűěśś, ňőęŋő ćżůĺśńĺšĳ ŋěőąţőďĺňżě ďń£ ĺśŕőńĳğőćăŋĺ£ řăğŋőśšŋőľ ťőřňşńż (2) ŋăůăńĳŋżě ğŋăůěŋĺ£ (4) řěÿěŋĺ£ y_0, y_1, . . . , y_{k−1} ĺ śőőšćěšśšćş¿źĺě ĺň łőŋěůŋżě řăğŋőśšĺ ś ń¿ążň ŕőř£ďłőň šőůŋőśšĺ őšŋőśĺšěńĳŋő h. Ŕőśńě ¡šőčő ňőęěš ążšĳ ŋăůăšő ćżůĺśńěŋĺě ćśěţ ŕőśńěďş¿źĺţ ğŋăůěŋĺľ řěÿěŋĺ£ y_n, n = k, k + 1, . . . .

9. Śţőďĺňőśšĳ ňŋőčőÿăčőćżţ ňěšőďőć. 9.1. Łńăśśĺťĺłăűĺ£ ŕőčřěÿŋőśšěľ. Őąőğŋă-

ůĺň y_n řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) ś ŋăůăńĳŋżňĺ şśńőćĺ£ňĺ (4), śőćŕăďă¿źĺňĺ ś šőůŋżňĺ ğŋăůěŋĺ£ňĺ řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋőľ ğăďăůĺ (1.1), (1.2). Řăğŋőśšĳ ňěęďş řěÿěŋĺěň ĺśţőďŋőľ ğăďăůĺ Łőÿĺ (1.1). (1.2) ĺ řěÿěŋĺěň řăğŋőśšŋőľ ğăďăůĺ (2), (4)

ε_n = y(x_n) − y_n (117)

ŋăğżćăěšś£ ŕőčřěÿŋőśšĳ¿ ňěšőďă (2). Ć ďěľśšćĺšěńĳŋőśšĺ ćśńěďśšćĺě őÿĺąőł őłřşčńěŋĺ£, ŋěšőůŋőčő ćżůĺśńěŋĺ£ ŕřăćőľ ůăśšĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ĺ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ ŋě£ćŋőčő řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) ćżůĺśń£ěšś£ ŋě ťşŋłűĺ£ y_n, ă ďřşčă£ śěšőůŋă£ ťşŋłűĺ£ ~y_n, şďőćńěšćőř£¿źă£ řăğŋőśšŋőňş şřăćŋěŋĺ¿ k∑ i=0 α_i ~y_n+_i − h k∑ i=0 β_if(x_n+_i, ~y_n+_i) = δ_n+_k (118)

ś ŋěłőšőřőľ ŋěć£ğłőľ δ_{n+k}. Ćěńĺůĺŋă δ_{n+k} ŋăğżćăěšś£ ŕőčřěÿŋőśšĳ¿ őłřşčńěŋĺ£.

Ťşŋłűĺ£ ~y_n £ćń£ěšś£ řěÿěŋĺěň řăğŋőśšŋőčő şřăćŋěŋĺ£ (118) ś ŋăůăńĳŋżňĺ şśńőćĺ£ňĺ

~y_0 = ~g_0, ~y_1 = ~g_1, . . . , ~y_{k−1} = ~g_{k−1}, (119)

łőšőřżě ŕřĺąńĺęěŋŋő ŋăţőď£šś£ ś ŕőňőźĳ¿ ŋěłőšőřőľ ŕřőűěďşřż řăğčőŋă. Řăğŋőśšĳ ňěęďş šőůŋżň řěÿěŋĺěň řăğŋőśšŋőľ ğăďăůĺ (2), (4) ĺ řěÿěŋĺěň ćőğňşźěŋŋőľ řăğŋőśšŋőľ ğăďăůĺ (118) ĺ (119) η_n = y_n − ~y_n (120)

ŋăğżćăěšś£ ćżůĺśńĺšěńĳŋőľ ŕőčřěÿŋőśšĳ¿. Řăğŋőśšĳ ňěęďş šőůŋżň řěÿěŋĺěň ďĺťťěřěŋűĺăńĳŋőľ ğăďăůĺ (1.1), (1.2) ĺ řěÿěŋĺěň ćőğňşźěŋŋőľ řăğŋőśšŋőľ ğăďăůĺ (118), (119)

R_n = y(x_n) − ~y_n (121)

ŋăğżćăěšś£ ŕőńŋőľ ŕőčřěÿŋőśšĳ¿ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ ~y_n. Ĺğ (117), (120), ĺ (121) śńěďşěš, ůšő ŕőńŋă£ ŕőčřěÿŋőśšĳ řăćŋă śşňňě ŕőčřěÿŋőśšĺ ňěšőďă ĺ ćżůĺśńĺšěńĳŋőľ ŕőčřěÿŋőśšĺ

R_n = ε_n + η_n. (122)

Ćżůĺšă£ (118) ĺğ (9), ŕőńşůăěň, ůšő ŕőńŋă£ ŕőčřěÿŋőśšĳ şďőćńěšćőř£ěš řăğŋőśšŋőňş şřăćŋěŋĺ¿ k∑ i=0 α_i(y(x_n+_i) − ~y_n+_i) − h k∑ i=0 β_i ( f(x_n+_i, y(x_n+_i)) − f(x_n+_i, ~y_n+_i) ) = ρ_{n+k} − δ_{n+k},

ĺńĺ_k ∑ i=0 α_iR_n+_i − h k∑ i=0 β_if^′_y(x_n+_i, ξ_n+_i)R_n+_i = ρ_n+_k − δ_n+_k , (123) čďě ξ_{n+i} ńěęĺš ňěęďş ~y_{n+i} ĺ y(x_{n+i}), n = 0, 1, . . . , N − k.

9.2. Ňăęőřăŋšŋă£ őűěŋłă ŕőńŋőľ ŕőčřěÿŋőśšĺ. Ěśńĺ řăğŋőśšŋőě şřăćŋěŋĺě (2) şśšőľůĺćő ĺ ŕřăćă£ ůăśšĳ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ şďőćńěšćőř£ěš śťőřňşńĺřőćăŋŋżň ćżÿě şśńőćĺ£ň, šő ŕřĺ ćśěţ ďőśšăšőůŋő ňăńżţ h, şďőćńěšćőř£¿źĺţ şśńőćĺ¿ h < h0, h0 | | | | β_k α_k | | | | L < 1, śŕřăćěďńĺćă ňăęőřăŋšŋă£ őűěŋłă ŕőńŋőľ ŕőčřěÿŋőśšĺ, śţőďŋă£ ś őűěŋłőľ (1.39) ďń£ őďŋőÿăčőćżţ ňěšőďőć:

|R_n| < Ce^G~^{LX} ( max 0 < j < k−1 |Rj| + n∑ j=k (|ρ_j| + |δ_j|) ) , (124)

čďě G, ~L, C | ŋěłőšőřżě ŕőśšő£ŋŋżě, ğăćĺś£źĺě őš łő¡ťťĺűĺěŋšőć řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) ĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) ĺ ŋě ğăćĺś£źĺě őš h. Ć ůăśšŋőśšĺ, ěśńĺ ŕőčřěÿŋőśšĳ ŋă ŋăůăńĳŋőň şůăśšłě |R_j| < C1h^ff, σ > 0, j = 0, 1, . . . , k − 1, (125) ŕőčřěÿŋőśšĳ őłřşčńěŋĺ£ |δ_j| < C2h^p, p > 1, j = k, k + 1, . . . , N, (126) ťőřňşńă (2) ĺňěěš śšěŕěŋĳ s > 1, š.ě. |ρ_j| < C3h^s+1, j = k, k + 1, . . . , N, (127) šő ĺňěěš ňěśšő őűěŋłă |R_n| < Ce^G~^{LX} ( C1h^ff + X(C3h^s + C2h^{p−}1) ) , (128)

ĺğ łőšőřőľ śńěďşěš śţőďĺňőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ ~y_n ł šőůŋőňş řěÿěŋĺ¿ ğăďăůĺ Łőÿĺ y(x_n) ŕřĺ h → 0.

Łăł ĺ ďń£ őďŋőÿăčőćżţ ňěšőďőć, ŕőńŋă£ ŕőčřěÿŋőśšĳ śőśšőĺš ĺğ šřěţ ůăśšěľ: ćő-ŕěřćżţ, ĺğ ŕőčřěÿŋőśšĺ, őąşśńőćńěŋŋőľ ŕřĺąńĺęěŋŋżň ğăďăŋĺěň ŋăůăńĳŋżţ şśńőćĺľ (119) (¡šă ŕőčřěÿŋőśšĳ ŋě ŕřěćőśţőďĺš ćěńĺůĺŋż CC_1e^{G~LX}h^ff); ćő-ćšőřżţ, ĺğ čńőąăńĳŋőľ ŕőčřěÿŋőśšĺ ňěšőďă, łőšőřă£ ŋě ŕřěćőśţőďĺš ćěńĺůĺŋż CC_3e^{G~LX} Xh^s; ć-šřěšĳĺţ, ĺğ ćżůĺśńĺšěńĳŋőľ ŕőčřěÿŋőśšĺ, őąşśńőćńěŋŋőľ őÿĺąłăňĺ őłřşčńěŋĺ£ ĺ ŋěšőůŋżň řěÿěŋĺěň ŋě£ćŋőčő řăğŋőśšŋőčő şřăćŋěŋĺ£ (¡šă ŕőčřěÿŋőśšĳ ŋě ŕřěćőśţőďĺš CC_2e^{G~LX} Xh^{ȷ−1}).

Ďń£ ňŋőčőÿăčőćżţ ňěšőďőć śŕřăćěďńĺćż ňŋőčĺě şšćěřęďěŋĺ£, śţőďŋżě ś ŕřĺćěďěŋŋżňĺ ć čń. 2 ďń£ őďŋőÿăčőćżţ ňěšőďőć. Ŕő¡šőňş ŕőďřőąŋő őśšăŋăćńĺćăšĳś£ ŋă ŋĺţ ňż ŋě ąşďěň.

10. Ćżůĺśńěŋĺě řěÿěŋĺ£ ňěęďş şğńăňĺ śěšłĺ. Řăśśňőšřĺň śńşůăľ, łőčďă šőůłă x^∗,

ć łőšőřőľ šřěąşěšś£ ćżůĺśńĺšĳ řěÿěŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1), ŋě śőćŕăďăěš ŋĺ ś őďŋĺň şğńőň x_n śěšłĺ, ŋă łőšőřőľ ĺźěšś£ řěÿěŋĺě y_n řăğŋőśšŋőčő şřăćŋěŋĺ£. Ć ¡šőň śńşůăě ňőęŋő ŕőśšşŕĺšĳ śńěďş¿źĺň őąřăğőň.

Ŕřěďŕőńőęĺň, ůšő šőůłă x^∗ ńěęĺš ňěęďş ďćşň£ śőśěďŋĺňĺ şğńăňĺ x_{m−1} < x^∗ < x_m, ć łőšőřżţ ćżůĺśńěŋő řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£. Ŕşśšĳ řăğŋőśšŋőě şřăćŋěŋĺě ĺśŕőńĳğşěšś£ ć őřďĺŋăšŋőľ ťőřňě (2). Ďőŕşśšĺň, ůšő ěčő śšěŕěŋĳ s < k + 1. Ŕőśšřőĺň ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ Ńăčřăŋęă (43) ŕő ğŋăůěŋĺ£ň ťşŋłűĺĺ f(x, y(x)) ć şğńăţ x_j , j = m−k, m−k+1, . . . , m:

L_{k;m}(x) = k∑ i=0 f(x_{m−i}, y(x_{m−i})) ˘_i(x).

Ŕőďśšăćń££ f(x, y(x)) = L_{k;m}(x) + r_{k;m}(x) ć ĺŋšěčřăńĳŋőě śőőšŋőÿěŋĺě

y(x^∗) − y(x_m) = x∗∫ xm f(x, y(x)) dx, (129) ŕőńşůăěň y(x^∗) − y(x_m) = h k∑ i=0 B_i(ξ)f(x_{m−i}, y(x_{m−i})) + ρ, (130) čďě B_i(ξ) =

(−1)^i i!(k − i)! ∫ 0 t(t + 1) . . .(t + k) t + i dt,

ρ = x∗∫ xm r_{k;m}(x) dx = O(h^k+2),

ξ = x^∗ − x_m h . Őšąřăśżćă£ ρ ć (130), ŕőńşůăěň łőŋěůŋő-řăğŋőśšŋş¿ ťőřňşńş ďń£ ćżůĺśńěŋĺ£ ĺśłőňőčő řěÿěŋĺ£ y(x^∗): y(x^∗) ∼= y_m + h k∑ i=0 B_i(ξ)f(x_{m−i}, y_{m−i}). (131)

Ŕřĺćěďěň łő¡ťťĺűĺěŋšż B_i(ξ) ďń£ k = 3:

B0(ξ) = ξ4 + 8ξ3 + 22ξ2 + 24ξ 24 ,

B1(ξ) = − 3ξ^4 + 20ξ^3 + 36ξ^2 24 ,

B2(ξ) =

3ξ^4 + 16ξ^3 + 18ξ^2 24 ,

B3(ξ) = − ξ4 + 4ξ3 + 4ξ2 24 .

(132)

Ěśńĺ śšěŕěŋĳ řăğŋőśšŋőčő şřăćŋěŋĺ£ (2) s > k + 2, šő ďń£ ćżůĺśńěŋĺ£ řěÿěŋĺ£ ć šőůłě x^∗ ňőęŋő ćőśŕőńĳğőćăšĳś£ ĺŋšěřŕőń£űĺőŋŋżň ňŋőčőůńěŋőň İřňĺšă H(x), ŕőśšřőěŋŋżň ŕő ğŋăůěŋĺ£ň řěÿěŋĺ£ y_j , ĺ ěčő ŕřőĺğćőďŋőľ f(x_j , y_j) ć şğńăţ x_j, j = m − k, m − k + 1, . . . , m − 1, m, ĺ ŋăľšĺ ěčő ğŋăůěŋĺě H(x^∗).

Šěŕěřĳ ŕřěďŕőńőęĺň, ůšő řăğŋőśšŋőě şřăćŋěŋĺě ĺśŕőńĳğşěšś£ ć řăğŋőśšŋőľ ťőřňě, ŋăŕřĺňěř, ć ćĺďě (53) ĺńĺ (70). Ŕőśšřőĺň ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ Ŋĳ¿šőŋă (48)

L_{k;m}(x) = L_{k;m}(x_m + th) = k∑ i=0 ▽^if_m t(t + 1) . . .(t + i − 1) i! . Ŕőďśšăćń££ f(x, y(x)) = L_{k;m} + r_{k;m}(x) ć (129), ŕőńşůăěň y(x^∗) − y(x_m) = h k∑ i=0 γ_i(ξ) ▽^i f_m + ρ, (133) čďě γ_i(ξ) = 1 i! ∫ 0 t(t + 1) . . .(t + i − 1) dt, ρ = O(h^k+2).

Őšąřăśżćă£ ć (133) őśšăšőůŋżľ ůńěŋ ρ, ŕőńşůăěň łőŋěůŋő-řăğŋőśšŋş¿ ťőřňşńş ďń£ ćżůĺśńěŋĺ£ ĺśłőňőčő řěÿěŋĺ£ y(x^∗): y(x^∗) ∼= y_m + h k∑ i=0 γ_i(ξ) ▽^i f_m. (134)

Ŕřĺćěďěň ćżřăęěŋĺ£ ďń£ ŋěśłőńĳłĺţ łő¡ťťĺűĺěŋšőć γ_i(ξ): γ0(ξ) = ξ, γ1(ξ) = 1 2 ξ2,

γ2(ξ) =

2ξ^3 + 3ξ^2 12 ,

γ3(ξ) = ξ4 + 4ξ3 + 4ξ2 24 ,

γ4(ξ) =

6ξ^5 + 45ξ^4 + 110ξ^3 + 90ξ^2 720 .

(135)

11. Ŕřăłšĺůěśłĺě śŕőśőąż őűěŋłĺ ŕőčřěÿŋőśšĺ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£. Ĺğ

ćżřăęěŋĺ£ (14) ďń£ ŋěć£ğłĺ (9) řăğŋőśšŋőľ ťőřňşńż (2) s-ľ śšěŕěŋĺ ŋă řěÿěŋĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1) ćżšěłăěš śńěďş¿źă£ ăśĺňŕšőšĺůěśłă£ őűěŋłă ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ňěšőďă:

u(x_m) − u_m = Ch^s+1u(^s+1)(x_m) + O(h^s+2). (136) Ğďěśĳ u(x_m) | šőůŋőě řěÿěŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (1.1), şďőćńěšćőř£¿źěě şśńőćĺ¿ u(x_{m−k}) = y_{m−k}, C | ĺğćěśšŋă£ ŕőśšő£ŋŋă£, u_m | šőůŋőě řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£

α_ku_m + k−1∑ i=0 α_iu(x_{m−k}+_i) = hβ_kf(x_m, u_m) + h k−1∑ i=0 β_if(x_{m−k}+_i, u(x_{m−k}+_i)). (137)

Ğăňěšĺň, ůšő ěśńĺ u_{m−k}+_i − u(x_{m−k}+_i) = O(h^s+1), šő řěÿěŋĺě u_m şřăćŋěŋĺ£

α_ku_m + k−1∑ i=0 α_iu_{m−k}+_i = hβ_kf(x_m, u_m) + h k−1∑ i=0 β_if(x_{m−k}+_i, u_{m−k}+_i) (137^′)

ĺňěěš őűěŋłş šőčő ęě ŕőř£ďłă, ůšő ĺ řěÿěŋĺě u_m: u(x_m) − u_m = Ch^s+1u(^s+1)(x_m) + O(h^s+2).

Ěśńĺ u_{m−k}+_i − u(x_{m−k}+_i) = O(h^s+2), (138) šő řěÿěŋĺě u_m şřăćŋěŋĺ£ (137^′) ĺňěěš šăłş¿ ęě őűěŋłş (136), ůšő ĺ řěÿěŋĺě u_m: u(x_m) − u_m = Ch^s+1u(^s+1)(x_m) + O(h^s+2). (136^′)

Řăśśňőšřĺň śŕőśőą őűěŋłĺ ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ňěšőďă ŕřőčŋőğă ĺ łőřřěłűĺĺ ć ŕřěďŕőńőęěŋĺĺ, ůšő śšěŕěŋĺ ŕřěďśłăğżćă¿źěľ ĺ ĺśŕřăćń£¿źěľ ťőřňşń ćĺďă (2) řăćŋż s. Ńőłăńĳŋżě ŕőčřěÿŋőśšĺ ¡šĺţ ťőřňşń ňőęŋő ŕřěďśšăćĺšĳ śőčńăśŋő (136) ć ćĺďě

u(x_m) − u(^P )_m = ρ(^P )_m = C(^P )h^s+1u(^s+1)(x_m) + O(h^s+2), (139)

u(x_m) − u(^C)_m = ρ(^C)_m = C(^C)h^s+1u(^s+1)(x_m) + O(h^s+2). (140)

Ŕőčřěÿŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ u^{()}m , ŕőńşůěŋŋőčő ć řěğşńĳšăšě şšőůŋěŋĺ£ ŕřěďśłăğăŋŋőčő ğŋăůěŋĺ£ u^{(0)}_m = u^{(P )}_m , ĺňěěš šőš ęě čńăćŋżľ ůńěŋ, ůšő ĺ ć (140). Ŕő¡šőňş

u(x_m) − u()_m = ρ()_m = C(^C)h^s+1u(^s+1)(x_m) + O(h^s+2). (140^′)

Řěÿă£ śĺśšěňş ďćşţ şřăćŋěŋĺľ (139), (140^′) őšŋőśĺšěńĳŋő h^{s+1}u^{(s+1)}(x_m), ŕőńşůăěň

h^s+1u(^s+1)(x_m) = u()m − u(0)m C(^P ) − C(^C)

+ O(h^{s+2}).

Őšś¿ďă śńěďş¿š ăŕőśšěřĺőřŋżě ăśĺňŕšőšĺůěśłĺě őűěŋłĺ ďń£ ńőłăńĳŋżţ ŕőčřěÿŋőśšěľ ŕřěďśłăğăŋŋőčő ğŋăůěŋĺ£ u^{(0)}m ĺ ĺśŕřăćńěŋŋőčő ğŋăůěŋĺ£ u^{()}m :

ρ(^P )_m =

C(^P ) C(^P ) − C(^C)

(u^{()}_m − u^{(0)}_m ) + O(h^{s+2}), (141)

ρ()_m =

C(^C) C(^P ) − C(^C)

(u^{()}_m − u^{(0)}_m ) + O(h^{s+2}). (142)

Őűěŋłă (142) ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ şšőůŋěŋĺ£ ŕőńşůěŋŋőčő ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ u()m :

u_m = u()_m +

C(^C) C(^P ) − C(^C)

(u^{()}_m − u^{(0)}_m ), (143)

ŕřĺ ¡šőň ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ u_m śőśšăćń£ěš O(h^{s+2}).

Ĺğ (136^′) śńěďşěš, ůšő őűěŋłĺ (141), (142) őśšă¿šś£ ć śĺńě, ěśńĺ ďń£ ćżůĺśńěŋĺ£ u^{(0)}_m ĺ u()m ĺśŕőńĳğőćăšĳ ŋě šőůŋżě ğŋăůěŋĺ£ řěÿěŋĺ£ u(x_{m−k}+_i), i = 0, 1, . . . , k − 1, ă ŕřĺąńĺęěŋŋżě ğŋăůěŋĺ£, şďőćńěšćőř£¿źĺě şśńőćĺ¿ (138). Ŕřăłšĺůěśłőě ğŋăůěŋĺě ¡šőčő ğăňěůăŋĺ£ śőśšőĺš ć šőň, ůšő ŕřĺ ĺŋšěčřĺřőćăŋĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ś ŕőňőźĳ¿ řăśśňăšřĺćăěňőčő ňěšőďă ŕřőčŋőğă ĺ łőřřěłűĺĺ ĺśŕőńĳğőćăŋĺě őűěŋőł (141), (142) őąőśŋőćăŋŋő šőńĳłő šőčďă, łőčďă ŕřőĺğćőďĺšś£ şšőůŋěŋĺě ŋăľďěŋŋőčő řěÿěŋĺ£ ŕő ťőřňşńě (143).

Ěśńĺ řăğŋőśšŋă£ ťőřňşńă ĺśŕőńĳğşěšś£ ć řăğŋőśšŋőľ ťőřňě, šő őűěŋłă ŕőčřěÿŋőśšĺ ňőęěš ążšĳ ŕőńşůěŋă śńěďş¿źĺň śŕőśőąőň, łőšőřżľ ňż ŕřőĺńń¿śšřĺřşěň ŋă ŕřĺňěřě ňěšőďőć Ăďăňśă. Ěśńĺ ŕřĺňěŋ£ěšś£ £ćŋă£ ťőřňşńă Ăďăňśă (53), šő ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ u_{n+1} řăćŋă

u(x_n+1) − u_n+1 = hγ_k+1 ▽^k+1 f_n + O(h^k+3). (144)

Őšś¿ďă ŕőńşůăěšś£ ăśĺňŕšőšĺůěśłă£ őűěŋłă

u(x_n+1) − u_n+1 ∼= hγ_k+1 ▽^k+1 f_n, (145)

łőšőřă£ ŕřěďśšăćń£ěš śőąőľ ŕěřćżľ őšąřőÿěŋŋżľ ůńěŋ řăğŋőśšŋőľ ťőřňşńż (53). Ć ůăśšŋőśšĺ, őűěŋłă u(x1) − u1 ∼= hγ_k+1 ▽^k+1 f0, (145^′) ćżšěłă¿źă£ ĺğ (145), ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ őűěŋłĺ šőůŋőśšĺ ŕřĺ řăğčőŋě.

Ğăňěšĺň, ůšő šăł łăł ć ťőřňşńăţ Ăďăňśă (53) ĺ (70) łő¡ťťĺűĺěŋšż γ_i ĺ γ_i ĺňě¿š ŕřőšĺćőŕőńőęŋżě ğŋăłĺ: γ_i > 0, γ_i < 0, i > 1, šő ŕřĺ ĺśŕőńĳğőćăŋĺĺ ňěšőďă ŕřőčŋőğă ĺ łőřřěłűĺĺ,

őśŋőćăŋŋőčő ŋă £ćŋőľ ĺ ŋě£ćŋőľ ťőřňşńăţ Ăďăňśă (53), (70), ŕřěďśłăğăŋŋőě y^{(0)}_{n+1} ĺ ĺśŕřăćńěŋŋőě y()_n+1 ğŋăůěŋĺ£ ŕřĺ ďőśšăšőůŋő ňăńőň h ďă¿š ďćşśšőřőŋŋĺě ŕřĺąńĺęěŋĺ£ ł šőůŋőňş řěÿěŋĺ¿ ğăďăůĺ. Ŕő¡šőňş max { |u(x_n+1) − u(0)_n+1|, |u(x_n+1) − u()_n+1| } < |u()_n+1 − u(0)_n+1|. (146)

Łřőňě (146) ňőčşš ążšĳ ĺśŕőńĳğőćăŋż őűěŋłĺ (141) ĺ (142), łőšőřżě ć ďăŋŋőň śńşůăě ŕřĺŋĺňă¿š ćĺď ρ(^P )_n+1 = γ_k+1 γ_k+1 − γ_k+1

(u^{()}_{n+1} − u^{(0)}_{n+1}) + O(h^{k+3}), (147)

ρ()_n+1 = γ_k+1 γ_k+1 − γ_k+1

(u^{()}_{n+1} − u^{(0)}_{n+1}) + O(h^{k+3}), (148)

ĺńĺ ś şůěšőň (73) ρ(^P )_n+1 = γ_k+1 γ_k

(u^{()}_{n+1} − u^{(0)}_{n+1}) + O(h^{k+3}), (147^′)

ρ()_n+1 = γ_k+1 γ_k

(u^{()}_{n+1} − u^{(0)}_{n+1}) + O(h^{k+3}), (148^′)

12. Ăćšőňăšĺůěśłĺľ ćżąőř ÿăčă ĺŋšěčřĺřőćăŋĺ£. Łăł ĺ ďń£ őďŋőÿăčőćżţ ňěšőďőć,

ćőŕřőś ő ćżąőřě ćěńĺůĺŋż ÿăčă ĺŋšěčřĺřőćăŋĺ£ ďń£ ňŋőčőÿăčőćżţ ňěšőďőć ĺňěěš śşźěśšćěŋŋőě ğŋăůěŋĺě, šăł łăł őš ŋěčő ğăćĺśĺš ŋě šőńĳłő šőůŋőśšĳ ćżůĺśńěŋĺ£ řěÿěŋĺ£, ŋő ĺ őąźĺľ őąžěň ćżůĺśńĺšěńĳŋőľ řăąőšż, ă ğŋăůĺš, ĺ ňăÿĺŋŋőě ćřěň£, ŋěőąţőďĺňőě ďń£ řěÿěŋĺ£ ğăďăůĺ. Ĺňě£ őűěŋłĺ ďń£ ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ, ňőęŋő őřčăŋĺğőćăšĳ ďń£ ňŋőčőÿăčőćżţ ňěšőďőć ăćšőňăšĺůěśłĺľ ćżąőř ÿăčă ĺŋšěčřĺřőćăŋĺ£, řşłőćőďśšćş£śĳ šěňĺ ęě śőőąřăęěŋĺ£ňĺ, ůšő ĺ ďń£ őďŋőÿăčőćżţ ňěšőďőć. Őďŋăłő ĺśŕőńĳğőćăŋĺě łőŋěůŋő-řăğŋőśšŋżţ śţěň ćŋőśĺš śćő¿ őśőąěŋŋőśšĳ ć ¡šőš ŕřőűěśś, őąśşęďěŋĺěň łőšőřőľ ňż śěľůăś ĺ ğăľňěňś£.

12.1. Şďćőěŋĺě ĺ ďěńěŋĺě ÿăčă ŕőŕőńăň. Ŕşśšĳ ĺŋšěčřĺřőćăŋĺě ćěďěšś£ ś ĺśŕőńĳğőćăŋĺěň łőŋěůŋő-řăğŋőśšŋőľ ťőřňşńż (2). Ďőŕşśšĺň, ůšő ŕőśńě őűěŋłĺ ŕőčřěÿŋőśšĺ ŕřĺŋ£šő řěÿěŋĺě őą ĺğňěŋěŋĺĺ ćěńĺůĺŋż ÿăčă ĺŋšěčřĺřőćăŋĺ£. Řăśśňőšřĺň śŋăůăńă śńşůăľ şďćőěŋĺ£ ÿăčă. Ďń£ šőčő ůšőąż ŕřőďőńęĺšĳ śůěš ŕő šőľ ęě ťőřňşńě (2), ŋő ś şďćőěŋŋżň ÿăčőň, ŋěőąţőďĺňő ŕőňŋĺšĳ ğŋăůěŋĺ£ řěÿěŋĺ£ ĺ ŕřăćőľ ůăśšĺ ć [k/2] ďőŕőńŋĺšěńĳŋżţ šőůłăţ (ğăňěšĺň, ůšő ěśńĺ ĺśŕőńĳğşěšś£ ťőřňşńă Ăďăňśă (40) ĺńĺ (41), šő ğăŕőňĺŋă¿šś£ šőńĳłő ğŋăůěŋĺ£ ŕřăćőľ ůăśšĺ).

Řăśśňőšřĺň śńşůăľ ďěńěŋĺ£ ÿăčă ŕőŕőńăň. Ďń£ šőčő ůšőąż ŕřőďőńęĺšĳ śůěš ŕő šőľ ęě ťőřňşńě (2), ŋő ś ŕőńőćĺŋŋżň ÿăčőň, ŋěőąţőďĺňő ğăŋőćő ćżůĺśńĺšĳ ğŋăůěŋĺ£ řěÿěŋĺ£ ĺ ŕřăćőľ ůăśšĺ ć [k/2] ďőŕőńŋĺšěńĳŋżţ šőůłăţ. İšĺ ďőŕőńŋĺšěńĳŋżě šőůłĺ řăśŕőńőęěŋż ŕőśěřěďĺŋě ňěęďş şğńăňĺ śěšłĺ. Ďőŕőńŋĺšěńĳŋżě ğŋăůěŋĺ£ ňőčşš ążšĳ ćżůĺśńěŋż ś ŕőňőźĳ¿ ĺŋšěřŕőń£űĺőŋŋżţ ĺńĺ łőŋěůŋő-řăğŋőśšŋżţ ťőřňşń. Ůšőąż šőůŋőśšĳ ćŋőćĳ ćżůĺśń£ěňżţ ğŋăůěŋĺľ řěÿěŋĺ£ śőőšćěšśšćőćăńă śšěŕěŋĺ řăğŋőśšŋőľ ťőřňşńż (2) ůĺśńěŋŋőčő ĺŋšěčřĺřőćăŋĺ£, ňőęŋő ŕřĺćńěłăšĳ ďń£ ĺţ ćżůĺśńěŋĺ£ łřőňě ğŋăůěŋĺľ řěÿěŋĺ£ ć şğńőćżţ šőůłăţ ğŋăůěŋĺ£ ŕřăćżţ ůăśšěľ. İšő ňőęěš ążšĳ śďěńăŋő ś ŕőňőźĳ¿ ĺŋšěřŕőń£űĺőŋŋőčő ŕőńĺŋőňă İřňĺšă. Ŕřőĺńń¿śšřĺřşěň ¡šş ĺďě¿ ŋă ŕřĺňěřě ňěšőďă Ňĺńŋă (110), (109) ůěšćěřšőčő ŕőř£ďłă šőůŋőśšĺ.

Ŕşśšĳ ĺŋšěčřĺřőćăŋĺě ćżŕőńŋěŋő ďő šőůłĺ x = x_n. Ěśńĺ ŕřĺŋ£šő řěÿěŋĺě ő ďěńěŋĺĺ ÿăčă ŕőŕőńăň, šő ďń£ šőčő ůšőąż ŕřőďőńęĺšĳ śůěš ŕő ťőřňşńăň (110), (109) ś ŕőńőćĺŋŋżň ÿăčőň, ŋě-

őąţőďĺňő ĺňěšĳ ğŋăůěŋĺ£ řěÿěŋĺ£ ć ŕřőňěęşšőůŋżţ šőůłăţ x_{n−} 1_2 = x_n − h 2 ĺ x_{n−} 3_2 = x_{n−1} − h 2 . İšĺ ğŋăůěŋĺ£ ňőčşš ążšĳ ŋăľďěŋż ś ŕőňőźĳ¿ ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă İřňĺšă ŕ£šőľ śšěŕěŋĺ, ŕőśšřőěŋŋőčő ŕő ğŋăůěŋĺ£ň řěÿěŋĺ£ y_n, y_{n−1}, y_{n−2} ĺ ŕřőĺğćőďŋőľ f(x_n, y_n), f(x_{n−1}, y_{n−1}), f(x_{n−}2, y_{n−}2). Ŕőśšřőĺšĳ ňŋőčőůńěŋ İřňĺšă ňőęŋő, ğăŕĺśăć ěčő ć ćĺďě

H5(x) = L2(x) + ω2(x)H2(x), (149) čďě L_2(x) | ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ Ńăčřăŋęă

L2(x) = 2∑ i=0 y_{n−i}˘_i(x), ω2(x) = 2∏ i=0 (x − x_{n−i}). Ňŋőčőůńěŋ H_2(x) ćšőřőľ śšěŕěŋĺ őŕřěďěńĺň ĺğ şśńőćĺ£ śőćŕăďěŋĺ£ ŕřőĺğćőďŋżţ ňŋőčőůńěŋă İřňĺšă H_5(x) ĺ řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ć şğńăţ x_{n−2}, x_{n−1}, x_n śěšłĺ: H^′5(x_{n−}2) = f_{n−}2, H^′5(x_{n−}1) = f_{n−}1, H^′5(x_n) = f_n. (150) Şśńőćĺ£ (150) ďă¿š

H2(x_{n−}2) = f_{n−}2 + 3 2 y_{n−}2 h − 2y_{n−1} h + y_n 2h 2h^2 ,

H2(x_{n−}1) = f_{n−}1 + y_{n−}2 2h − y_n 2h h2 ,

H2(x_n) = f_n − y_{n−}2 2h + 2y_{n−1} h − 3 2 y_n h 2h^2 . Śńěďőćăšěńĳŋő, H2(x) = 2∑ i=0 H2(x_{n−i}) ˘_i(x). (151) Ŕőďśšăćń££ (151) ć (149), ŕőńşůăěň śńěďş¿źěě ćżřăęěŋĺě ďń£ ňŋőčőůńěŋă İřňĺšă:

H5(x) = 2∑ i=0 y_{n−i} ˘_i(x) + ω2(x) 2∑ i=0 H2(x_{n−i}) ˘_i(x). (152)

Ŕőńăčă£ ć (152) x = x_{n−} 1_2 ĺ x = x_{n−} 3_2 , ĺňěěň ĺŋšěřŕőń£űĺőŋŋżě ťőřňşńż

y_{n−} 1_2 = H5(x_{n−} 1_2 ) = 1 128 (45y_n + 72y_{n−1} + 11y_{n−2} + h(−9f_n + 36f_{n−1} + 3f_{n−2})),

y_{n−} 3_2 = H5(x_{n−} 3_2 ) = 1 128 (11y_n + 72y_{n−1} + 45y_{n−2} − h(3f_n + 36f_{n−1} − 9f_{n−2})),

(153)

łőšőřżě ĺňě¿š őśšăšőůŋżľ ůńěŋ O(h^6). Šăłĺň őąřăğőň, ćŋőćĳ ćżůĺśńěŋŋżě ğŋăůěŋĺ£ y_{n−} 1_2 ĺ y_{n−} 3_2 ŋě ĺğňěŋ£¿š čńăćŋőčő ůńěŋă ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ťőřňşń (109), (110).

Řăśŕőńăčă£ şğńăňĺ x^∗_{n−}3 = x_{n−} 3_2 , x^∗_{n−}2 = x_{n−}1, x^∗_{n−}1 = x_{n−} 1_2 , x^∗_n = x_n ĺ ğŋăůěŋĺ£ňĺ řěÿěŋĺ£ ć ŋĺţ y^∗_{n−}3 = y_{n−} 3_2 , y^∗_{n−}2 = y_{n−}1, y^∗_{n−}1 = y_{n−} 1_2 , y^∗_n = y_n,

ňőęěň ŕřőďőńęĺšĳ ĺŋšěčřĺřőćăŋĺě ŕő ťőřňşńăň (109), (110) ś ÿăčőň h^∗ = h 2 ďń£ ŋăţőęďěŋĺ£ řěÿěŋĺ£ ć şğńăţ x^∗_{n+i} = x^∗_n + ih^∗, i > 0.

12.2. Ŕěřěţőď ł ŕřőĺğćőńĳŋőňş ÿăčş. Ŕěřěţőď ł ŕřőĺğćőńĳŋőňş ÿăčş ňőęěš ążšĳ őśşźěśšćńěŋ šěň ęě śŕőśőąőň, ůšő ĺ ł ŕőńőćĺŋŋőňş ÿăčş, ă ĺňěŋŋő ś ŕőňőźĳ¿ ĺŋšěřŕőń£űĺőŋŋőčő ŕőńĺŋőňă İřňĺšă (152). Ŕşśšĳ h^∗ = ξh (154)

| ŋőćă£ ďńĺŋă ÿăčă ĺŋšěčřĺřőćăŋĺ£. Őąőğŋăůĺň ŋőćżě şğńż

x^∗_{n−i} = x^∗_n − ih^∗, i = 0, 1, 2, 3. (155)

Řěÿěŋĺě ć ¡šĺţ şğńăţ ŋăľďěň ŕő ĺŋšěřŕőń£űĺőŋŋőľ ťőřňşńě İřňĺšă

y^∗_{n−i} = H5(x^∗_{n−i}), i = 0, 1, 2, 3.

Šěŕěřĳ ňőęěň ŕřőďőńęĺšĳ ĺŋšěčřĺřőćăŋĺě ŕő ťőřňşńăň (109), (110) ś ÿăčőň h^∗ ďń£ ŋăţőęďěŋĺ£ řěÿěŋĺ£ ć şğńăţ x^∗_{n+i} = x_n + ih^∗, i > 0.

Šăłĺň őąřăğőň, ŕřĺ ŕěřěţőďě ł ŋőćőňş ÿăčş ĺŋšěčřĺřőćăŋĺ£ (154) ĺśŕőńĳğşěšś£ šă ęě łőŋěůŋő-řăğŋőśšŋă£ śţěňă, ŋő ś ďřşčĺň ťřőŋšőň.

Šěŕěřĳ ŕřěďŕőńőęĺň, ůšő ĺŋšěčřĺřőćăŋĺě ćěďěšś£ ś ŕőňőźĳ¿ ňŋőčőÿăčőćőčő ňěšőďă, ğăŕĺśăŋŋőčő ć řăğŋőśšŋőľ ťőřňě. Ŕřőĺńń¿śšřĺřşěň ŕěřěţőď ł ŋőćőňş ÿăčş ŋă ŕřĺňěřě ňěšőďőć Ăďăňśă (53), (70). Ŋăůŋěň ś ŕřőĺğćőńĳŋőčő ĺğňěŋěŋĺ£ ÿăčă (154), ă şďćőěŋĺě ĺ ďěńěŋĺě ÿăčă ŕőŕőńăň ŕőńşůĺň łăł ůăśšŋżľ śńşůăľ.

Ďőŕşśšĺň, ůšő ś ŕőňőźĳ¿ ťőřňşńż (53) ĺŋšěčřĺřőćăŋĺě ćżŕőńŋěŋő ś ŕőśšő£ŋŋżň ÿăčőň h ďő šőůłĺ x = x_n. Ěśńĺ ĺ ďăńĳÿě ĺŋšěčřĺřőćăŋĺě ŕřőďőńęăšĳ ś šěň ęě ÿăčőň, šő ğŋăůěŋĺě řěÿěŋĺ£ ć śńěďş¿źěň şğńě x_{n+1} = x_n + h ćżůĺśń£ńőśĳ ąż ŕő šőľ ęě ťőřňşńě (53):

y_n+1 = y_n + h k∑ i=0 γ_i ▽^i f_n.

Ďőŕşśšĺň, ůšő ŋă őśŋőćě őűěŋłĺ ŕőčřěÿŋőśšĺ ŕőńşůěŋŋőčő ŕřĺąńĺęěŋĺ£ ŕřĺŋ£šő řěÿěŋĺě őą ĺğňěŋěŋĺĺ ÿăčă ĺŋšěčřĺřőćăŋĺ£. Ŕşśšĳ ŋőćżľ ÿăč ĺŋšěčřĺřőćăŋĺ£ őŕřěďěń£ěšś£ ś ŕőňőźĳ¿ (154). Ěśńĺ ąż ĺŋšěčřĺřőćăŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ś śăňőčő ŋăůăńă ćěńőśĳ ś ŕőśšő£ŋŋżň ÿăčőň h^∗, šő řăğŋőśšŋă£ ťőřňşńă ďń£ ćżůĺśńěŋĺ£ řěÿěŋĺ£ ĺňěńă ąż ćĺď

y^∗_n+1 = y^∗_n + h^∗ k∑ i=0 γ_i ▽^i f^∗_n, (156)

čďě łőŋěůŋżě řăğŋőśšĺ ▽^if^∗_n śőśšăćńěŋż ŕő ğŋăůěŋĺ£ň f^∗_{n−j} = f(x^∗_{n−j} , y^∗_{n−j}) ťşŋłűĺĺ f(x, y) ŋă ŋőćőľ śěšłě şğńőć x_n − jh^∗, j = 0, 1, . . . , k, ś ÿăčőň h^∗.

Ňőęŋő śłăğăšĳ, ůšő ŕěřěţőď ł ŋőćőňş ÿăčş ć šőůłě x_n őğŋăůăěš ŕěřěţőď őš ĺŋšěčřĺřőćăŋĺ£ ŕő ťőřňşńě (53) ł ĺŋšěčřĺřőćăŋĺ¿ ŕő ťőřňşńě (156). İšő ć śćő¿ őůěřěďĳ ŕőďřăğşňěćăěš ŕěřěţőď őš łőŋěůŋżţ řăğŋőśšěľ ▽^if_n, śőśšăćńěŋŋżţ ŕő şğńăň x_{n−j} , j = 0, 1, . . . , k, ł łőŋěůŋżň řăğŋőśš£ň ▽^if^∗_n, śőśšăćńěŋŋżň ŕő ďřşčĺň şğńăň x^∗_{n−j} . Šăłőľ ŕěřěţőď ňőęěš ążšĳ ćżŕőńŋěŋ ŋěśłőńĳłĺňĺ śŕőśőąăňĺ.

Ŋăŕřĺňěř, ś ŕőňőźĳ¿ ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ŋĳ¿šőŋă (48)

L_{k;n}(x) = L_{k;n}(x_n + th) = k∑ i=0 ▽^if_n t(t + 1) . . .(t + i − 1) i! (157)

ňőęŋő ćżůĺśńĺšĳ ğŋăůěŋĺ£

f^∗_{n−j} = f(x_n − jh^∗, y(x_n − jh^∗)) = f(x_n − jξh, y(x_n − jξh)).

Ś šőůŋőśšĳ¿ O(h^{k+1}), ŕőńăčă£ t = −jξ:

f^∗_{n−j} = L_{k;n}(x_n − jξh), j = 1, 2, . . . , k. (158)

Ŕő ŋăľďěŋŋżň ğŋăůěŋĺ£ň ňőęŋő śőśšăćĺšĳ łőŋěůŋżě řăğŋőśšĺ ▽^if^∗_n, i = 1, . . . , k ĺ ŕřőďőńęĺšĳ ĺŋšěčřĺřőćăŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ŕő ťőřňşńě (156). Ŕőčřěÿŋőśšĳ (52) ťőřňşńż (156) ĺ őÿĺąłă, ćŋőśĺňă£ ć ŋěě ğă śůěš ŋěšőůŋőśšĺ ćżůĺśńěŋĺ£ ▽^if^∗_n, ĺňě¿š őďĺŋăłőćżľ ŕőř£ďőł O(h^{k+2}). Ďń£ šőčő ůšőąż ¡šă őÿĺąłă ŋě ĺğňěŋ£ńă čńăćŋőčő ůńěŋă ŕőčřěÿŋőśšĺ (52), ŋěőąţőďĺňő ŕőćżśĺšĳ šőůŋőśšĳ ćżůĺśńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ▽^if^∗_n. İšőčő ňőęŋő ďőśšĺůĳ šřěň£ ŕşš£ňĺ.

Ćő-ŕěřćżţ, ňőęŋő ĺśŕőńĳğőćăšĳ ŕőńşůěŋŋżě řăğŋőśšĺ ▽^if^∗_n ďń£ ŋăţőęďěŋĺ£ ŕő ťőřňşńě (156) ğŋăůěŋĺ£ řěÿěŋĺ£ y^∗_{n+j} ć şğńăţ x^∗_{n+j} = x_n + jh^∗, j = 1, . . . , k, ś ŕőčřěÿŋőśšĳ¿ O(h^{k+2}). Ğăšěň ŕő ćżůĺśńěŋŋżň ğŋăůěŋĺ£ň ŕřăćżţ ůăśšěľ f^∗_{n+j} = f(x^∗_{n+j} , y^∗_{n+j}) śőśšăćĺšĳ łőŋěůŋżě řăğŋőśšĺ ▽f^∗_n+_k, . . . , ▽^kf^∗_n+_k, ă ĺğ ŋĺţ ŕő ťőřňşńăň šĺŕă (116), ŕřĺňěŋ£ěňżň ć ŕřőűěďşřě řăğčőŋă, ŋăľšĺ řăğŋőśšĺ ▽^if^∗_n. Šěŕěřĳ ŕőčřěÿŋőśšĳ ¡šĺţ řăğŋőśšěľ ąşďěš ĺňěšĳ ŕőř£ďőł O(h^{k+2}), ă őÿĺąłă, ćŋőśĺňă£ ĺňĺ ć ťőřňşńş (156), śőőšćěšśšćěŋŋő | O(h^{k+3}).

Ćő-ćšőřżţ, ć ĺŋšěřŕőń£űĺőŋŋőň ňŋőčőůńěŋě Ŋĳ¿šőŋă (157) ňőęŋő ĺśŕőńĳğőćăšĳ ğŋăůěŋĺě ŕăřăňěšřă k ŋă ěďĺŋĺűş ąőńĳÿě ěčő ğŋăůěŋĺ£ ć ťőřňşńě Ăďăňśă (53), š. ě. k + 1. Ć ¡šőň śńşůăě ŕőčřěÿŋőśšĳ ćżůĺśń£ěňżţ ŕő ťőřňşńě (158) ŕřăćżţ ůăśšěľ f^∗_{n−j} ĺňěěš ŕőř£ďőł O(h^{k+2}) ĺ ŋě ĺğňěŋ£ěš čńăćŋőčő ůńěŋă ŕőčřěÿŋőśšĺ ťőřňşńż (156). Ěśńĺ ęě ďőŕőńŋĺšěńĳŋőľ łőŋěůŋőľ řăğŋőśšĺ ŋěš, šő őŋă ňőęěš ążšĳ ćżůĺśńěŋă ŕő ťőřňşńăň (147), (148).

Ć-šřěšĳĺţ, ňőęŋő őŕřěďěńĺšĳ řěÿěŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ y^∗_{n−j} ć şğńăţ x^∗_{n−j} ŕő ťőřňşńě (134) ś ŕőčřěÿŋőśšĳ¿ O(h^{k+2}), ćżůĺśńĺšĳ ğŋăůěŋĺ£ ŕřăćżţ ůăśšěľ f^∗_{n−j} = f(x^∗_{n−j} , y^∗_{n−j}) ĺ śőśšăćĺšĳ řăğŋőśšĺ ▽^if^∗_n, i = 1, 2, . . . , k. Šěŕěřĳ ŕőčřěÿŋőśšĳ ¡šĺţ řăğŋőśšěľ ĺňěěš ŕőř£ďőł O(h^k+2).

Śőţřăŋěŋĺě čńăćŋőčő ůńěŋă ŕőčřěÿŋőśšĺ řăğŋőśšŋőľ ťőřňşńż (156) ŕőśńě ŕěřěţőďă ł ŋőćőňş ÿăčş ĺňěěš ŕřăłšĺůěśłőě ğŋăůěŋĺě, šăł łăł šěň śăňżň őąőśŋőćżćăěšś£ ĺśŕőńĳğőćăŋĺě řăśśňőšřěŋŋżţ řăŋěě ăśĺňŕšőšĺůěśłĺţ őűěŋőł ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ňěšőďă.

Řăśśňőšřĺň šěŕěřĳ ďřşčőľ ŕőďţőď, łőšőřżľ ŕőğćőń£ěš ŕěřěľšĺ őš řăğŋőśšěľ ▽^if_n, śőőšćěšśšćş¿źĺţ ÿăčş h, ŋěŕőśřěďśšćěŋŋő ł řăğŋőśš£ň ▽^if^∗_n, śőőšćěšśšćş¿źĺň ŋőćőňş ÿăčş (154), ňĺŋş£ ¡šăŕ ćżůĺśńěŋĺ£ ŕřăćżţ ůăśšěľ f^∗_{n−j} , i = 1, 2, . . . , k. Ŋăľďěň łő¡ťťĺűĺěŋšż ć řăğńőęěŋĺĺ

▽f^∗_n = α1 ▽ f_n + α2 ▽2 f_n + α3 ▽3 f_n + . . . + α_k ▽^k f_n + O(h^k+1). (159)

Ďń£ ¡šőčő řăğńőęĺň ŕő śšěŕěŋ£ň h ćśě řăğŋőśšĺ ć ńěćőľ ĺ ŕřăćőľ ůăśš£ţ ¡šőčő řăćěŋśšćă:

▽^rf_n = r∑ i=0 (−1)^iC^i_rf_{n−i} = r∑ i=0 (−1)^iC^i_r k∑ j=0 (−ih)^jf^{(j)} j! + O(h^{k+1}) =

= k∑ j=0 h^jf (^j) j! r∑ i=0 (−1)^iC^i_r(−i)^j + O(h^{k+1}) =

= k∑ j=r h^jf (^j) j! r∑ i=1 (−1)^iC^i_r(−i)^j + O(h^{k+1}), r = 1, 2, . . . , k.

Ŕőďśšăćĺň ŕőńşůěŋŋőě ćżřăęěŋĺě ć (159): − k∑ j=1 ξ^jh^j f (^j) j! (−1)^j = k∑ r=1 α_r ▽^r f_n + O(h^k+1) =

= k∑ r=1 α_r k∑ j=r h^j f (^j) j! r∑ i=1 (−1)^iC^i_r(−i)^j + O(h^{k+1}) =

= k∑ j=1 h^j f (^j) j! j∑ r=1 α_r r∑ i=1 (−1)^iC^i_r(−i)^j + O(h^{k+1}).

Ŕřĺřăćŋ£ěň łő¡ťťĺűĺěŋšż ŕřĺ őďĺŋăłőćżţ śšěŕěŋ£ţ h: ξ = α1, − ξ2 = − α1 + 2α2, ξ3 = α1 − 6α2 + 6α3, − ξ4 = − α1 + 14α2 − 36α3 + 24α4

(160)

ĺ š. ď. Řěÿă£ ŕőńşůěŋŋş¿ śĺśšěňş şřăćŋěŋĺľ (160), ŕőśńěďőćăšěńĳŋő ŋăţőďĺň α1 = ξ; α2 = − ξ(ξ − 1) 2 ; α3 = ξ(ξ − 1)(ξ − 2) 6 ; α4 = − ξ(ξ − 1)(ξ − 2)(ξ − 3) 24 ; . . . Ăŋăńőčĺůŋő ŋăţőď£šś£ łő¡ťťĺűĺěŋšż ć řăğńőęěŋĺ£ţ ▽2f^∗_n = β2 ▽2 f_n + β3 ▽3 f_n + . . . + β_k ▽^k f_n + O(h^k+1), (161) ▽3f^∗_n = γ3 ▽3 f_n + . . . + γ_k ▽^k f_n + O(h^k+1), (162) ▽4f^∗_n = δ4 ▽4 f_n + . . . + δ_k ▽^k f_n + O(h^k+1) (163) ĺ š. ď. Ěśńĺ őčřăŋĺůĺšĳś£ ůńěŋăňĺ ďő ůěšćěřšőčő ŕőř£ďłă ćłń¿ůĺšěńĳŋő (š. ě. k = 4), šő (159) ĺ (161)|(163) ňőęŋő ŕřěďśšăćĺšĳ ć ćĺďě:

▽f^∗_n = ξ ▽ f_n − ξ(ξ − 1) 2 ▽2 f_n + ξ(ξ − 1)(ξ − 2) 6 ▽3 f_n −

− ξ(ξ − 1)(ξ − 2)(ξ − 3) 24 ▽4 f_n + O(h5),

▽2f^∗_n = ξ2 ▽2 f_n − ξ2(ξ − 1) ▽3 f_n +

7ξ^2(ξ − 1) ( ξ − 11 7 ) 12 ▽4 f_n + O(h5),

▽3f^∗_n = ξ3 ▽3 f_n −

3ξ^3(ξ − 1) 2 ▽4 f_n + +O(h5),

▽4f^∗_n = ξ4 ▽4 f_n + O(h5).

(164)

Šăł łăł ć ťőřňşńş Ăďăňśă (156) ¡šőš ťřőŋš ćţőďĺš ś ňŋőęĺšěńěň h, šő ć ńőłăńĳŋş¿ ŕőčřěÿŋőśšĳ ¡šőľ ťőřňşńż őŋ ćŋěśěš őÿĺąłş O(h^{k+2}). Ŕřĺ şďćőěŋĺĺ ÿăčă ĺŋšěčřĺřőćăŋĺ£ ťőřňşńż (164) ŕřĺŋĺňă¿š ćĺď ▽f^∗_n = ▽f (2^h)n = 2 ▽ f_n − ▽2f_n ▽2f^∗_n = ▽2f (2^h)n = 4 ▽2 f_n − 4 ▽3 f_n + ▽4f_n ▽3f^∗_n = ▽3f (2^h)_n = 8 ▽3 f_n − 12 ▽4 f_n ▽4f^∗_n = ▽4f (2^h)n = 16 ▽4 f_n

+ O(h^5), (165) ă ŕřĺ ďěńěŋĺĺ ÿăčă ŕőŕőńăň |

▽f^∗_n = ▽f

(^1_2 h) n = 1 2 ▽ f_n + 1 8 ▽2 f_n + 1 16 ▽3 f_n + 5 128 ▽4 f_n

▽2f^∗_n = ▽2f

(^1_2 h) n = 1 4 ▽2 f_n + 1 8 ▽3 f_n + 5 64 ▽4 f_n

▽3f^∗_n = ▽3f

(^1_2 h) n = 1 8 ▽3 f_n + 3 32 ▽4 f_n

▽4f^∗_n = ▽4f

(^1_2 h) n = 1 16 ▽4 f_n

+ O(h^5). (166)

13. Łőŋěůŋő-řăğŋőśšŋżě ňěšőďż řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ ćšőřőčő ŕőř£ďłă. Řăśśňőšřĺň řăğŋőśšŋżě ňěšőďż řěÿěŋĺ£ ğăďăůĺ Łőÿĺ ďń£ ďĺťťěřěŋűĺăńĳŋżţ

şřăćŋěŋĺľ ćšőřőčő ŕőř£ďłă y^{′′} = f(x, y, y^′) (167) ś ŋăůăńĳŋżňĺ şśńőćĺ£ňĺ { y(x0) = y0, y^′(x0) = y^′0.

(168)

Śşźěśšćş¿š ďćă ŕőďţőďă ł řěÿěŋĺ¿ ğăďăůĺ (167), (168). Ŕěřćżľ ğăłń¿ůăěšś£ ć šőň, ůšőąż śćěśšĺ şřăćŋěŋĺě ćšőřőčő ŕőř£ďłă ł śĺśšěňě şřăćŋěŋĺľ ŕěřćőčő ŕőř£ďłă ĺ ŕőńşůěŋŋş¿ ğăďăůş řěÿăšĳ łăłĺň-ŋĺąşďĳ ĺğ řăśśňőšřěŋŋżţ ćżÿě ňěšőďőć. Ćšőřőľ ŕőďţőď śőśšőĺš ć ŕřĺňěŋěŋĺĺ šăłĺţ ůĺśńěŋŋżţ ňěšőďőć, łőšőřżě śŕěűĺăńĳŋő ŕřĺśŕőśőąńěŋż ďń£ řěÿěŋĺ£ şřăćŋěŋĺ£ (167) ĺ őąńăďă¿š ąőńěě ćżśőłőľ ¡ťťěłšĺćŋőśšĳ¿. Ŋă ¡šőň ćšőřőň ŕőďţőďě ňż őśšăŋőćĺňś£ ąőńěě ŕőďřőąŋő ĺ řăśśňőšřĺň łőŋěůŋő-řăğŋőśšŋżě ňěšőďż řěÿěŋĺ£ ğăďăůĺ (167), (168). Ďń£ ŕőśšřőěŋĺ£ ťőřňşń ůĺśńěŋŋőčő ĺŋšěčřĺřőćăŋĺ£ şřăćŋěŋĺľ ćšőřőčő ŕőř£ďłă ŕőśšşŕĺň šăł ęě, łăł ĺ ŕřĺ ćżćőďě łőŋěůŋő-řăğŋőśšŋżţ śţěň ďń£ ĺŋšěčřĺřőćăŋĺ£ şřăćŋěŋĺľ ŕěřćőčő ŕőř£ďłă.

13.1. İłśšřăŕőń£űĺőŋŋżě ťőřňşńż. Ŕřěďŕőńőęĺň, ůšő ŋăň ĺğćěśšŋż ğŋăůěŋĺ£ řěÿěŋĺ£ y(x_i) ĺ ěčő ŕřőĺğćőďŋőľ y^′(x_i) ć şğńăţ x_i, i = n − k, n − k + 1, . . ., n − 1, n. Ŕőśšřőĺň ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ L_{k;n}(x), ŕřĺŋĺňă¿źĺľ ć ¡šĺţ şğńăţ ğŋăůěŋĺ£ f(x_i, y(x_i), y^′(x_i)). Ğăŕĺÿěň ěčő ć ćĺďě ĺŋšěřŕőń£űĺőŋŋőčő ňŋőčőůńěŋă Ŋĳ¿šőŋă (48). Ŕőďśšăćń££

f(x, y(x), y^′(x)) = L_{k;n}(x) + r_{k;n}(x) (169)

ć ĺŋšěčřăńĳŋőě śőőšŋőÿěŋĺě

y^′(x) − y^′(x_n) = x∫ xn y^{′′}(ξ) dξ = x∫ xn f(ξ, y^′(ξ), y^{′′}(ξ)) dξ, (170) ĺňěěň

y^′(x) − y^′(x_n) = y^′(x_n + ζh) − y^′(x_n) = h “∫ 0 L_{k;n}(x_n + th) dt + h “∫ 0 r_{k;n}(x_n + th) dt, (171)

čďě x = x_n + ζh.

Ĺŋšěčřĺřş£ (171) ŕő őšřěğłş [x_n, x_{n+1}], ŕőńşůăěň

y(x_n+1) − y(x_n) − y^′(x_n)h =

x_{n+1}∫

xn dx x∫ xn y^{′′}(ξ) dξ =

= h^2 1∫

0 dξ ∫ 0 L_{k;n}(x_n + th) dt + ρ1 =

= h^2 k∑ i=0 μ_i ▽^i f_n + ρ1,

(172)

čďě f_n = f(x_n, y(x_n), y^′(x_n)),

μ_i = 1 i! 1∫

0 dζ “∫ 0 t(t + 1) . . .(t + i − 1) dt, (173)

ρ1 = h2 1∫

0 dζ “∫ 0 r_{k;n}(x_n + th) dt =

= h^k+3 (k + 1)! 1∫

0 dζ “∫ 0 t(t + 1) . . .(t + k)f (^k+1)(x, y(x), y^′(x)) | | | x=(t) dt = = h^{k+3}μ_{k+1}f^{(k+1)}(η, y(η), y^′(η)) = h^{k+3}μ_{k+1}y^{(k+3)}(η) =

= h^{k+3}μ_{k+1}y^{(k+3)}(x_n) + O(h^{k+4}).

(174)

Őšąřăśżćă£ ć (172) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň £ćŋş¿ łőŋěůŋő-řăğŋőśšŋş¿ śţěňş

y_n+1 = y_n + hy^′_n + h2 k∑ i=0 μ_i ▽^i f_n. (175)

Ćěńĺůĺŋă h^{−2}ρ_1 ŋăğżćăěšś£ ŕőčřěÿŋőśšĳ¿ ăŕŕřőłśĺňăűĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167) řăğŋőśšŋżň şřăćŋěŋĺěň (175). Šăłĺň őąřăğőň, řăğŋőśšŋőě şřăćŋěŋĺě (175) ăŕŕřőłśĺňĺřşěš ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (167) ś ŕőčřěÿŋőśšĳ¿ O(h^{k+1}), ĺńĺ ś ŕőř£ďłőň k + 1.

Ŕřĺćěďěň ŋěśłőńĳłő ğŋăůěŋĺľ μ_i: μ0 = 1 2 , μ1 = 1 6 , μ2 = 1 8 , μ3 = 19 180 , μ4 = 3 32 . Ěśńĺ ć (171) ŕőńőęĺšĳ x = x_{n+1}, šő

y^′(x_n+1) = y^′(x_n) + h k∑ i=0 γ_i ▽^i f_n + ρ^′, (176)

čďě γ_i | łő¡ťťĺűĺěŋšż ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă, őŕřěďěń£ěňżě ś ŕőňőźĳ¿ (51), ρ^′ = h^k+2γ_k+1y(^k+3)(x_n) + O(h^k+3). (177) Őšąřăśżćă£ őśšăšőůŋżľ ůńěŋ ć (176), ŕőńşůăěň řăğŋőśšŋőě şřăćŋěŋĺě ďń£ őŕřěďěńěŋĺ£ ŕřőĺğćőďŋőľ y^′_{n+1}: y^′_n+1 = y^′_n + h k∑ i=0 γ_i ▽^i f_n. (178)

Řăćěŋśšćő (178) | ¡łśšřăŕőń£űĺőŋŋă£ ťőřňşńă Ăďăňśă ďń£ ŕřőĺğćőďŋőľ.

Ĺŋšěčřĺřőćăŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167) ś ŋăůăńĳŋżňĺ şśńőćĺ£ňĺ (168) ňőęěš ążšĳ ćżŕőńŋěŋő ś ŕőňőźĳ¿ řăğŋőśšŋżţ şřăćŋěŋĺľ (175), (178), ěśńĺ ĺğćěśšŋż łőŋěůŋżě řăğŋőśšĺ ▽^if_n, řěÿěŋĺě y_n ĺ ŕřőĺğćőďŋă£ y^′_n ć šőůłě x_n. Ňż ŕřěďŕőńăčăěň, ůšő ¡šĺ ćěńĺůĺŋż ĺğćěśšŋż. Šőčďă ĺğ (175) ŋăţőďĺšś£ řěÿěŋĺě y_{n+1}, ă ŕő ťőřňşńě (178) | ŕřőĺğćőďŋă£ y^′_{n+1} ć śńěďş¿źěň şğńě x_{n+1}. Ŕőśńě ¡šőčő őŕřěďěń£ěšś£ f_{n+1} = f(x_{n+1}, y_{n+1}, y^′_{n+1}) ĺ ŕő ťőřňşńăň śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ŋăţőď£šś£ ▽^if_{n+1}, i = 1, 2, . . . , k. Şğěń x_{n+1} ŕřĺŋĺňăěšś£ ğă šěłşźĺľ, ĺ ćśě ćżůĺśńěŋĺ£ ŕőćšőř£¿šś£. Šăłĺň őąřăğőň ňőčşš ążšĳ ŋăľďěŋż ćő ćśěţ şğńăţ śěšłĺ ŕřőĺğćőďŋă£ y^′_n ĺ řěÿěŋĺě y_n ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£.

Ďőŕşśšĺň, ůšő ŕřăćă£ ůăśšĳ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ŋě śőďěřęĺš ŕřőĺğćőďŋş¿, š. ě. y^{′′} = f(x, y). (179) Ć ¡šőň ůăśšő ćśšřěůă¿źěňś£ ć ŕřĺńőęěŋĺ£ţ śńşůăě ŕřĺ ćżůĺśńěŋĺĺ y_{n+1} ňőęŋő ĺśłń¿ůĺšĳ ćśě ŕřőňěęşšőůŋżě ŕřőĺğćőďŋżě, ěśńĺ šőńĳłő ğŋăůěŋĺ£ ŕřőĺğćőďŋőľ ŋě šřěąş¿šś£ ć łăůěśšćě őďŋőčő ĺğ řěğşńĳšăšőć řěÿěŋĺ£ ğăďăůĺ. Ďń£ ¡šőčő ŕőśšşŕĺň śńěďş¿źĺň őąřăğőň. Ŕřőĺŋšěčřĺřşěň (171) ŕő őšřěğłş [x_{n−1}, x_n]:

y(x_n) − y(x_{n−}1) − y^′(x_n)h = xn∫ x_{n−1} dx x∫ xn y^{′′}(ξ) dξ =

= h^2 0∫

−1 dζ “∫ 0 L_{k;n}(x_n + th) dt + ρ2 = h2 k∑ i=0 ν_i ▽^i f_n + ρ2,

(180)

čďě ν_i = 1 i! 0∫

−1 dζ “∫ 0 t(t + 1) . . .(t + i − 1) dt, (181)

ρ2 = h2 0∫

−1 dζ “∫ 0 r_{k;n}(x_n + th) dt =

= h^k+3 (k + 1)! 0∫

−1 dζ “∫ 0 t(t + 1) . . .(t + k)f (^k+1)(x, y(x), y^′(x)) | | x=(t) dt = = h^{k+3}ν_{k+1}f^{(k+1)}(η, y(η), y^′(η)) = h^{k+3}ν_{k+1}y^{(k+3)}(η) =

= h^{k+3}ν_{k+1}y^{(k+3)}(x_n) + O(h^{k+4}).

(182)

Ćżůĺšă£ (180) ĺğ (172), ŋăţőďĺň

y(x_n+1) − 2y(x_n) + y(x_{n−}1) = h2 k∑ i=0 ȷ_i ▽^i f_n + ρ, (183) čďě ȷ_i = μ_i − ν_i = 1 i! ( 1∫ 0 dζ “∫ 0 t(t + 1) . . .(t + i − 1) dt − 0∫

−1 dζ “∫ 0 t(t + 1) . . .(t + i − 1) dt ) =

= 1 i! 1∫

0 dζ “∫ −“ t(t + 1) . . .(t + i − 1) dt. (184)

Őśšăšőůŋżľ ůńěŋ ć (183) řăćěŋ řăğŋőśšĺ őśšăšőůŋżţ ůńěŋőć ρ_1 (174) ĺ ρ_2 (182):

ρ = h^k+3(μ_k+1 − ν_k+1)y(^k+3)(x_n) + O(h^k+4) = h^k+3ȷ_k+1y(^k+3)(x_n) + O(h^k+4). (185)

Őšąřăśżćă£ ć (183) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 − 2y_n + y_{n−}1 = h2 k∑ i=0 ȷ_i ▽^i f_n, (186)

ăŕŕřőłśĺňĺřş¿źěě ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (179) ĺńĺ (167) ś (k + 1)-ň ŕőř£ďłőň.

Ĺšăł, ĺğ řăğŋőśšŋőčő şřăćŋěŋĺ£ (186) ŕőńŋőśšĳ¿ ĺśłń¿ůěŋż ćśě ŕřőĺğćőďŋżě. Řěÿěŋĺě ğăďăůĺ ňőęěš ążšĳ ŋăľďěŋő, ěśńĺ ĺğćěśšŋż y_n, y_{n−1} ĺ łőŋěůŋżě řăğŋőśšĺ ▽^if_n ć ŋěłőšőřőň şğńě x_n. Ŕřěďŕőńăčăěň, ůšő ¡šĺ ćěńĺůĺŋż ŋăň ĺğćěśšŋż. Őůěćĺďŋő, ůšő řăğŋőśšŋă£ śţěňă (186) ąőńěě şďőąŋă ďń£ ĺŋšěčřĺřőćăŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (179), ůěň śţěňă (175), šăł łăł ć ¡šőň śńşůăě ŋěš ŋěőąţőďĺňőśšĺ ŕřőćőďĺšĳ ćżůĺśńěŋĺ£ ŕřőĺğćőďŋőľ y^′_n ŕő ťőřňşńě (178).

Ťőřňşńă (186) ŋăğżćăěšś£ ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńőľ Ÿšěřňěřă. Őŋă ňőęěš ążšĳ ŕřěďśšăćńěŋă šăłęě ć ćĺďě

y_n+1 = y_n + ▽y_n + h2 k∑ i=0 ȷ_i ▽^i f_n, (186^′)

ĺńĺ ś şůěšőň ůĺśńěŋŋżţ ğŋăůěŋĺĺ łő¡ťťĺűĺěŋšőć

y_n+1 = y_n + ▽y_n + h2(f_n + 1 12 ▽2 f_n + 1 12 ▽3 f_n + 19 240 ▽4 f_n + 3 40 ▽5 f_n + . . . + ȷ_k ▽^k f_n) =

= y_n + ▽y_n + h^2 ( f_n + 1 12 (▽^2f_n + ▽^3f_n + ▽^4f_n + ▽^5f_n) − 1 240 (▽^4f_n + 2 ▽^5 f_n) + . . . + ȷ_k ▽^k f_n ) . 13.2. Ĺŋšěřŕőń£űĺőŋŋżě ťőřňşńż. Ěśńĺ ŕőďżŋšěčřăńĳŋş¿ ťşŋłűĺ¿ f(x, y(x), y^′(x)) ć (170) ğăňěŋĺšĳ ĺŋšěřŕőń£űĺőŋŋżň ňŋőčőůńěŋőň Ŋĳ¿šőŋă L_{k;n+1}, ŕřĺŋĺňă¿źĺň ć şğńăţ x_i ğŋăůěŋĺ£ f(x_i, y(x_i), y^′(x_i)) ŕřĺ i = n − k + 1, . . . , n, n + 1, ĺ ćżŕőńŋĺšĳ ĺŋšěčřĺřőćăŋĺě, šő ňż ŕřĺďěň ł śńěďş¿źěňş śőőšŋőÿěŋĺ¿:

y^′(x) − y^′(x_n) = y^′(x_n + ζh) − y^′(x_n) =

= h “∫ 0 L_{k;n}+1(x_n + th) dt + h “∫ 0 r_{k;n}+1(x_n + th) dt,

(187)

čďě x = x_n + ζh. Ĺŋšěčřĺřş£ (187) ŕő őšřěğłş [x_n, x_{n+1}], ŕőńşůăěň

y(x_n+1) − y(x_n) − y^′(x_n)h =

x_{n+1}∫

xn dx x∫ xn y^{′′}(ξ) dξ =

= h^2 1∫

0 dζ “∫ 0 L_{k;n}+1(x_n + th) dt + ρ3 = h2 k∑ i=0 —μ_i ▽^i f_{n+1} + ρ_3,

(188)

čďě f_{n+1} = f(x_{n+1}, y(x_{n+1}), y^′(x_{n+1})),

—μ_i = 1 i! 1∫

0 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + i − 2) dt, ρ3 = h2 1∫

0 dζ “∫ 0 r_{k;n}+1(x_n + th) dt =

= h^k+3 (k + 1)! 1∫

0 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + k − 1)f^{(k+1)}(x, y(x), y^′(x)) | | | x=(t) dt = = h^{k+3} —μ_{k+1}f^{(k+1)}(η, y(η), y^′(η)) = h^{k+3} —μ_{k+1}y^{(k+3)}(η) =

= h^{k+3} —μ_{k+1}y^{(k+3)}(x_n) + O(h^{k+4}). Ěśńĺ ć (187) ŕőńőęĺšĳ x = x_{n+1}, šő

y^′(x_n+1) = y^′(x_n) + h k∑ i=0 —γ_i ▽^i f_{n+1} + ρ^′, (189)

čďě —γ_i | łő¡ťťĺűĺěŋšż ĺŋšěřŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă, őŕřěďěń£ěňżě ś ŕőňőźĳ¿ (71), ρ^′ = h^k+2—γ_k+1y(^k+3)(x_n) + O(h^k+3).

Őšąřăśżćă£ ć (188) ĺ (189) őśšăšőůŋżě ůńěŋż, ŕřĺţőďĺň ł řăğŋőśšŋżň şřăćŋěŋĺ£ň ďń£ őŕřěďěńěŋĺ£ řěÿěŋĺ£ y_n ĺ ŕřőĺğćőďŋőľ y^′_n:

y_n+1 = y_n + hy^′_n + h2 k∑ i=0 —μ_i ▽^i f_{n+1} (190) ĺ y^′_n+1 = y^′_n + h k∑ i=0 —γ_i ▽^i f_{n+1}. (191) Řăćěŋśšćő (191) | ŋě£ćŋă£ ťőřňşńă Ăďăňśă ďń£ ŕřőĺğćőďŋőľ.

Ŕřĺćěďěň ŋěśłőńĳłő ğŋăůěŋĺľ —μ_i: —μ_0 = 1 2 , —μ1 = − 1 3 , —μ2 = − 1 24 , —μ3 = − 7 360 . Ěśńĺ ŕřőĺŋšěčřĺřőćăšĳ (187) ŕő őšřěğłş [x_{n−1}, x_n], šő

y(x_n) − y(x_{n−}1) − y^′(x_n)h = xn∫ x_{n−1} dx x∫ xn y^{′′}(ξ) dξ =

= h^2 0∫

−1 dζ “∫ 0 L_{k;n}+1(x_n + th) dt + ρ4 = h2 k∑ i=0 —ν_i ▽^i f_{n+1} + ρ_4,

(192)

čďě —ν_i = 1 i! 0∫

−1 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + i − 2) dt, ρ4 = h2 0∫

−1 dζ “∫ 0 r_{k;n}+1(x_n + th) dt =

= h^k+3 (k + 1)! 0∫

−1 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + k − 1)f^{(k+1)}(x, y(x), y^′(x)) | | | x=(t) dt = = h^{k+3}—ν_{k+1}f^{(k+1)}(η, y(η), y^′(η)) = h^{k+3}—ν_{k+1}y^{(k+3)}(η) =

= h^{k+3}—ν_{k+1}y^{(k+3)}(x_n) + O(h^{k+4}). Ćżůĺšă£ (192) ĺğ (188), ŋăţőďĺň

y(x_n+1) − 2y(x_n) + y(x_{n−}1) = h2 k∑ i=0 —ȷ_i ▽^i f_{n+1} + ρ, (193) čďě —ȷ_i = —μ_i − —ν_i = 1 i! ( 1∫ 0 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + i − 2) dt − 0∫

−1 dζ “∫ 0 (t − 1)t(t + 1) . . .(t + i − 2) dt ) =

= 1 i! 1∫

0 dζ “∫ −“ (t − 1)t(t + 1) . . .(t + i − 2) dt. (194) Őśšăšőůŋżľ ůńěŋ ć (193) řăćěŋ řăğŋőśšĺ őśšăšőůŋżţ ůńěŋőć ρ_3 ĺ ρ_4:

ρ = h^k+3(—μ_k+1 − —ν_k+1)y(^k+3)(x_n) + O(h^k+4) = h^k+3 —ȷ_k+1y(^k+3)(x_n) + O(h^k+4). (195) Őšąřăśżćă£ ć (193) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň řăğŋőśšŋőě şřăćŋěŋĺě

y_n+1 − 2y_n + y_{n−}1 = h2 k∑ i=0 —ȷ_i ▽^i f_{n+1}, (196)

ăŕŕřőłśĺňĺřş¿źěě ďĺťťěřěŋűĺăńĳŋżě şřăćŋěŋĺ£ (179) ĺ (167) ś (k + 1)-ň ŕőř£ďłőň. Ťőřňşńă (196) ŋăğżćăěšś£ ĺŋšěřŕőń£űĺőŋŋőľ ťőřňşńőľ Ÿšěřňěřă.

Ĺŋšěřŕőń£űĺőŋŋă£ ťőřňşńă Ÿšěřňěřă ňőęěš ążšĳ ŕřěďśšăćńěŋă ć ćĺďě

y_n+1 = y_n + ▽y_n + h2 k∑ i=0 —ȷ_i ▽^i f_{n+1}, (196^′)

ĺńĺ ś şůěšőň ůĺśńěŋŋżţ ğŋăůěŋĺľ łő¡ťťĺűĺěŋšőć y_n+1 = y_n + ▽y_n + h2 ( f_n+1 − ▽f_n+1 + 1 12 ▽2 f_n+1 − 1 240 ▽4 f_n+1 − 1 240 ▽5 f_n+1 − . . . + —ȷ_k ▽^k f_n+1 ) . Ťőřňşńă (196) ąőńěě şďőąŋă ďń£ ĺŋšěčřĺřőćăŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (179), ůěň ťőřňşńă (190), šăł łăł ć ¡šőň śńşůăě ŋě šřěąşěšś£ ŕřőćőďĺšĳ ćżůĺśńěŋĺ£ ŕřőĺğćőďŋőľ y^′_n.

Ĺğ ćżřăęěŋĺľ (184) ĺ (194) ďń£ łő¡ťťĺűĺěŋšőć ȷ_i ĺ —ȷ_i, śńěďşěš, ůšő

ȷ_{i−1} + —ȷ_i = 1 (i − 1)! 1∫

0 dζ “∫ −“ t(t + 1) . . .(t + i − 2) dt + 1 i! 1∫

0 dζ “∫ −“ (t − 1)t(t + 1) . . .(t + i − 2) dt =

= 1 i! 1∫

0 dζ ( “∫ −“ it(t + 1) . . .(t + i − 2) dt + “∫ −“ (t − 1)t(t + 1) . . .(t + i − 2) dt ) =

= 1 i! 1∫

0 dζ “∫ −“ t . . .(t + i − 2)(t + i − 1) dt = ȷ_i,

š.ě.

ȷ_{i−1} + —ȷ_i = ȷ_i. (197) Śşňňĺřş£ (197), ŕőńşůăěň_k ∑ i=0 —ȷ_i = ȷ_k. (198)

13.3. Ćĺďőĺğňěŋěŋĺě ťőřňż ğăŕĺśĺ řăğŋőśšŋżţ şřăćŋěŋĺľ. Ŋěĺğćěśšŋőě ğŋăůěŋĺě ťşŋłűĺĺ y_n+1 ć (196^′) ćţőďĺš ć ńěćş¿ ĺ ŕřăćş¿ ůăśšĺ řăğŋőśšŋőčő şřăćŋěŋĺ£. Ŕő¡šőňş ďń£ őšżśłăŋĺ£ y_n+1 ŕřĺňěŋ£ěšś£ ĺšěřăűĺőŋŋżľ ŕřőűěśś. Ŕřěęďě ůěň ŕěřěţőďĺšĳ ł őŕĺśăŋĺ¿ ĺšěřăűĺőŋŋőčő ŕřőűěśśă, ŕřĺćěďěň ĺŋšěřŕőń£űĺőŋŋş¿ ťőřňşńş Ÿšěřňěřă ł ŋěśłőńĳłő ĺŋőňş ćĺďş. Ďń£ ¡šőčő ćőśŕőńĳğşěňś£ ťőřňşńăňĺ śőśšăćńěŋĺ£ łőŋěůŋżţ řăğŋőśšěľ ĺ śćőľśšćăňĺ (197), (198) łő¡ťťĺűĺěŋšőć ĺ ŕřěőąřăğşěň śşňňş_k ∑ i=0 —ȷ_i ▽^i f_{n+1}

ć (196^′) ăŋăńőčĺůŋő šőňş, łăł ¡šő ążńő śďěńăŋő ŕřĺ ŕřěőąřăğőćăŋĺĺ ĺŋšěřŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă (70) ł ćĺďş (105). Ć ĺšőčě ĺňěěň

y_n+1 = y_n + ▽y_n + h2 k∑ i=0 ȷ_i ▽^i f_n − h^2ȷ_k k∑ i=0 ▽^if_n + h2ȷ_kf_n+1. (199)

Ğăňěšĺň, ůšő ťőřňşńż Ÿšěřňěřă (186) ĺ (196) őąńăďă¿š ąőńĳÿěľ ůşćśšćĺšěńĳŋőśšĳ¿ ł őÿĺąłăň őłřşčńěŋĺ£ ŕő śřăćŋěŋĺ¿ ś ťőřňşńăňĺ Ăďăňśă. Ŕřőĺńń¿śšřĺřşěň ¡šő ś ŕőňőźĳ¿ ŋĺęě ŕřĺćőďĺňżţ řăűĺőŋăńĳŋżţ řăśśşęďěŋĺľ ďń£ ŕřőśšěľÿěľ ťőřňşńż Ÿšěřňěřă

y_n+1 = y_n + ▽y_n + h2f(x_n, y_n), (200)

łőšőřă£ śńěďşěš ĺğ (186^′) ŕřĺ k = 0.

Ć řěăńĳŋżţ ćżůĺśńěŋĺ£ţ őÿĺąłĺ őłřşčńěŋĺ£ ŕřĺćőď£š ł šőňş, ůšő ćżůĺśń£ěšś£ ŋě šőůŋőě řěÿěŋĺě y_n řăğŋőśšŋőčő şřăćŋěŋĺ£ (200), ă ŋěłőšőřă£ śěšőůŋă£ ťşŋłűĺ£ ~y_n, şďőćńěšćőř£¿źă£ řăğŋőśšŋőňş şřăćŋěŋĺ¿ ~y_{n+1} = ~y_n + ▽~y_n + h^2f(x_n, ~y_n) + δ_n (201) ś őšńĺůŋőľ őš ŋşń£ ŋěć£ğłőľ δ_n. Şřăćŋěŋĺě (201) ňőęŋő ğăŕĺśăšĳ šăłęě ć ćĺďě

~y_{n+1} = ~y_n + ▽~y_n + h^2 ( f(x_n, ~y_n) + δ h2 ) . (202)

Ŕşśšĳ δ_n = δ = const. Ŋăř£ďş ś ďĺťťěřěŋűĺăńĳŋżň şřăćŋěŋĺěň (179) řăśśňőšřĺň ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě ś ćőğňşźěŋŋőľ ŕřăćőľ ůăśšĳ¿ u^{′′} = f(x, u) + δ h2 . (203)

Ŕřĺňěŋĺň ťőřňşńş (200) ł řěÿěŋĺ¿ şřăćŋěŋĺ£ (203). Ŕřěďŕőńăčă£, ůšő őłřşčńěŋĺě őšśşšśšćşěš, ĺňěěň u_n+1 = u_n + ▽u_n + h2 ( f(x_n, u_n) + δ_n h2 ) . (204)

Řăğŋőśšŋőě şřăćŋěŋĺě (204) śőćŕăďăěš ś řăğŋőśšŋżň şřăćŋěŋĺěň (202). Ňőęŋő śłăğăšĳ, ůšő ć řěğşńĳšăšě ĺŋšěčřĺřőćăŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (179) ŕő ŕřőśšěľÿěňş ňěšőďş Ÿšěřňěřă ŕřĺ ŋăńĺůĺĺ őłřşčńěŋĺ£ (š.e. ć řěğşńĳšăšě őšżśłăŋĺ£ řěÿěŋĺ£ şřăćŋěŋĺ£ (202)) ćżůĺśń£ěšś£ šă ęě śěšőůŋă£ ťşŋłűĺ£, łőšőřă£ ŕőńşůĺńăśĳ ąż, ěśńĺ šěň ęě ňěšőďőň, ŋő ąěğ őłřşčńěŋĺľ, ĺŋšěčřĺřőćăńőśĳ şřăćŋěŋĺě (203) ś ćőğňşźěŋŋőľ ŕřăćőľ ůăśšĳ¿. Řăğŋőśšĳ ňěęďş řěÿěŋĺ- £ňĺ ŋěćőğňşźěŋŋőčő (179) ĺ ćőğňşźěŋŋőčő (203) ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ ĺňěěš ŕőř£ďőł O(δ/h2). Šăłőľ ęě ŕőř£ďőł, ćőőąźě čőćőř£, ĺňěěš ĺ řăğŋőśšĳ ňěęďş řěÿěŋĺ£ňĺ śőőšćěšśšćş¿- źĺţ řăğŋőśšŋżţ şřăćŋěŋĺľ. Őšś¿ďă ňż ďěńăěň ćżćőď, ůšő ćżůĺśńĺšěńĳŋă£ ŕőčřěÿŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£, ŕőńşůăěňőčő ŕő ňěšőďş Ÿšěřňěřă, ňőęěš ĺňěšĳ šăłőľ ęě ŕőř£ďőł, łăł δ/h2. Ł šăłőňş ęě ğăłń¿ůěŋĺ¿ ňż ŕřĺţőďĺň ś ŕőňőźĳ¿ šőůŋżţ őűěŋőł ďń£ ůăśšŋőčő śńşůă£, łőčďă ∂f ∂y = 0, δ_n = δ = const. (205)

Řăğŋőśšĳ ňěęďş řěÿěŋĺěň y_n ŋěćőğňşźěŋŋőčő şřăćŋěŋĺ£ (200) ĺ řěÿěŋĺěň ~y_n ćőğňşźěŋŋőčő şřăćŋěŋĺ£ (201) η_n = y_n − ~y_n şďőćńěšćőř£ěš řăğŋőśšŋőňş şřăćŋěŋĺ¿

η_n+1 = η_n + ▽η_n + h2 ∂f ∂y η_n − δ_n.

Ěśńĺ ćżŕőńŋěŋż şśńőćĺ£ (205), šő

η_n+1 = η_n + ▽η_n − δ. (206)

Ŋăľďěň őąźěě řěÿěŋĺě (206). Őąźěě řěÿěŋĺě śőőšćěšśšćş¿źěčő őďŋőřőďŋőčő şřăćŋěŋĺ£ ěśšĳ śěšőůŋă£ ťşŋłűĺ£ η^0_n = C_1 + C_2n. Ŋěšřşďŋő şąěďĺšĳś£, ůšő ůăśšŋżň řěÿěŋĺěň (206) £ćń£ěšś£ ťşŋłűĺ£ η1_n = − δ 2 n2. Śńěďőćăšěńĳŋő, őąźěě řěÿěŋĺě (206) ďăěšś£ ťőřňşńőľ

η_n = η0_n + η1_n = C1 + C2n − δ 2 n2, őšłşďă ďń£ ťĺłśĺřőćăŋŋőčő ğŋăůěŋĺ£ ŋěğăćĺśĺňőľ ŕěřěňěŋŋőľ x_n = x_0 + nh = x^∗ ĺňěěň

η_n = y_n − ~y_n = C1 + C2 x^∗ − x0 h − δ 2 (x^∗ − x_0)^2 h2 ∼ O ( δ h2 ) . Šăłĺň őąřăğőň, ćżůĺśńĺšěńĳŋă£ ŕőčřěÿŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£, ŕőńşůěŋŋőčő ňěšőďőň Ÿšěřňěřă, ňőęěš őłăğăšĳś£ ŋěďőŕşśšĺňő ąőńĳÿőľ, ěśńĺ h ňăńő. Ć ść£ğĺ ś ¡šĺň ťőřňşńż Ÿšěřňěřă şŕőšřěąń£¿šś£ ć ďřşčőľ ťőřňě.

Ććőďĺšś£ ďőŕőńŋĺšěńĳŋă£ śěšőůŋă£ ťşŋłűĺ£ z_n šăłă£, ůšő

y_n+1 − y_n = hz_n+1.

Šőčďă £ćŋă£ ťőřňşńă Ÿšěřňěřă (186) ŕřĺŋĺňăěš ćĺď

z_n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n, (207) ă ĺŋšěřŕőń£űĺőŋŋă£ ťőřňşńă (199) |

z_n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf_n+1 (208)

ĺ, śńěďőćăšěńĳŋő, y_n+1 = y_n + hz_n+1. (209) 13.4. Řěăńĺğăűĺ£ ŋě£ćŋżţ řăğŋőśšŋżţ ťőřňşń. Řăśśňőšřĺň śŋăůăńă śńşůăľ, łőčďă ĺŋšěčřĺřşěšś£ ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě (179). Ć ťőřňşńě (208) ŋěĺğćěśšŋă£ ćěńĺůĺŋă z_{n+1} ćţőďĺš ć ńěćş¿ ĺ ŕřăćş¿ ůăśšĺ řăğŋőśšŋőčő şřăćŋěŋĺ£. Ŕő¡šőňş ďń£ ěě őšżśłăŋĺ£ ŕřĺňěŋ£ěšś£ ĺšěřăűĺőŋŋżľ ŕřőűěśś, łőšőřżľ ňőęěš ążšĳ ŕřěďśšăćńěŋ ć ćĺďě

z(+1) n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz()_n+1), (210) ĺńĺ z(+1) n+1 = hȷ_kf(x_{n+1}, y_n + hz^{()}_{n+1}) + g(h, z_n, f_n, ▽f_n, . . . , ▽^kf_n). (210^′) Ğďěśĳ ν = 0, 1, . . . , g | ĺğćěśšŋă£ ťşŋłűĺ£ śćőĺţ ăřčşňěŋšőć.

Ĺğ (210’) śńěďşěš, ůšő z(+1) n+1 = z^{()}_{n+1} + hȷ_k ( f(x_n+1, y_n + hz()_n+1) − f(x_n+1, y_n + hz(^−1)_n+1 ) ) , ν = 1, 2, . . . . Ĺšěřăűĺĺ ŕőćšőř£¿šś£ ďő šěţ ŕőř, ŕőłă ć ŕřěďěńăţ ğăďăŋŋőľ šőůŋőśšĺ ŋě şśšăŋőć£šś£ ŕřĺąńĺęěŋĺ£ ł řěÿěŋĺ¿. Ĺšěřăűĺőŋŋżľ ŕřőűěśś (210) śţőďĺšś£ ł řěÿěŋĺ¿ z_{n+1} şřăćŋěŋĺ£ (208)

z_n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz_n+1), (211)

ěśńĺ h2ȷ_kL < 1, (212) čďě L = max | | | ∂f ∂y | | |. Őąőğŋăůă£ P_{n+1} ŕřĺąńĺęěŋĺě ł z_{n+1}, ŕőńşůěŋŋőě ŕő £ćŋőľ ťőřňşńě (207):

P_n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n, (213)

ťőřňşńş (211) ňőęŋő ŕřěďśšăćĺšĳ šăł:

z_n+1 = P_n+1 − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz_n+1).

Šőčďă ĺšěřăűĺőŋŋżľ ŕřőűěśś (210) ŕřĺŋĺňăěš ćĺď

z(+1) n+1 = P_{n+1} − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz()_n+1). (214)

Ěśšěśšćěŋŋő ŕřĺŋ£šĳ P_{n+1} ć łăůěśšćě ŋăůăńĳŋőčő ŕřĺąńĺęěŋĺ£ z^{(0)}_{n+1} ďń£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă (214). Šőčďă ŕőńşůĺň ŕřěďśłăğżćă¿źě-ĺśŕřăćń£¿źĺľ ňěšőď. Ŕőśńě őłőŋůăŋĺ£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă řěÿěŋĺě y_{n+1} şřăćŋěŋĺ£ (199) ŋăţőďĺšś£ ŕő ťőřňşńě (209): y(+1) n+1 = y_n + hz^{(+1)}_{n+1} . (215)

Šěŕěřĳ řăśśňőšřĺň őąźĺľ śńşůăľ ĺŋšěčřĺřőćăŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167) ś ŕřăćőľ ůăśšĳ¿, ğăćĺś£źěľ őš ŕřőĺğćőďŋőľ. Ć ¡šőň śńşůăě ťőřňşńă (208) ğăŕĺśżćăěšś£ šăł:

z_n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz_n+1, y^′_n+1), (216)

ă ťőřňşńă (191) ďń£ ŕřőĺğćőďŋőľ |

y^′_n+1 = y^′_n + h k∑ i=0 γ_i ▽^i f_n − hγ_k k∑ i=0 ▽^if_n + hγ_kf(x_n+1, y_n + hz_n+1, y^′_n+1). (217)

Ĺšěřăűĺőŋŋżľ ŕřőűěśś ďń£ őšżśłăŋĺ£ řěÿěŋĺ£ şřăćŋěŋĺľ (216), (217) ňőęěš ążšĳ őřčăŋĺğőćăŋ śńěďş¿źĺň őąřăğőň. Ďőŕşśšĺň, ůšő ňż ĺňěěň ŋěłőšőřżě ŋăůăńĳŋżě ŕřĺąńĺęěŋĺ£ ďń£ ŕřőĺğćőďŋőľ y^{′(0)}_{n+1} ĺ ćśŕőňőčăšěńĳŋőľ ŕěřěňěŋŋőľ z^{(0)}_{n+1}. İšĺ ŋăůăńĳŋżě ŕřĺąńĺęěŋĺ£ ŕőďśšăćń£- ¿šś£ ć śőőšŋőÿěŋĺ£

y^′(+1) n+1 = y^′_n + h k∑ i=0 γ_i ▽^i f_n − hγ_k k∑ i=0 ▽^if_n + hγ_kf(x_n+1, y_n + hz()_n+1, y^′()_n+1) (218) ĺ z(+1) n+1 = z_n + h k∑ i=0 ȷ_i ▽^i f_n − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz()_n+1, y^′()_n+1), (219)

ŕő łőšőřżň ćżůĺśń£¿šś£ ĺśŕřăćńěŋŋżě ğŋăůěŋĺ£ ŕřőĺğćőďŋőľ y^{′(+1)}_{n+1} ĺ ćśŕőňőčăšěńĳŋőľ ŕěřěňěŋŋőľ z^{(+1)}_{n+1} . Ćňěśšő (218), (219) ňőčşš ążšĳ ĺśŕőńĳğőćăŋż śőőšŋőÿěŋĺ£

y^′(+1) n+1 = hγ_kf(x_{n+1}, y_n + hz^{()}_{n+1}, y^{′()}_{n+1}) + g^′(h, y^′_n, f_n, ▽f_n, . . . , ▽^kf_n), (218^′)

z(+1) n+1 = hȷ_kf(x_{n+1}, y_n + hz^{()}_{n+1}, y^{′()}_{n+1}) + g(h, z_n, f_n, ▽f_n, . . . , ▽^kf_n), (219^′)

čďě g^′ ĺ g | ĺğćěśšŋżě ťşŋłűĺĺ śćőĺţ ăřčşňěŋšőć. Ĺğ (218’), (219’) śńěďşěš, ůšő şšőůŋěŋĺě ğŋăůěŋĺľ ňőęěš ŕřőĺğćőďĺšĳś£ šăłęě ŕő ťőřňşńăň

y^′(+1) n+1 = y^{′()}_{n+1} + hγ_k ( f(x_n+1, y_n + hz()_n+1, y^′()_n+1) − f(x_n+1, y_n + hz(^−1)_n+1 , y^′(^−1)_n+1 ) ) ,

z(+1) n+1 = z^{()}_{n+1} + hȷ_k ( f(x_n+1, y_n + hz()_n+1, y^′()_n+1) − f(x_n+1, y_n + hz(^−1)_n+1 , y^′(^−1)_n+1 ) ) . Ĺšěřăűĺĺ ŕőćšőř£¿šś£ ďő šěţ ŕőř, ŕőłă ć ŕřěďěńăţ ğăďăŋŋőľ šőůŋőśšĺ ŋě şśšăŋőć£šś£ ŕřĺąńĺęěŋĺ£ ł y^′_{n+1} ĺ z_{n+1}. Ĺšěřăűĺőŋŋżľ ŕřőűěśś (218), (219) śţőďĺšś£ ł řěÿěŋĺ¿ śĺśšěňż şřăćŋěŋĺľ (217), (216), ěśńĺ ŕřăćă£ ůăśšĳ ¡šőľ śĺśšěňż şďőćńěšćőř£ěš ŕő ŕěřěňěŋŋżň z_{n+1} ĺ y^′_n+1 şśńőćĺ¿ Ńĺŕÿĺűă ś łőŋśšăŋšőľ ňěŋĳÿě ěďĺŋĺűż, ă ĺňěŋŋő, ěśńĺ ćżŕőńŋ£ěšś£ śńěďş¿źěě śőőšŋőÿěŋĺě: max { hγ_k ( h max | | | ∂f ∂y | | | + max | | | ∂f ∂y^′ | | | ) , hȷ_k ( h max | | | ∂f ∂y | | | + max | | | ∂f ∂y^′ | | | )} < 1. (220)

Őąőğŋăůĺň L_y = max | | | ∂f ∂y | | |, Ly′ = max | | | ∂f ∂y^′ | | |, L = max(Ly, Ly′ ). Ĺğ ćżřăęěŋĺľ (51) ďń£ γ_i ĺ (184) ďń£ ȷ_i śńěďşěš, ůšő γ_i > ȷ_i ďń£ i > 0 ĺ γ_0 = ȷ_0. Ŕő¡šőňş şśńőćĺě śţőďĺňőśšĺ (220) ňőęěš ążšĳ ğăŕĺśăŋő ć ćĺďě

γ_kLh(1 + h) < 1. (220^′)

Őąőğŋăůă£ P_{n+1} ŕřĺąńĺęěŋĺě ł z_{n+1}, ŕőńşůěŋŋőě ŕő £ćŋőľ ťőřňşńě (207), ă ůěřěğ P^′_{n+1} | ŕřĺąńĺęěŋĺě ł y^′_{n+1}, ŕőńşůěŋŋőě ŕő £ćŋőľ ťőřňşńě Ăďăňśă (178)

P^′_n+1 = y^′_n + h k∑ i=0 γ_i ▽^i f_n, (221)

ťőřňşńż (217) ĺ (216) ňőęŋő ŕřěďśšăćĺšĳ šăł:

y^′_n+1 = P^′_n+1 − hγ_k k∑ i=0 ▽^if_n + hγ_kf(x_n+1, y_n + hz_n+1, y^′_n+1),

z_n+1 = P_n+1 − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz_n+1, y^′_n+1).

Šőčďă ĺšěřăűĺőŋŋżľ ŕřőűěśś (218), (219) ŕřĺňěš ćĺď

y^′(+1)_n+1 = P^′_n+1 − hγ_k k∑ i=0 ▽^if_n + hγ_kf(x_n+1, y_n + hz()_n+1, y^′()_n+1), (222)

z(+1) n+1 = P_{n+1} − hȷ_k k∑ i=0 ▽^if_n + hȷ_kf(x_n+1, y_n + hz()_n+1, y^′()_n+1). (223)

Ěśšěśšćěŋŋő ŕřĺŋ£šĳ P^′_{n+1} ĺ P_{n+1} ć łăůěśšćě ŋăůăńĳŋżţ ŕřĺąńĺęěŋĺľ y^{′(0)}_{n+1} ĺ z^{(0)}_{n+1} ďń£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă (222), (223). Šőčďă ŕőńşůĺň ŕřěďśłăğżćă¿źě-ĺśŕřăćń£¿źĺľ ňěšőď. Ŕőśńě őłőŋůăŋĺ£ ĺšěřăűĺőŋŋőčő ŕřőűěśśă řěÿěŋĺě y_{n+1} şřăćŋěŋĺ£ (199)

y_n+1 = y_n + ▽y_n + h2 k∑ i=0 ȷ_i ▽^i f_n − h^2ȷ_k k∑ i=0 ▽^if_n + h2ȷ_kf(x_n+1, y_n+1, y^′_n+1),

ŋăţőďĺšś£ ŕő ťőřňşńě (215).

13.5. Ŕőśšřőěŋĺě ŋăůăńĳŋżţ ğŋăůěŋĺľ. Ďń£ šőčő ůšőąż ňőęŋő ążńő ŋăţőďĺšĳ řěÿěŋĺě y_n+1 ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (179) ś ŕőňőźĳ¿ řăğŋőśšŋżţ ťőřňşń (207), (211), (209), ŋěőąţőďĺňő ĺňěšĳ ğŋăůěŋĺ£ řěÿěŋĺ£ y_n, ćśŕőňőčăšěńĳŋőľ ŕěřěňěŋŋőľ z_n ĺ łőŋěůŋżţ řăğŋőśšěľ ▽^if_n, ćżůĺśńěŋŋżě ć šőůłě x = x_n. Ďń£ šőčő ůšőąż ŋăľšĺ řěÿěŋĺě y_{n+1} ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167) ś ŕőňőźĳ¿ řăğŋőśšŋżţ ťőřňşń (178), (217), (207), (216), (209), ŋěőąţőďĺňő ĺňěšĳ ěźě ĺ ğŋăůěŋĺě y^′_n. Ć ŋăůăńě ĺŋšěčřĺřőćăŋĺ£ ćěńĺůĺŋă z_n ĺ łőŋěůŋżě řăğŋőśšĺ ▽^if_n ŋěĺğćěśšŋż. Ŕő¡šőňş ĺśŕőńĳğőćăŋĺ¿ ďăŋŋżţ ťőřňşń ůĺśńěŋŋőčő ĺŋšěčřĺřőćăŋĺ£ ďőńęŋő ŕřěďÿěśšćőćăšĳ ćżůĺśńěŋĺě şłăğăŋŋżţ ŋěĺğćěśšŋżţ ćěńĺůĺŋ. İšĺ ćěńĺůĺŋż ňőčşš ążšĳ ćżůĺśńěŋż őďŋőÿăčőćżňĺ ňěšőďăňĺ. Řăśňőšřěŋŋżě ć ďăŋŋőľ čńăćě łőŋěůŋő-řăğŋőśšŋżě śţěňż šăłęě ňőčşš ążšĳ ĺśŕőńĳğőćăŋż ďń£ ¡šőčő. Łăł ĺ ďń£ şřăćŋěŋĺľ ŕěřćőčő ŕőř£ďłă, őŕřěďěńěŋĺě ŋěőąţőďĺňżţ ďń£ śůěšă ŋăůăńĳŋżţ ğŋăůěŋĺľ ŋăğżćăěšś£ řăğčőŋőň.

Ŕěřěľďěň ł őŕĺśăŋĺ¿ ŕřőűěďşřż řăğčőŋă ďń£ ňěšőďőć Ÿšěřňěřă, őśŋőćăŋŋőľ ŋă ŕřĺňěŋěŋĺĺ łőŋěůŋő-řăğŋőśšŋżţ ťőřňşń ś ŕőśńěďőćăšěńĳŋő şćěńĺůĺćă¿źĺňś£ ŕőř£ďłőň ăŕŕřőłśĺňăűĺĺ. Ć ůăśšŋőśšĺ, ŋăň ŕőŋăďőąĺšś£ £ćŋă£ ťőřňşńă (175)

y1 = y0 + hy^′0 + h2 k∑ i=0 μ_i ▽^i f_n,

łőšőřş¿ ŕřěďśšăćĺň ć ćĺďě

z1 = y^′0 + h k∑ i=0 μ_i ▽^i f_n, (224) y1 = y0 + hz1.

Řăśśňőšřĺň śŋăůăńă ŕřőűěďşřş ćżůĺśńěŋĺ£ ŋăůăńĳŋżţ ğŋăůěŋĺľ ďń£ şřăćŋěŋĺ£ (179). Ĺśŕőńĳğş£ ŋăůăńĳŋżě şśńőćĺ£ (168) ĺ £ćŋş¿ ťőřňşńş (224) ŕřĺ k = 0 (ůšő śőőšćěšśšćşěš ŕěřćőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ćżůĺśń£ěň

z(1)1 = y^′0 + 1 2 hf0, y(1)1 = y0 + hz(1)1 .

(225)

Ŕřĺ ŕőňőźĺ ťőřňşńż (207) ŕřĺ k = 0 (ůšő šăłęě śőőšćěšśšćşěš ŕěřćőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ) ćżůĺśń£ěň z(1)2 = z(1)1 + hf (1)1 ,

y(1)2 = y(1)1 + hz(1)2 .

(226)

Ŕőčřěÿŋőśšĳ z^{(1)}_1 , z^{(1)}_2 śőśšăćń£ěš O(h^2), ŕőčřěÿŋőśšĳ y^{(1)}_1 , y^{(1)}_2 | O(h^3). Ŋăţőďĺň f^{(1)}_2 , ▽f (1)2 , ▽2f (1)2 ĺ ŕőńăčăěň ▽2f0 = ▽2f1 = ▽2f (1)2 , ▽f1 = ▽f (1)2 − ▽2f (1)2 , ▽f0 = ▽f1 − ▽2f1. Ĺśŕőńĳğş£ ťőřňşńż (224) ĺ (207) ĺ şůĺšżćă£ ć ŋĺţ řăğŋőśšĺ ďő ćšőřőčő ŕőř£ďłă ćłń¿ůĺšěńĳŋő (ůšő śőőšćěšśšćşěš šřěšĳěňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ćżůĺśń£ěň

z(2)1 = y^′0 + h ( 1 2 f0 + 1 6 ▽ f0 + 1 8 ▽2 f0 ) , y(2)1 = y0 + hz(2)1 ,

(227)

z(2)2 = z(2)1 + h ( f (2)1 + 1 12 ▽2 f1 ) , y(2)2 = y(2)1 + hz(2)2 ,

(228)

z(2)3 = z(2)2 + h ( f (2)2 + 1 12 ▽2 f (2)2 ) , y(2)3 = y(2)2 + hz(2)3 ,

(229)

z(2)4 = z(2)3 + h ( f (2)3 + 1 12 ▽2 f (2)3 ) , y(2)4 = y(2)3 + hz(2)4 .

(230)

Ŕőčřěÿŋőśšĳ z^{(2)}_1 , z^{(2)}_2 , z^{(2)}_3 , z^{(2)}_4 śőśšăćń£ěš O(h^4), ŕőčřěÿŋőśšĳ y^{(2)}_1 , y^{(2)}_2 , y^{(2)}_3 , y^{(2)}_4 | O(h^5). Ŋăţőďĺň f^{(2)}_4 , ▽f^{(2)}_4 , ▽^2f^{(2)}_4 , ▽^3f^{(2)}_4 , ▽^4f^{(2)}_4 . Ŕőńőęĺć

▽4f0 = ▽4f1 = ▽4f2 = ▽4f3 = ▽4f (2)4 ,

ňőęěň ćżůĺśńĺšĳ ś ŕőňőźĳ¿ śőőšŋőÿěŋĺľ (116) łőŋěůŋżě řăğŋőśšĺ ▽^3f_0, ▽^2f_0, ▽f_0. Ďăńěě, ĺśŕőńĳğş£ ťőřňşńş (224) ŕřĺ k = 4 (ůšő śőőšćěšśšćşěš ŕ£šőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ćżůĺśń£ěň z(3)1 = y^′0 + h ( 1 2 f0 + 1 6 ▽ f0 + 1 8 ▽2 f0 + 19 180 ▽3 f0 + 3 32 ▽4 f0 ) , y(3)1 = y0 + hz(3)1 .

(231)

Šăłĺň őąřăğőň, ć őŕĺśżćăěňőľ ŕřőűěďşřě řăğčőŋă ĺšěřăűĺőŋŋżň śŕőśőąőň ňż ŕőńşůăěň ŋă šřěšĳěň ¡šăŕě ć šőůłě x_1 ğŋăůěŋĺě řěÿěŋĺ£ y_1 ś ŕőčřěÿŋőśšĳ¿ O(h^7), ŕřőňěęşšőůŋş¿ ŕěřěňěŋŋş¿ z_1 ś ŕőčřěÿŋőśšĳ¿ O(h^6), ă łőŋěůŋżě řăğŋőśšĺ ▽4f1 = ▽4f0, ▽3f1 = ▽3f0 + ▽4f1 = ▽3f0 + ▽4f0, ▽2f1 = ▽2f0 + ▽3f1 = ▽2f0 + ▽3f0 + ▽4f0,

▽f1 = ▽f0 + ▽2f1 = ▽f0 + ▽2f0 + ▽3f0 + ▽4f0

(232)

ś ŕőčřěÿŋőśšĳ¿ O(h^5). Ěśńĺ őčřăŋĺůĺšĳś£ ¡šĺňĺ řăğŋőśš£ňĺ, šő ůĺśńěŋŋőě ĺŋšěčřĺřőćăŋĺě şřăćŋěŋĺ£ (179) ňőęŋő ďăńěě ŕřőďőńęĺšĳ ŕő ťőřňşńăň (207), (211), (209) ś k = 4 (ůšő śőőšćěšśšćşěš ŕ£šőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ŋăůĺŋă£ ś n = 1. Ćżŕőńŋĺć ŕő ¡šĺň ťőřňşńăň šřĺ ÿăčă ĺ ćżůĺśńĺć řěÿěŋĺě ć šőůłăţ x_2, x_3, x_4, ŕőńşůĺň ć šőůłě x = x_4 ťřőŋš ▽^if_4, i = 0, 1, 2, 3, 4 ś ŕőčřěÿŋőśšĳ¿ O(h^7).

Ěśńĺ ęě ŕőśńě ćżůĺśńěŋĺ£ řěÿěŋĺ£ y_1 ŕřőďőńęĺšĳ řăğčőŋ ŕő ťőřňşńě (207) ś k = 4 (ůšő śőőšćěšśšćşěš ŕ£šőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ćżůĺśńĺšĳ řěÿěŋĺě y^{(3)}_i ć şğńăţ x_i, i = 2, 3, 4, 5, 6, ŕő ŋĺň śőśšăćĺšĳ łőŋěůŋżě řăğŋőśšĺ ▽^if^{(3)}_6 , ă ŕőšőň řăğŋőśšĺ ▽^if_0, i = 1, 2, . . . , 6, ĺ śŋőćă ŕřĺňěŋĺšĳ ťőřňşńş (224) ŕřĺ k = 6, šő ňőęŋő ćżůĺśńĺšĳ y^{(4)}_1 ś ŕőčřěÿŋőśšĳ¿ O(h^9), ŕřőňěęşšőůŋş¿ ŕěřěňěŋŋş¿ z^{(4)}_1 ś ŕőčřěÿŋőśšĳ¿ O(h^8), ă łőŋěůŋżě řăğŋőśšĺ ▽^if_1 ś ŕőčřěÿŋőśšĳ¿ O(h7). Řăśśňőšřĺň šěŕěřĳ ćżůĺśńěŋĺě ŋăůăńĳŋżţ ğŋăůěŋĺľ ďń£ şřăćŋěŋĺ£ (167). Ŕřěďńőęěŋŋă£ śţěňă řăğčőŋă śőţřăŋ£ěšś£ ĺ ć ¡šőň śńşůăě. Ŕřĺ ¡šőň ďń£ ćżůĺśńěŋĺ£ ğŋăůěŋĺľ ŕřőĺğćőďŋőľ y^′ ĺśŕőńĳğşěšś£ ăŋăńőčĺůŋżľ ĺšěřăűĺőŋŋżľ ŕřőűěśś, őśŋőćăŋŋżľ ŋă řěłşřřěŋšŋőň ŕřĺňěŋěŋĺĺ ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńż Ăďăňśă (178).

Ćś£ śţěňă ňőęěš ążšĳ ŕřěďśšăćńěŋă śńěďş¿źĺň őąřăğőň. Ćżůĺśń£¿šś£ z^{(1)}_1 , y^{(1)}_1 ŕő ťőřňşńăň (225) ĺ őŕřěďěń£ěšś£ y^{′(1)}_1 ďćşłřăšŋżň ŕřĺňěŋěŋĺěň ťőřňşńż (178): ŕěřćżľ řăğ | ś ĺśŕőńĳğőćăŋĺěň šőńĳłő ďćşţ ŕěřćżţ ůńěŋőć:

y^′(1)1 = y^′0 + hf0,

ĺ ćżůĺśńěŋĺěň f^{(1)}_1 , ▽f^{(1)}_1 , ▽f_0 = ▽f^{(1)}_1 , ćšőřőľ řăğ | ś ĺśŕőńĳğőćăŋĺěň ŕěřćżţ šřěţ ůńěŋőć (ůšő śőőšćěšśšćşěš ćšőřőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ):

y^′(1)1 = y^′0 + h ( f0 + 1 2 ▽ f0 ) . Ćżůĺśń£¿šś£ z^{(1)}_2 , y^{(1)}_2 ŕő ťőřňşńăň (226) ĺ őŕřěďěń£ěšś£

y^′(1)2 = y^′(1)1 + h ( f (1)1 + 1 2 ▽ f (1)1 ) . Ŕőčřěÿŋőśšĳ y^{′(1)}_1 ĺ y^{′(1)}_2 śőśšăćń£ěš O(h^3). Ćżůĺśń£¿šś£ z^{(2)}_1 , y^{(2)}_1 ś ŕőňőźĳ¿ (227) ĺ őŕřěďěń£- ěšś£ y^′(2)1 = y^′0 + h ( f0 + 1 2 ▽ f0 + 5 12 ▽2 f0 ) . Ćżůĺśń£¿šś£ z^{(2)}_2 , y^{(2)}_2 ś ŕőňőźĳ¿ (228) ĺ őŕřěďěń£ěšś£

y^′(2)2 = y^′(2)1 + h ( f (2)1 + 1 2 ▽ f (2)1 + 5 12 ▽2 f1 ) .

Ćżůĺśń£¿šś£ z^{(2)}_3 , y^{(2)}_3 ś ŕőňőźĳ¿ (229) ĺ őŕřěďěń£ěšś£

y^′(2)3 = y^′(2)2 + h ( f (2)2 + 1 2 ▽ f (2)2 + 5 12 ▽2 f (2)2 ) . Ŕőčřěÿŋőśšĳ y^{′(2)}_1 , y^{′(2)}_2 ĺ y^{′(2)}_3 śőśšăćń£ěš O(h^4). Ŋăţőďĺň f^{(2)}_3 , ▽f^{(2)}_3 , ▽^2f^{(2)}_3 , ▽^3f^{(2)}_3 ĺ, ŕőńőęĺć

▽3f0 = ▽3f1 = ▽3f2 = ▽3f (2)3 ,

ŕěřěśůĺšżćăěň łőŋěůŋżě řăğŋőśšĺ, ŋěőąţőďĺňżě ďń£ őŕřěďěńěŋĺ£ ğŋăůěŋĺľ ŕřőĺğćőďŋőľ ŕő ¡łśšřăŕőń£űĺőŋŋőľ ťőřňşńě (178) ś şůěšőň řăğŋőśšěľ ďő šřěšĳěčő ŕőř£ďłă ćłń¿ůĺšěńĳŋő.

Ćżůĺśń£ěň z^{(2)}_4 , y^{(2)}_4 ś ŕőňőźĳ¿ (230) ĺ őŕřěďěń£ěň ŋőćżě ğŋăůěŋĺ£ ŕřőĺğćőďŋőľ

y^′(3)1 = y^′0 + h ( f0 + 1 2 ▽ f0 + 5 12 ▽2 f0 + 3 8 ▽3 f0 ) , f (3)1 = f(x1, y(2)1 , y^′(3)1 ),

y^′(3)2 = y^′(3)1 + h ( f (3)1 + 1 2 ▽ f (3)1 + 5 12 ▽2 f1 + 3 8 ▽3 f1 ) , f (3)2 = f(x2, y(2)2 , y^′(3)2 ),

y^′(3)3 = y^′(3)2 + h ( f (3)2 + 1 2 ▽ f (3)2 + 5 12 ▽2 f (3)2 + 3 8 ▽3 f2 ) , f (3)3 = f(x3, y(2)3 , y^′(3)3 ),

y^′(3)4 = y^′(3)3 + h ( f (3)3 + 1 2 ▽ f (3)3 + 5 12 ▽2 f (3)3 + 3 8 ▽3 f (3)3 ) , f (3)4 = f(x4, y(2)4 , y^′(3)4 ).

Ŕőčřěÿŋőśšĳ y^{′(3)}_1 , y^{′(3)}_2 , y^{′(3)}_3 , y^{′(3)}_4 śőśšăćń£ěš O(h^5).

Ďăńěě řăğčőŋ ŕřőďőńęăěšś£ šăł ęě, łăł ďń£ şřăćŋěŋĺ£ (179), š.ě. ŕő ťőřňşńăň (231) ćżůĺśń£¿šś£ z^{(3)}_1 , y^{(3)}_1 ĺ őŕřěďěń£ěšś£ ŕřőĺğćőďŋă£

y^′(4)1 = y^′0 + h ( f0 + 1 2 ▽ f0 + 5 12 ▽2 f0 + 3 8 ▽3 f0 + 251 720 ▽4 f0 ) , ŕőčřěÿŋőśšĳ łőšőřőľ ĺňěěš ŕőř£ďőł O(h^6).

Šăłĺň őąřăğőň, ć őŕĺśżćăěňőľ ŕřőűěďşřě řăğčőŋă ĺšěřăűĺőŋŋżň śŕőśőąőň ňż ŕőńşůăěň ŋă ďăŋŋőň ¡šăŕě ć šőůłě x_1 ğŋăůěŋĺě řěÿěŋĺ£ y_1 ś ŕőčřěÿŋőśšĳ¿ O(h^7), ŕřőĺğćőďŋş¿ y^′_1 ĺ ŕřőňěęşšőůŋş¿ ŕěřěňěŋŋş¿ z_1 ś ŕőčřěÿŋőśšĳ¿ O(h^6), ă łőŋěůŋżě řăğŋőśšĺ (232) ś ŕőčřěÿŋőśšĳ¿ O(h5). Ěśńĺ őčřăŋĺůĺšĳś£ řăğŋőśš£ňĺ ďő ůěšćěřšőčő ŕőř£ďłă ćłń¿ůĺšěńĳŋő, šő ůĺśńěŋŋőě ĺŋšěčřĺřőćăŋĺě şřăćŋěŋĺ£ (167) ňőęŋő ďăńěě ŕřőďőńęĺšĳ ŕő ťőřňşńăň (178), (217), (207), (216) ĺ (209) ś k = 4 (ůšő śőőšćěšśšćşěš ŕ£šőňş ŕőř£ďłş ăŕŕřőłśĺňăűĺĺ), ŋăůĺŋă£ ś n = 1. Ćżŕőńŋĺć ŕő ¡šĺň ťőřňşńăň šřĺ ÿăčă ĺ ćżůĺśńĺć řěÿěŋĺě ĺ ŕřőĺğćőďŋş¿ ć šőůłăţ x_2, x_3, x_4, ŕőńşůĺň ć šőůłě x = x_4 ťřőŋš ▽^if_4, i = 0, 1, 2, 3, 4, ś ŕőčřěÿŋőśšĳ¿ O(h^6).

Ďăŋŋżľ śŕőśőą ŕőğćőń£ěš ć ŋěśłőńĳłő řăğ şňěŋĳÿĺšĳ ŋă řăğčőŋě ůĺśńő ćżůĺśńěŋĺľ ŕřăćżţ ůăśšěľ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ŕő śřăćŋěŋĺ¿ ś ćżůĺśńěŋĺěň ŋăůăńĳŋżţ ğŋăůěŋĺľ őďŋőÿăčőćżňĺ ňěšőďăňĺ Řşŋčě-Łşššă.

13.6. Ćżůĺśńěŋĺě řěÿěŋĺ£ ňěęďş şğńăňĺ śěšłĺ. Řăśśňőšřĺň śńşůăľ, łőčďă šőůłă x^∗, ć łőšőřőľ šřěąşěšś£ őŕřěďěńĺšĳ řěÿěŋĺě ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167), ŋě śőćŕăďăěš ŋĺ ś őďŋĺň şğńőň x_n śěšłĺ, ŋă łőšőřőľ ćżůĺśń£ěšś£ řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£. Ć ¡šőň śńşůăě ňőęŋő ŕőśšşŕĺšĳ śńěďş¿źĺň őąřăğőň. Ŕřěďŕőńőęĺň, ůšő šőůłă x^∗ řăśŕőńőęěŋă ňěęďş ďćşň£ śőśěďŋĺňĺ şğńăňĺ: x_{n−1} < x^∗ < x_n, ć łőšőřżţ ćżůĺśńěŋő řěÿěŋĺě řăğŋőśšŋőčő şřăćŋěŋĺ£. Őąőğŋăůĺň ξ = x^∗ − x_n h .

Šőčďă −1 < ξ < 0. Ŕřőĺŋšěčřĺřşěň śőőšŋőÿěŋĺě (170) ŕő őšřěğłş [x_n, x^∗]. Şůĺšżćă£ (169), ĺňěěň y(x^∗) − y(x_n) − ξhy^′(x_n) =

x^∗∫

xn dx x∫ xn y^{′′}(ζ) dζ =

= h^2 ∫ 0 dζ “∫ 0 L_{k;n}(x_n + th) dt + h2 ∫ 0 dζ “∫ 0 r_{k;n}(x_n + th) dt =

= h^2 k∑ i=0 μ_i(ξ) ▽^i f_n + ρ,

(233)

čďě μ_i(ξ) = 1 i! ∫ 0 dζ “∫ 0 t(t + 1) . . .(t + i − 1) dt, (234) ρ = O(h^k+3).

Őšąřăśżćă£ ć (233) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň łőŋěůŋő-řăğŋőśšŋş¿ ťőřňşńş ďń£ ćżůĺśńěŋĺ£ ĺśłőňőčő řěÿěŋĺ£ y(x^∗) ∼= y_n + ξhy^′_n + h2 k∑ i=0 μ_i(ξ) ▽^i f_n. (235) Ŕřĺćěďěň ŋěśłőńĳłő ğŋăůěŋĺľ μ_i(ξ): μ0(ξ) = 1 2 ξ2, μ1(ξ) = 1 6 ξ3, μ2(ξ) = 1 24 (ξ^4 + 2ξ^3), μ3(ξ) = 1 360 (3ξ^5 + 15ξ^4 + 20ξ^3), μ4(ξ) = 1 1440

(2ξ^6 + 18ξ^5 + 55ξ^4 + 60ξ^3).

Šěŕěřĳ řăśśňőšřĺň ćżůĺśńěŋĺě řěÿěŋĺ£ y(x^∗) ďń£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (179). Ěśńĺ ŕřĺ ĺŋšěčřĺřőćăŋĺĺ (179) ğŋăůěŋĺě ŕřőĺğćőďŋőľ ŋě ćżůĺśń£ěšś£, šő ć ťőřňşńě (235) ćěńĺůĺŋă y^′_n ŋěĺğćěśšŋă. Őďŋăłő őŋă ňőęěš ążšĳ ŋăľďěŋă, ŋăŕřĺňěř, ĺğ śőőšŋőÿěŋĺ£ (180) y^′(x_n)h = y(x_n) − y(x_{n−}1) − h2 k∑ i=0 ν_i ▽^i f_n − ρ2. (236) Ŕőďśšăćń££ (236) ć (233), ŋăţőďĺň

y(x^∗) = (1 + ξ)y(x_n) − ξy(x_{n−}1) − ξh2 k∑ i=0 ν_i ▽^i f_n − ξρ2 + h2 k∑ i=0 μ_i(ξ) ▽^i f_n + ρ = = (1 + ξ)y(x_n) − ξy(x_{n−1}) + h^2 k∑ i=0 (μ_i(ξ) − ξν_i) ▽^i f_n + ρ − ξρ_2.

(237)

Őšąřăśżćă£ ć (237) őśšăšőůŋżľ ůńěŋ, ŕőńşůăěň łőŋěůŋő-řăğŋőśšŋş¿ ťőřňşńş ďń£ őŕřěďěńěŋĺ£ ĺśłőňőčő řěÿěŋĺ£ y(x^∗) ∼= (1 + ξ)y_n − ξy_{n−}1 + h2 k∑ i=0 μ^∗_i (ξ) ▽^i f_n, (238) čďě μ^∗_i (ξ) = μ_i(ξ) − ξν_i.

Ŕřĺćěďěň ŋěśłőńĳłő łő¡ťťĺűĺěŋšőć μ^∗_i (ξ):

μ^∗0(ξ) = 1 2 (ξ^2 + ξ),

μ^∗1(ξ) = 1 6 (ξ^3 − ξ),

μ^∗2(ξ) = 1 24 (ξ^4 + 2ξ^3 − ξ),

μ^∗3(ξ) = 1 360 (3ξ^5 + 15ξ^4 + 20ξ^3 − 8ξ),

μ^∗4(ξ) = 1 1440

(2ξ^6 + 18ξ^5 + 55ξ^4 + 60ξ^3 − 21ξ).

Ťőřňşńă (238) ňőęěš ążšĳ ĺśŕőńĳğőćăŋă šăłęě ďń£ ŋăţőęďěŋĺ£ řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ (167).

13.7. Ŕřăłšĺůěśłĺě śŕőśőąż őűěŋłĺ ŕőčřěÿŋőśšĺ. Řăśśňőšřĺň śŕőśőą őűěŋłĺ ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ďń£ ňěšőďă ŕřőčŋőğă ĺ łőřřěłűĺĺ, őśŋőćăŋŋőčő ŋă ťőřňşńăţ Ÿšěřňěřă (186^′), (196^′). Ĺğ ćżřăęěŋĺľ (185) ĺ (195) ďń£ ŕőčřěÿŋőśšěľ ŕřěďśłăğżćă¿źěľ (186^′) ĺ ĺśŕřăćń£¿źěľ (196^′) ťőřňşń śńěďş¿š ăśĺňŕšőšĺůěśłĺě őűěŋłĺ ńőłăńĳŋżţ ŕőčřěÿŋőśšěľ £ćŋőčő ĺ ŋě£ćŋőčő ňěšőďőć Ÿšěřňěřă:

ρ(^P )_m = u(x_m) − u(^P )_m = ȷ_k+1h^k+3u(^k+3)(x_m) + O(h^k+4), (239)

ρ(^C)_m = u(x_m) − u(^C)_m = —ȷ_k+1h^k+3u(^k+3)(x_m) + O(h^k+4). (240) Ŕőčřěÿŋőśšĳ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ u^{()}m řăğŋőśšŋőčő şřăćŋěŋĺ£ (196^′), ŕőńşůěŋŋőčő ć řěğşńĳšăšě şšőůŋěŋĺ£ ŕřěďśłăğăŋŋőčő ğŋăůěŋĺ£ u^{(0)}m = u^{(P )}m , ĺňěěš šőš ęě čńăćŋżľ ůńěŋ, ůšő ĺ ć (240). Ŕő¡šőňş u(x_m) − u()_m = ρ()_m = —ȷ_k+1h^k+3u(^k+3)(x_m) + O(h^k+4). (240^′) Řěÿă£ śőćňěśšŋő (239), (240^′) őšŋőśĺšěńĳŋő h^{k+3}u^{(k+3)}(x_m), ĺňěěň

h^k+3u(^k+3)(x_m) = u()m − u(0)m ȷ_{k+1} − —ȷ_{k+1}

+ O(h^{k+4}).

Őšś¿ďă ŕőńşůăěň ăŕőśšěřĺőřŋżě ăśĺňŕšőšĺůěśłĺě őűěŋłĺ ńőłăńĳŋőľ ŕőčřěÿŋőśšĺ ŕřěďśłăğăŋŋőčő ğŋăůěŋĺ£ řěÿěŋĺ£ u^{(0)}_m

ρ(^P )_m = ȷ_{k+1} ȷ_{k+1} − —ȷ_{k+1}

(u^{()}_m − u^{(0)}_m ) + O(h^{k+4}) (241)

ĺ ĺśŕřăćńěŋŋőčő ğŋăůěŋĺ£ u^{()}m

ρ()_m =

—ȷ_{k+1} ȷ_{k+1} − —ȷ_{k+1}

(u^{()}_m − u^{(0)}_m ) + O(h^{k+4}). (242)

Ś şůěšőň (197) ρ(^P )_m = ȷ_{k+1} ȷ_k

(u^{()}_m − u^{(0)}_m ) + O(h^{k+4}), (241^′)

ρ()_m =

—ȷ_{k+1} ȷ_k

(u^{()}_m − u^{(0)}_m ) + O(h^{k+4}). (242^′)

Őűěŋłă (242^′) ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ şšőůŋěŋĺ£ ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ u^{()}m :

u_m = u()_m +

—ȷ_{k+1} ȷ_k

(u^{()}_m − u^{(0)}_m ), (243)

ŕřĺ ¡šőň ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ u_m śőśšăćń£ěš O(h^{k+4}).

Őűěŋłĺ (241^′) ĺ (242^′) őśšă¿šś£ ć śĺńě, ěśńĺ ďń£ ćżůĺśńěŋĺ£ ğŋăůěŋĺľ u^{(0)}m ĺ u^{()}m ĺśŕőńĳğőćăšĳ ŋě šőůŋżě ğŋăůěŋĺ£ řěÿěŋĺ£ u(x_m) ĺ ▽u(x_m) = u(x_m) − u(x_{m−1}), ă ŕřĺąńĺęěŋŋżě ğŋăůěŋĺ£ u_m, ▽u_m = u_m − u_{m−}1, ĺňě¿źĺě ŕőčřěÿŋőśšĺ

u(x_m) − u_m = O(h^k+4), ▽u(x_m) − ▽u_m = O(h^k+4),

ă ćňěśšő šőůŋżţ ğŋăůěŋĺľ łőŋěůŋżţ řăğŋőśšěľ ▽^if(x_m, u(x_m)) ĺśŕőńĳğőćăšĳ ĺţ ŕřĺąńĺęěŋŋżě ğŋăůěŋĺ£ ▽^if(x_m, u_m), ćżůĺśńěŋŋżě ś ŕőčřěÿŋőśšĳ¿ O(h^{k+2}).

Ŕřăłšĺůěśłőě ğŋăůěŋĺě ¡šőčő ğăňěůăŋĺ£ śőśšőĺš ć šőň, ůšő ŕřĺ ĺŋšěčřĺřőćăŋĺĺ ďĺťťěřěŋűĺăńĳŋőčő şřăćŋěŋĺ£ ś ŕőňőźĳ¿ řăśśňăšřĺćăěňőčő ňěšőďă ŕřőčŋőğă ĺ łőřřěłűĺĺ ĺśŕőńĳğőćăŋĺě őűěŋőł (241^′), (242^′) őąőśŋőćăŋő šőńĳłő šőčďă, łőčďă ŕřőĺğćőďĺšś£ şšőůŋěŋĺě ŋăľďěŋŋőčő řěÿěŋĺ£ ŕő ťőřňşńě (243).

Łăł śńěďşěš ĺğ (183), ńőłăńĳŋă£ ŕőčřěÿŋőśšĳ u_{m+1} řăćŋă

u(x_m+1) − u_m+1 = h2ȷ_k+1 ▽^k+1 f_m + O(h^k+4),

őšłşďă ŕőńşůăěšś£ ăśĺňŕšőšĺůěśłă£ őűěŋłă

u(x_m+1) − u_m+1 ∼= h2ȷ_k+1 ▽^k+1 f_m. (244)

Šăłĺň őąřăğőň, ăśĺňŕšőšĺůěśłă£ őűěŋłă řăćŋă ŕěřćőňş őšąřőÿěŋŋőňş ůńěŋş řăğŋőśšŋőľ ťőřňşńż (183). Ć ůăśšŋőśšĺ, őűěŋłă

u(x1) − u1 ∼= h2ȷ_k+1 ▽^k+1 f0,

ćżšěłă¿źă£ ĺğ (244), ňőęěš ążšĳ ĺśŕőńĳğőćăŋă ďń£ őűěŋłĺ šőůŋőśšĺ ŕřĺ řăğčőŋě.

13.8. Ĺğňěŋěŋĺě ÿăčă ĺŋšěčřĺřőćăŋĺ£. Ćśě, ůšő ążńő śłăğăŋő őą ĺğňěŋěŋĺĺ ÿăčă ĺŋšěčřĺřőćăŋĺ£ ďń£ łőŋěůŋő-řăğŋőśšŋżţ ňěšőďőć řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ ŕěřćőčő ŕőř£ďłă, ŕěřěŋőśĺšś£ ŋă ňěšőďż Ÿšěřňěřă. Łăł śńěďşěš ĺğ (207) ĺ (208), ŕěřěţőď őš ÿăčă h ł ŋőćőňş ÿăčş h^∗ (154) őğŋăůăěš: ćő-ŕěřćżţ, ŕěřěţőď őš łőŋěůŋżţ řăğŋőśšěľ ▽^if_n, śőśšăćńěŋŋżţ ŕő şğńăň śěšłĺ (3), ł łőŋěůŋżň řăğŋőśš£ň ▽^if^∗_n, śőśšăćńěŋŋżň ŕő ďřşčĺň şğńăň

x_n − ih^∗, i = 0, 1, . . ., k; (245)

ćő-ćšőřżţ, ŕěřěţőď őš ğŋăůěŋĺľ ŕěřěňěŋŋőľ z_n ŋă śěšłě (3) ł ğŋăůěŋĺ£ň ¡šőľ ŕěřěňěŋŋőľ z^∗_n ŋă ďřşčőľ śěšłě (245). Ŕěřěţőď ł łőŋěůŋżň řăğŋőśš£ň ▽^if^∗_n ćżŕőńŋ£ěšś£ ŕő ťőřňşńăň (159), (161){(163).

Šěŕěřĳ ŕőńşůĺň ťőřňşńż ďń£ ŕěřěśůěšă ğŋăůěŋĺľ ŕěřěňěŋŋőľ z_n. Ŋăľďěň łő¡ťťĺűĺěŋšż ć ŕřěďśšăćńěŋĺĺ

z^∗_n = C1z_n + h(C2f_n + C3 ▽ f_n + C4 ▽2 f_n + . . . + C_k+2 ▽^k f_n) + O(h^k+2).

Ďń£ ¡šőčő ďőśšăšőůŋő řăğńőęĺšĳ, łăł ĺ ŕřĺ ŕěřěśůěšě ťřőŋšă, ńěćş¿ ĺ ŕřăćş¿ ůăśšĺ ¡šőčő řăćěŋśšćă ŕő śšěŕěŋ£ň h ĺ ŕřĺřăćŋ£šĳ łő¡ťťĺűĺěŋšż ŕřĺ őďĺŋăłőćżţ śšěŕěŋ£ţ h. Ŕřĺćěďěň ŕěřćżě ÿěśšĳ łő¡ťťĺűĺěŋšőć ¡šőčő ŕřěďśšăćńěŋĺ£:

C1 = 1,

C2 = 1 2 (1 − ξ), C3 = 1 6 (ξ − 1)(ξ + 1),

C4 = 1 24 (ξ − 1)(−ξ^2 + ξ + 1),

C5 = 1 360 (ξ − 1)(3ξ^3 − 12ξ^2 + 8ξ + 8),

C6 = 1 1440

(ξ − 1)(−2ξ^4 + 16ξ^3 − 39ξ^2 + 21ξ + 21).

Ăŋăńőčĺůŋő ňőęŋő ŕőńşůĺšĳ łő¡ťťĺűĺěŋšż ć řăğńőęěŋĺĺ z^∗_n ůěřěğ ŋőćżľ ťřőŋš:

z^∗_n = C^∗1 z_n + h(C^∗2f_n + C^∗3 ▽ f^∗_n + C^∗4 ▽2 f^∗_n + . . . + C^∗_k+2 ▽^k f^∗_n) + O(h^k+2).

Ŕřĺćěďěň ŕěřćżě ÿěśšĳ łő¡ťťĺűĺěŋšőć ¡šőčő řăğńőęěŋĺ£:

C^∗1 = 1,

C^∗2 = 1 2 (1 − ξ), C^∗3 = 1 6ξ (ξ^2 − 1),

C^∗4 = 1 24ξ^2

(ξ^3 − 2ξ + 1),

C^∗5 = 1 360ξ^3

(8ξ^4 − 20ξ^2 + 15ξ − 3),

C^∗6 = 1 1440ξ^4

(21ξ^5 − 60ξ^3 + 55ξ^2 − 18ξ + 2).

Ŕőńşůěŋŋżě ťőřňşńż ŕěřěśůěšă łőŋěůŋżţ řăğŋőśšěľ ĺ ŕřőňěęşšőůŋőľ ŕěřěňěŋŋőľ z_n ŕőğćőń£¿š ŕřőĺğćőńĳŋő ňěŋ£šĳ ÿăč ĺŋšěčřĺřőćăŋĺ£ ć ňěšőďăţ Ÿšěřňěřă.

Ć ğăłń¿ůěŋĺě ŕřĺćěďěň śŕĺśőł ńĺšěřăšşřż, řěłőňěŋďşěňőľ ł čń. 2: [3{9, 12{15, 17, 19, 22, 24{26, 28, 29, 31, 33{35, 38, 39, 41{43, 45].