T'naBa 3

IUCJIEHHBIE METOABI PEHIEHI I
KECTKHIX CIICTEM

1. 2KecTkue cucremnl. IIpocTenne HeaBHbIE MeTOAbL. Pac-
CMOTDHUM IpHMEHEHIe MHOI'OMIArOBLIX MeTOL0B (2.2) 11s peltenns gunueinon cucrems (1.120), (1.121)
¢ MaTpuiieil mpocToll cTpykTypel. Todunoe pemtenne »Toll cucremsl gaeTcs gopmyaon (1.123):

M
y(z) = Z_: CieMe;. (1)

Pasnocrnoe YpaBHeHNEe B JTaHHOM Cily4Yae IIpHUMeT BU I

k k
> iyngpi =h Y BiAyngi. (2)
Pasnoxum y, mo cOGCTBEHHBIM BEKTOPAM €; MaTpHIBl A:
M .
i=1
Hogcrasuss (3) B (2), nmeem
kM k M Mk 4 k 4
WY Ol —hY AN Clei =3 (Yl —hY AiNCL e =0,
=0 7=1 =0 7=1 7=1 =0 =0

B cniay JANHENHON HE3aBHCHMOCTH BeKTOPOB €; OTCIOda cjaelyeT, 1YTO
7= el g
daCl =hY BNCL, j=1,... M. (4)

CooTHotenne (4) coBmagaeT ¢ pasHOCTHBIM ypaBHeHHeM (2.2), IPUMEHEHHBIM [ PelleHus
auddepennnansuoro ypasuenns (1.112) ¢ A = A;:

y' = Ay (5)

Ono nokasbiBaeT, Kak npeobpasyiorcs koadgduunenTsl CY) Ipu THCICHHOM HHTETPHPOBANNI JTHHENHON
cucremsl (1.120), (1.121) muorouraroseim MmeTogoM. U3 (3) u (4) BugHO, 9TO KaKgas COCTABIAIONIAL

Cjet7e; (6)

peuternsi (1), IponopuHOHAIBHAS OTHOMY U3 COOCTBEHHBIX BEKTOPOB, HHTEIPUPYETCH HE3ABUCHMO OT
octadbibix. CocTaBisiomas

Cre; (7)
petenus y,, (3) cooTBeTcTBYeT cocTaBisiomei (6) pemenns guddepennnaibioro ypauenns (1.120),
mprdIeM (popMY.IBl TpeobpazoBanns Kod(ppuiuenToB () cOBIATaloT ¢ pa3HOCTHEIMI (DOPMYIaMH HH-

TerpupoBanus ypaaennus (5). [losTomy, ecain ypaBruenne (5) nponHTerpnpoBaHoO ¢ JOCTATOYHON TOY-
HOCTBIO TpH Bcex j = 1, ..., M, To ¢ 10CTaTOIHON TOYHOCTHIO OyAeT HaligeHa cocTaBasomas (7),
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COOTBETCTBYIOIIas COOCTBEHHOMY 3HAYeHNIO A; 1, CleJoBaTelbHO, obecnedeHa JOCTaTOYHAS TOYHOCTD
peutenns Bcenl cucremer (1.120), (1.121) MHOrONIArOBBIM METOLOM.

PacemoTpuM ciayuail TefcTBHTEIBHBIX OTPHIATEILHLIX A;. B 5ToMm ciy4ae ypaBuenue (5) ABid-
eTCd aCUMITOTHYEeCKH YCTOHYIUBBLIM U JA1060€ ero pelleHne CTpeMuTca K Hyawo npa & —x. O6cyaum,
KaKOMY YCJIOBHIO JOMKEH YIOBIETBOPATD Ial HKHTErPUPOBaHUS i 1Ad TOTO, ITOOLI pellleHne pa3HOCT-
HOTO ypaBHeHNs (4) XOTs ObI Ka9eCTBEHHO OTPAKAIO YKa3aHHOE CBONCTBO pelleHnil fuddepeHnnanb-
HOro ypaBHenus (5). /lpyrumu cioBamu, HallteM Ipn KaKnx h pelleHne ypaBHeHHs (4) cTpeMuTCs K
HYJIO TIPH N —X.

Jlas Toro 9TOGH BCAKOe pellleHne Pa3zHOCTHOT'O YpaBHEHUS CTPEMHJOCH K HYJII0, Heo6XOINMO,
4TOOBI BCe KODHU €ro XapaKTepHCTHYecKOT'O ypaBHeHHS OBLIN 11O MOV MeHbIle elnHUNBL. Jlas
ABHBIX MeTO10B A mamca (2.53) 66110 moTydeHo HeoGxoqnMoe misi 3Toro yeaosne (2.94). /s MerogoB
Anamca B opamHaTHON (popme (2.41) 5TO ycI0BHE 3aMNCHIBAETCA B BH/IE

2
h|/\| < P E—

> |Bl

=0

1 NIpUBOINT K TaKUM OI'PaHUYI€HUAM Ha Ial’ THTerpupoBaHWs: IJd MeTO/da A/:[aMca IIepBOI'o nmopsdika
AlIIPOKCUMall i

hIA| < 2,

BTOPOI'O IIopsAja allliIpOKCUMalnn

hIAl < 1,
TpeThbero nNopsika alllpOKCUMal N
2
h|A| < ———="0.545,
44/12
qeTBepTOoro nopsaika alllilpOKCUMall i

2

h|A — =
Al < 160/24

0.3,

IIATOIO NMOpsiAKa allllIPOKCHMallnn

2
h|A| < =—=——=—="70.163.
1A 8816/720
Bamernm, 4To 11i MeTogoB Pynre Kyrra yciosue, obecnednBalomiee cTpeMienne K HyI0 pe-
MICHHUA COOTBETCTBYIONIErO pa3HocTHOro ypaBHenus (1.118), mmeer BuI: Jif MeTOZa BTOPOI'O MO-
pagka (1.14)
hIA| < 2,

JUISE MEeTO/Ia YeTBepTOro mopsiaka (2.22)
hlA] < 2.785.
CremoBaTelbHO, LIS SBHOO MeTOma A TaMca Heo6X0IHMOe YCIOBHE aCHMITOTHIECKON YCTORINBOCTH
1
Pa3HOCTHOT'O ypaBHEHHS MPUHAMAET BHT

const

|h| < (8)

max [\
1<j<M

Ecan marpuna cucrembl gnddepeHnnaibHbx ypaBHenun (1.120) nmeer Gosblime o MOTYIIO
oTpHullaTelbHble COOCTBEHHbIE 3HAYEHNS, T.€.

Ml 1
L a1l > 1 (9)
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TO orpaHmdenne (8) Ha mar h sBiasgeTcs Ha GOMBIINX WHTepBaJaX HHTETPHPOBAHMS CIHIIKOM 006-
peMeHHTelbHBIM, TaK KaK OHO TpefyeT HCIOAbL30BaHHA OYeHb MAJoOro IIara Ha IPOTAKeHHH BCero
UHTepBaJ/Ja HHTEerpHPOBaHUL. JTO 006CTOATEILCTBO BCTyIaeT B IPOTHBOpedHe ¢ XapaKTepoM IIOBe-
JTeHUs TOYHOT'O pelleHHs CHCTeMbl. Ecim MaTpuma cucTeMbl nMeeT GOJBLIION pa3bpoc COGCTBEHHLIX
3HAYEHUI, HAPUMeD, B cAydae AByX ypaBHeHuil |[Aq| > |Az|, To nmepBas cocraBasiomas TOYHOTO pe-
LIeHus

y(z) = CreM%e; + (re™2%e,

O4Y€eHb 6bICTpO 3aTyXaeT Ha OTpe3Ke, OJNHa KOTOPOI'O UMeeT IMOpAIJOK ~ T = a 3aTeM CTaHO-

1
bl
| A1
BUTCAd HUYTOXKHO MaJOH. I/IMQHHO Ha 5TOM OTpGBKe OHa BHOCHT CBOH BKJal B peLHeHI/Ie y(w) BTOpaﬂ

COCTaBJAdIOIIasg 3aMeTHO U3MeHdeTCd Ha OTpe3Ke OJINHBL ~ m, IIpuveM [OJIHNHa BTOPOI'O NPOMeZKYyTKa
2

3HAYNTETbLHO MPEBOCXOMUT MJINHY TepBoro. Ha BTOpoM oTpe3ke NMeHHO BTOpas COCTABAAIONIAS O pe-
nejgeT NoBejeHne BCero pellleHns.

Ha mepBoM oTpeske CKOPOCTH W3MeHEeHHUSA pellleHus OnpereaseTcs CKOPOCTHIO M3MeHeHHs Tep-
BOU COCTABJSIONIEH U UMeeT GogbInyio Benunduny. Ha Bropom oTpeske ckOpoCcTh U3MeHeHUs PelleHus
onpejelsieTcs CKOPOCThIO M3MEHEeHUs BTOPOU COCTABAAIOIIEH U HMeeT OTHOCUTEIbHO MAJyIo BeJH-
YHUHY.

Takum o6pasoMm, Ha HHTepBaJe HHTETPUPOBAHNA BEISATIOTCA MBa MPOMEXKYTKA C PA3HLIM Xa-
pakTepoM MoBedeHNs pellennd. Ha mepBoM TpoMeXkKyTKe, HA3LIBAEMOM NO2ZPAHUUHBLIN CAOEM, T BOC-
Ipou3BeleHus GRICTPO U3MEHSAIOIIErocs pelieHns ¢ MpUueMJIeMOl TOYHOCTbIO HeOOXOMUuM Iar HHTe-

PPUPOBaHUA, yI0BIeTBOPSIONNE yeiaoBuio h € ——. Kasanock 6bl, 4T0 Ha BTOPOM NMPOMEKYTKe, T.e.

Al
nocJje NpoXOoxKJIeHUs TMOTPaHUYHOIO CJOd, e |peL|HeHI/Ie XapaKTepU3yeTcs MaJol CKOPOCThIO H3Me-
HEHUsl, [Ial WHTEerpPHPOBAaHUsS MOT Obl OBITH yBeamdeH. QMHAKO, KaK MOKa3bIBaeT HEpaBeHCTBO (8),
5TOTO C/eJaTh Helb3s, TaK Kak MpH 3HAYEHNSIX [Iara, HapylIaonx yciaoBne (8), coOTBeTCTBYIONAs
COCTABJAIONIASA PellleHNs Y, Pa3HOCTHOI'O ypaBHeHud He OyIeT 3aTyXaTb.

Takum o6pazom, Ha BceM HHTEpBaJe ONpeaeieHs pellieHns Heo6X0MMO MPUMEHATh MaJbIl [1ar
UHTErpupoBaHus, 4TO MPUBOJIUT K OMPOMHOMY HHUCAY 11ar0B Ha OOJbIINX NPOMEXKYTKaX WHTErPUpo-
BaHUs U YPe3MePHOMY BO3paCTAHHIO BpeMeHU pellieHus 3ajgaqu Ha DBM.

OnucanHas cUTyalis BCTPeYaeTcs PH UHTENPUPOBAHUE HCECTNKUL CHCTEM ypaBHeHui. 2Kect-

Kne CUCTeMbl XapaKTepu3ylTcsa TeM, 9TO cpell cOOCTBEHHBIX YUCEN MaTpulbl Axobn —— umerTcsa

J
6oablIne Mo abCoMIOTHON BelnvnHe, KOTOphe 0643aTelbHo 064aKal0T G60IBIION M0 MO,Z[yJIyIO oTpHIa-
TeIbHONl JelCTBATEILHON 9aCThio, a COGCTBEHHBIE THCIa C MOJOKNTEILHON BeIleCTBeHHON 9YaCThIo
IMEIOT Malylo Beqndnny. Kak yke oTMevanoch, 11 KeCcTKUX 3a,1a9 IPUMEeHAITCA ClIelialbHo CKOH-
CTPYHPOBaHHBIE YHCICHHBIE METOAbI, OMUH U3 KOTOPHIX — HesBHBIA MeTOo/ Dijepa — ObLI MpUBeLeH
B . 1.

Kak y:ke 6BLT0 TOKa3aHO, MpHMeHeHNe HeABHOTO MeToma Ditrepa (1.126) (dpopmyaa koToporo
nosydaercs u3 (2.70) npu k = 0) wis 3agaqn Bujga (5) IpHBOANT K Pa3sHOCTHOMY YPaBHEHHIO MEPBOTO
nopsAaKa
rie

FM) = —— (11)
S 1- AR
N3 (10) n (11) BugHO, ¥TO TpH mpom3BoabHOM h > 0 m oTpumaTelbHOM A pemieHne ypaaerus (10)
CTPEMUTCA K HYJII0 Tpu 1 —X. TeM caMbiM obecniednBaeTcs cTpeMIeHne K HyJI0 BCeX TexX COCTaBIIsA-
oomnx (7) pemenns (3) pasHOCTHOTO ypaBHEHHHA

Yntl = Yn + hAyn-I-lv (12)

KOTOpPbBIe COOTBEeTCTBYIOT OTpHullaTe/lbHbBIM cOOCTBEHHBIM 3HAYEHUAM MaTpulbl A.
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ﬂﬂﬂ KOMIIJIEKCHBIX

A=a+ b

C OTpI/IH&TGJIbHOfI peaJIbHOfI qacThio ¢ < () Tak:Ke BHINOJHIETCSA HepaBeHCTBO
|F'(RA)| < 1.

[Moaromy, ecin cpejin cOBCTBEHHBIX YHCEN MATPUIlbl A HMEIOTCS KOMILIEKCHBIE, TO Gy IYT CTPEMUTHCS
K HYJI0 TaKyKe U Te COCTABJSAIONINe PEllIeHNs] PA3HOCTHOT O ypaBHEeHHs, KOTOPbIe COOTBETCTBYIOT KOM-
MJEKCHBIM COOCTBEHHBIM BHAYEHUSAM C OTPHIATEIbHON PEAJbHON YacThIO.

Tak kax TO4YHOe pelleHHe YCTONYNBOIO MuddpepeHlnalbHOr0 YpaBHEHUS BHE MOTPAHUYHOTO
CJIOsi U3MEHSIeTCsl ¢ MaJoll CKOPOCThI0 U BejeT cebs IMJIABHO, TO 1Al UHTEMPHPOBAHUS MOXKeT OBITh
yBejndeH 6e3 HapylleHus YUCAeHHON YCTOUYNBOCTH NPUOIUAKEeHHOTO peleHus. Takium o6pa3oM, npu-
MeHeHNe HesBHOTO MeToja Jiiepa (1.126) K dHCIeHHOMY pelIeHHi0 yCTONYNBON JHHENHON CHCTe-
mbr (1.120), (1.121) mosBoaser BHIGHpaATH MIal WHTENPHPOBAHNS, OTPAHNYNBAS €r0 eTUHCTBEHHBIM
TpebOBAHNEM [JOCTUXKEHUS 3afaHHOU TOYHOCTH NPUOIUKEHHOT'O PellleHus.

Paccmorpum Teneph HesBHBIM MeTO[ AjgaMca BTOPOro Mopsjka amnnpokcuMatuun. Dopmyna
»Toro MerToma noiydaercs us (1.70) npu k = 1:

o F () + F (st vusa))- (13)

Yn+1 = yn‘|‘ 5

dopmyaa (13) HaseiBaeTCH TakKe Heaswol Gopmyaoti mpaneyui. [lpuvenns (13) x pemennio (5),
IOAYYNM pa3HOCTHOE ypaBHEHHe

h
Yot1 = Y+ 5 A Yn + Yo, (14)
oTKyga npuxonum K (10), rre
h
14+ A=
F(AR) = 2,
1— A=
2
Ecan A = a + bt, To
2 2
h h h h
14+ —a+ =bi <1+5a) +<§b)
2 2
[F(AR)| = = :
h h . 2 2
l-ga-gh (1—Qa) —|—<Qb)
2 2 5 2

[Ipn a < 0 nmeem |F(Ah)| < 1, u 1060e petnenne ypaBHenns (14) crpemntes kK Hyao npu n —ox. Cre-
JTOBAaTENbHO, 06eCednBaeTCs CTPeMIeHNe K HYJII0 BCeX cocTaBasonnx (7) peulenns (3) pasHOCTHOTO
ypaBHEHUA

h
Yn+1 = Un + 5 (Ayn + Ayn+1)7 (15)

KOTOpLIE COOTBETCTBYIOT OTPUIATEILHLIM COOCTBEHHLIM 3HadeHuaM MaTpuubl A. Ecianm cpegu co6-
CTBEHHEIX 4HCeI MaTPHIE A HMEIOTCS KOMILIEKCHBEIC, TO CTPEMATCA K HYJAI0 U Te COCTaBIMIONINe
pelleHnst Pa3HOCTHOTO ypaBHeHns (15), KOTOpEIe COOTBETCTBYIOT KOMILIEKCHBIM COGCTBEHHBIM 3HATe-
HEAM C OTPHIATEILHON pealbHol YacThlo. [looToMy npuMenenue MeToga Tpalelnll, Kak I HEIBHOTO
MeToma Duaepa, IS THCICHHOTO PellleHns YCTONYNBON JHHEHHOH CHCTEMbBI HO3BOASET YBEIHIUBATDH
IIUHY [MIar'a NHTECPHPOBAHE BHE NOIPAHIIHOTO CJIOK 6e3 HapYIIeHHs YHCIeHHOR YCTORIHBOCTH IPH-
ONMKEHHODO pelleHus. InHcTBeHHLIM orpalndenneM OpH >TOM ABIAETCS TpeboBaHlle TOCTHKEHH
3a/JaHHON TOYHOCTH.

2. Metoant guddepennupopanna Hasag. [lis uHTerpupoBanua KecTKuX IH(pQPepenn-
AJLHLIX YPaBHEHNN Haubodee PACIPOCTPAHCHHLIMA ABIAIOTCS METOAL YHCJICHHOIO HHTErPHPOBAHNI,

89



OCHOBaHHBIE Ha (POPMYaax Tud(epeHInPOBAHIS Ha3a I. DTN (POPMYIbI nMeloT BU (2.2) I MOT'YT OLITH
NOCTPOEHBI, e MPON3BOAHYIO f(Zntk,Y(Tntk)) PEIIEHNST B TOUKE & = &4k ANNPOKCHMHPOBATDH C
MOMOIIbIO OTHOCTOPOHHIX (POPMYJ ducaeHHoro gudpdepennupobatus. O THOCTOPpOHHIE (POPMYJIbLI TH-
cJeHHOro mudppepeHupoBaHi MOXKHO MOAYYUTh Pa3HbIMU COOCOOAMMU.

Oxne w3 HEX 3akaA09aeTcs B creayionieMm. [lo msBecTHBIM 3HadeHmsM QyHKUNH y(x) B y3/aax

= 2pq, ©=0,...,k, crpouTcs nnrepnoasunonnsit Muorowien Jlanrpanxka Ly ,45(2). Torga
y($) = Lk,n-l—k ($) + rk,n-l—k(x)? (16)
rie
(k+1) k
y §
Phatk () = (le(),) izo(ﬂf — Tni),

& — TPOMEKYTOYHASA TOYKA MEKIY Tpik U Tp. Juddepenunpys (16), noxysaem

y/($) = ?cm—l—k ($) + r;c,n—l—k (x)

MMogcTaBasasd z = x4k, AMeEM

k
1
xn-l—k E E xn-l—z + rk n+k($n+k) (17)
1=0

rne CZ — BIIOJHE olipefeJeHHble YuCaa,

(k+1)
y 3
rﬁc,n—l—k(xnﬁ'k) = A ‘|‘§ ) h”.

Yuuoxum (17) na h:
k
hy' (@ngi) = Y Coy)(@ngs) + hrhpip (Tosr).- (18)
=0

Yrober monyanTh Gopmyay Bujga (2.2) ¢ yeioBnem HopmupoBkn (2.16), mogennm (18) ma Ch:

Zk:aiy(wnﬂ') = hBef (Tntks Y(Tnsk)) = Prtk (19)
=0
rue
042'2%17 ap =1, ﬂkzc%
P = Itk i () i = =7 W (), (20)

Ot6paceiBast B (19) 0CTATOIHBIN 49/IeH, MOMyIaeM KOHETHO-PA3HOCTHOE ypaBHEHNe

k
Zaiyn-l-i - hﬁkf(xn-l-kv yn-l-k) = 07 ap = 17 (21)

annpokcnMupytoriee ruddepenmuarsioe ypasaenue (1.1) ¢ mopagkom O(h*). Jlokarbras morper-
HocTh (20) dopmyant (21) MoxkeT GLITH IpejcTaBICHA B BILe

_ B k+1 (k+1) h+2
protk = =7 BT () + O(RTT). (22)

Heckoabko popmys Buga (21) pasanaHON CTeNeHH BMeCTe ¢ yKasaHHeM TOpsiTKa PasHOCTHOTO
ypaBHeHUS M KOd(ppuireHTa pu rMaBHOM 4JjeHe MOT'PElIHOCTH TpuBeaeHbl B Tadd. 1.
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Ta6aungal.

Dopmyavt dufdepenyuposanus Ha3ad 0AR PEULEHUR HCECTNKUT YPacHEHUL

JlokaabHas
Dopmy.aa Ilopagox | Cremneunn MOTPEMIHOCTH
k s Cr41 RF+1y(k+1) (zn)
1 2 3 4 5
4 1 2 2
1| yng2 = 3 Ynt1 gyn+§hfn+2 2 2 5 ey
18 9 2 6 3
2 == - = + Syt —h 3 3 - = pty
Ynts = Ty Ynd2 T T Ynt1 T TRt g Sfnas o Y
5 48 36 L1e 12, . . 12 5 5
Yn+4 = 95 Yn+3 95 Yn+2 95 Yn+1 95 Yn 95 n+4 125 Yy
4 _ 300 300 n 200 75 n 12 n 5 5 10 ¢ (6)
Yn+5 = 137 Yn+4 137 Yn+3 137 Yn+2 137 Yn+1 137 Yn 137 Yy
60
—h
+ 5 frnts
5 _ 360 450 n 400 225 n 72 6 6 20 % (7)
Yn+6 = 147 Yn+5 147 Yn+4 147 Yn+3 147 Yn+2 147 Yn+1 343 Yy
10 60
- — —h
147 Yn + 147 fn-|-6

3aMeTnM, 9TO HeABHBIN MeTo Ditepa (1.126) sBiaseTcs MeTomoM muddepeHInpoBaHns Ha3a1

IIepBOI'0 nopsgKa.

PaccMoTpnM mpuMeHeHHe MeTOTa BTOPOTO TMOPSIKA IS PellleHns JuHeiHon cuctemsbl (1.120)
¢ HadaabHBIM yeaoBmeM (1.121), MmaTpuna A koaQpUINEHTOB KOTOPOH nMMeeT OTphUIATeNbHBE CO6-

cTBeHHBIe 3HadeHne. [Ipnvennm dopmyny (21) npu k = 2

4 1

2
n - 5 Yn _n__hn -
Yotz — g Unt1t 3 Un — 3 Jat2 =0

K ypaBuernio (5). Torga moaydnv pasHOCTHOe ypaBHeHIHe

4 1 2
n — 5 UYn _n__hAn :07
Yn+2 3y+1+39 3 MAYn+2
nJan 2 4 1
1—=hX)ypeos — -y, -y, = 0.
( 3 )y+2 3y+1—|—3y

O6uiee perrerne (24) nveeT BT
Yo = Cr27 + Cazy,

riae z1, 23 — KOPHH XapaKTePUCTHICCKOIrO YpaBHeHH
2 4 1

1—ZhA) 22— 2242 =0.
( 3 ) 5713

HeHOCpe,Z[CTBeHHbIe BbIMHCJAcHUSA JaloT

21,2 =
’ 2

2 (1 — —hA)
3
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2
3(1—=hA
(1-5m)

42
gigvl+2hA:21\/1+2hA‘

(23)

(24)

(25)

(26)



Hycts A< 0u b >0. Ecin 14 2RA > 0, To |21 2| < 1. Ecan 1+ 2 < 0, To

V14 20N =iy/2h)A - 1.

Torna
| |2 44 (2R|A| - 1) 3 4 2h|A| 1 P 1 1
2’172 = 5 = = — .
2 34+ 2h|A)2 34+ 2h|A 3
o1+ 2u) O EEI

Taxum o6pasom, |z12| < 1 mpu mobom A < 0. Uz (25) caegyer, uro npu A < 0 n106oe pelremnne
Pa3HOCTHOIO ypaBHeHHe (24) cTpeMmuTcs K Hyqaio npu n —o. Ecan dopmyra (23) npumensercs x
peutennio 3agaqn (1.120), (1.121), To Bce cocrasasionue (7) peienns (3) pasHOCTHOI'O yPaBHEHUS

4 1 2
n — 35 Yn _n__hAn =0
Ynt2 3y+1—|—3y 3 WAYn+2

CTpeMATCs K HYJI0 IpH 7 —X. JHAYUT, NpUMeHeHue MeTojga nuddepeHnupOBaHus Ha3al, OCHOBaH-
HOTO Ha (opmy.e (23), MO3BOJsET YBANUNBATH IIAl MHTETPHPOBAHMS TOCJAe TPOXOXK TEHNS MO pa-
HIHYHOT'O ¢Josi. Takum ke cBOUCTBOM 06Jaal0T BCe METO/IbI, IpUBeeHHble B Tab 1. 1.

[Mokazano, 4TO W [AAsi KOMILIEKCHBIX A = a + bt ¢ oTpuiaTeqbHOU peadbHOl YacTbio a < 0
KOpHI ypaBHeHHs (26) mo mMogymaio MeHblle einunubl. CileloBaTeNbHO, W I YCTOHYHBHIX CHCTEM,
HMEIOIINX KpOMe MeUCTBUTENbHEIX ellle  KOMILIEKCHbIe COOCTBEHHbIE 3HAYEHHs € OTpUIlaTelbHbIMUI
peabHBIME 9acTAMNI, TpuMeHerne (23) M03BOJseT YBeANINBATH IAl HHTEIPHPOBAHNS, OT pAHNINBASL
ero eUHCTBEHHBEIM TPeGOBaHUEM TOCTHMKEHUS 3aMaHHOU TOYHOCTH.

3aMeTHM, 9TO KOHCTAHTa B JOKAJIBHOW MOTPEIIHOCTH HESBHOIO METO/Ta Tpalleluid MeHBIIe CO-
OTBETCTBYOIIEH KOHCTAHTH GopMyIsl (23).

Termepsb nepeiijieM K pacCMOTPEHUI APYIHX METONOB, OCHOBaHHBIX Ha (opmynax guddepen-
unpoBaHus Hasajg. MerTonsl quddepennunpoBanns Hasajg (21), npnMeHeHHBIe K ypaBHeHNO Buga (5),
NPUBOAAT K Pa3HOCTHOMY YpaBHEHUIO

2
> iyngi — Bk Ayntr = 0. (27)

=0

COOTBQTCTByIOHlee XapaKTepuCcTnieCkoe ypaBHeHUe nMeeT BU I

k
Z oeizi — hﬁk/\zk =0.

=0

Hokaszano, aTo npu k = 3,4,5,6 KOpHI DTOT0 ypaBHEHHS TaKikKe YIOBIETBOPSIOT ycaoBuio |z| < 1
st Becex hA = h(a+ bi), npuaagre:Kanmx HeKOTOPOH 06IacTH KOMILIEKCHOT IIOCKOCTH, COeprKaliei
OeCKOHeYHbIN KJAUH

T—oa<argA <7+ a, (28)

rie

0<a<?
(87 —.
5

KpoMe yKazaHHOTO KinHa 5Ta 00JaCTh COJAEPKUT NOIYILIOCKOCTh, 3aJjaBaeMylo HepaBeHCTBOM
ha < D,

rie D — mekoTopoe orpuunarersroe wuciao. CreroBaTenbHO, Bce cocTapasonine (7) peirenns (3)

Pa3HOCTHOI'O YpaBHeHUS
k

> @iynti — WOk Ay =0

=0
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Oy AYT 3aTyXaTh, €CIH [ BCeX COOCTBEHHBIX YHCeN A; 3HAUYeHHS A\; IpHHAIIeKAT yKa3aHHOH 0612~
CTH.

3. Peasimsanus HesABHBIX MeTOAOB. [IJs pellleHns pa3sHOCTHHIX ypaBHeHUI (2.2) B 1. 2 npe-
Jarajcs MeToJ npoctoil naTepannn (2.96), HeO6XOJUMBIM yCJIOBIHEM CXOLHMOCTH KOTOPOTO ABISETCA
yeaosue (2.97)

hL|Bg| < 1.

O,Z[HaKO B Cl1y4dae KeCTKHX CucremM ypaBHeHI/IfI BBITIOJMHACTCS yCJA0OBHE

max_|A;] > 1.
1<j<M

Cie1oBaTeIbHO, B CUIY COOTHOIICHIS
max_|A;| <L
1<5<M -
KoHCTaHTa JINmMa 1is TaKuX CHCTeM BeqnKa:

L>1

[Tosromy ycaoue (2.97) cXOQUMOCTH MeTOTa MPOCTON HHTEPANNN TPHBOANT K CHIBHOMY OTpaHMde-
HUIO Ha [Iar HHTeTpUuPOBAHNA, KOTOPOe ME CTAPAINCh YCTPaAHUThL. BoT moveMy npu WHTerpupoOBaHun
JKECTKUX CHCTEM OT HCHOJAb30BaHUA MeTOMA NPOCTON UTEpalliil ClIeIyeT OTKA3aThCs.

[lepermuimeM (pOpMyIBI HeSBHBIX MeTOT0B Diiepa (1.126), rpanenun (13) n anddepenunpoa-
Husl Haza [ (21) B caenyroinem Buje:

Ynt1 — Yn — hf(@pg1,Yng1) =0, (29)
h h
Yn+l — Yn — 5 f($n7 yn) - §f($n+17 yn-l-l) — 07 (30)
h—1
Untk T Y Qithnti — BBS Tty Yngk) = 0 (31)

=0
U NpUMEHUM [Jisi pellieHus 3THX ypaBHeHuu Meroj Hbiorona. Torga urepaluoHHBIN IPOLECC s
ypaBaenus (31) moxeT 6bIThH 3amucan Tak: misi v = 0,1, . ..

-1

v v 8f T4k, yil/) v =l v
v =l = | B b % < (the+ 3 s = 1S (o). (32)
=0

dopmyaa (32) MoxkeT OBITH pealn30BaHa JNO0 BHIYNCIEHTEM OOPATHON Js

dflx (v)
G=F— hﬁk f( n+k7yn+k)
dy
MaTPHUIBI U HENMOCPEICTBEHHBIM HAXOK TeHUeM yi:_:l) mo gpopmyae
+1 _
y7(11:|—k )= yleilzk -G l(yq(zi)k + v = hBef (Tt yf;ﬁk))v (32)
rmre
k—1
v = Z Qi Yn+i,
1=0

An6O pellleHreM JHHEHHOW CHCTeMbI ypaBHEHHH
+1
Gl = uih) = i — v+ hBkf (ase, w0, (33)
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st petenns cucremsr (33) MoxkeT 6bITh npuMeneno LU-pasnoxenne marpunst G, rge L —
HUKHAA TpeyroabHad MaTpuna, U — BepxHuAd TpeyrodbHas MaTpuIa, U MOCIeTOBaTeIbHOE pellleHne
IBYX JUHEHHBIX CHCTEM: CHAYaJda pellleHie CHCTeMBI

Lz ==y = v+ hBf (s u) (34)
C HIDKHEH TPeyroAbHOW MaTpPHIeH, 3aTeM pellleHne CHCTEME
Uw=z (35)
¢ BepxHell TpeyroabHoll Mmarpuuei. [lociae sToro peienue (33) HaXoQUTCA 1Mo (popMyJIe

v =l + o
Ha xaxk ol nrepanun TpedyeTcs Bhlducaienne MaTpuibl Iko6u, obpartienue MaTpuibl G man pe-
mwenne cucreMbl (33). YacTo npnmensieTcs MoAudguuInpoBaHHb MeTo 1 Hpl0TOHA, KOTOPHIN 3aKIIOYa-
ercs B TOM, 9TO BHIYHCAeHHe MaTpuibl Sko6u n obpamjenne matpuubl G uan ee LU-pasioxenne
IIPOU3BOIATCA TOJLKO OINH pa3 U BCe UTepalun IJIsdg V = 1727 ... BBEIIIOJHAKTCA C OﬂHOﬁ n TOfI Ke
obparnoii MaTpuieir G~ uin ¢ ogmuMu u Temn xe marpunamu L u U:

-1

v v 8f T4k, y7(10) v v
5 =) - | B - % x (v + v = hBeF (engr ).

[Marnee, ecin marpnua JKo6n Maao m3MeHsAeTCS OT TOUKH (Ly4k, Yntk) K TOUKE (Tpikils Yntktl), TO

OlHa N Ta Ke MaTpHhnla
-1

_ 8f($n+k7 y(O) )
L= | B — By —02nths
G Bk oy

(mam omua m Ta xe LU-dakTopusanus) MoxeT OBITh HCIOJH30BaHA IS BEIYUCJIEHWS peIIeHNs B
HECKOJIBKUX TOYKAX Trtk, Tnthtls Lntkt2y -« -

Ecan e npn HaXOXIeHUH PellleHUs B HEKOTOPOU TOUKE Lpiktm CXOAUMOCTH HE JTOCTUTAETCS
3a MaKCHMaJbHO JONYCTHMOE YHCI0 HTepaliil, TO BHOBbL BRIYHCASIETCS MaTpuna SIkobu n BHOBL Ha-
XoMuTCAa obpaTHas MaTpHUIa

-1
f($n+k+m ; yi?k+m)
dy

1 B d
G = | E - hp,

wan cHoBa npousBognTcs LU—pasaoxkenue MaTpuibl (. AHAJOMHYHBIN UTEPAHOHHBIN TPOIECC TPO-
W3BOINTCSA W IpH pelnennu ypasuennil (29), (30).

Tenepb 06cyanM Bompoc 0 BHIOOpe HadalbHOTO MpUOIMKeHHs. BEIOOp Xopollero HadalbHOTO
IpuOINAKeHns NMeeT CyllecTBeHHOe 3HaYeHne, TaK KaK OT Hero 3aBUCHT He TOJIbKO CXOIUMOCTh, HO I
KOJMYIeCTBO HTepaliil, HeoOXOINMBIX JI8 JOCTHKEHUS 3aJaHHOl TOYHOCTH, a 3HAYHT, U THCIO BHIYH-
cieHnil n obpalnennil (nan GpaxkTopuzannil) nTepannonron MaTpunsl G. /i BEIYHCIeHNs HAYATbHOTO
IpHOINKEeHnsA NCIOIb3YI0TCA pa3induble cnocobwl. Hanpnvep, Hadaabioe npubauKenne MokeT ObITh
Hall[eHO C MOMOIILIO ABHOHI (POPMY.ILI BH A

k-1
Ynok = — O Qilfti + BBE—1 f(Tnht,s Yntho1), (36)

=0

KOTOPYIO MOKHO HHTEPHPETHPOBATL KaK HHTEPIOIANNOHHYIO (POPMYITy DPMUTA, HOCTPOCHHYIO IO
sHadeHnsM GyHKOUN y(2) B TOUKaXx ¢ = &, j =n,...,n+k — 1, 1 ee IPOU3BOJHON B TOUKE Zytk_1.
[Ipu sTom JoKadbhas norpemtocts (36) nveer nopsox O(hF+1).
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Heckonbko Takux GopMysl pas3HBIX cTelleHell npuBegenbl HiKe. DopMyna BTOPOU CTElNeHH:

Ynt2 = Yn + th(xn-l—lv yn+1)-

Dopmyaa TpeTbell cTeneHn:

3 1
Yn+3 = 75 Un+t2 + 3Ynt1 — 2 Yn + 3hf(Tnt2, Ynt2)-

Dopmyaa 4eTBepTON CTENEHH:

10 1
Ynta = 3 Yn+3 + 6Ynt2 — 2Unt1 + 3 Un + 4R f(Zni3, Ynts).

Dopmyaa IATOU CTENEHH:

65 5 1
Ynts = T 15 Yn+a + 10Yn43 — OYny2 + 3 Ynt1 = 7 Yn + 5hf(2nta, Ynta)-

Dopmyaa MeCTON CTENeHn:

77 3 1
Ynte = T Ynts + 10Ynta — 10yn43 + Sypnqo — 2 Ynt1 + 5 Yn + 60 f(2nts5, Ynts).

[Tpusegennbie GOPMYJILI MOTYT OLITH TMOCTPOEHHI TaKyKe MeTOTOM HeolpemeleHHBIX KOd(hu-
unentoB. Hanpumep, mi1s Toro 4Tober moaydnth gopmyay k- crenenn (36), KooppuuneHTH o; 1
Br—1 mogbmparoTcs TakuM obpasoM, 9ToOH gopMyra (36) Obuia TOYHA MIs BCeX aarebpamdecKnx
MHOT'OYJIEHOB CTEeNeHH He BhIle k.

Haugaabuoe npubauzkenue MOKeT OBIThH HANTEHO TaKXKe MO DKCTPANOIAINOHHOU (hopMy.ie

k
Yn+k = Z Aiyn—l—l—i7

=0

NOCTPOEHHON 10 3HadeHnsAM GyHKunn y(z) B ysnax ¢ =z;, j=n—1,n,...,n+k — 1, upu sT0M J0-
KaJbHad MOrPelIHOCTh TPpeAcKa3aHHON o 3HaYeH s TakKe UMeeT TOPSI0K O(hk"'l). Heckoarxo Takmx
(opMya pasHBIX cTelleHell NpuBeaeHbl HuKe. PopMyia MepBOl CTeNeHn:

Yn42 = 2yn-l-l — Yn-

dopMy.ia BTOPOH CTeNeHN:
Yn+3 = 3Yn4+2 — 3Ynt1 + Yn-

DdopMyaa TpeThell CTeNeHn:
Ynta = WYnt3 — OYnt2 + 4Yny1 — Yn.
DopMyia 4eTBEpTON CTEICHH:
Ynt+s5 = OYnta — 10Yp43 + 10Y042 — SYnt1 + Y-

DopMyaa IATON CTEICHH:
Ynt+6 = 6yn+5 - 15yn+4 + 20yn+3 - 15yn+2 + 6yn+1 — Yn-

PaCCMOTpI/IM Tellepb BOIIPOC O BBIYMHUCJAEHUN MaTpUIbI Axobn —. HpI/I BBIMHUCJHAEeHNN peleHns

dy
JKECTKON CHCTeMBI Hapsay ¢ pOpMyJaMn s BRYACICHNS 3HAYEHUN MpaBoll dacTn f(x,y) NCHOAB3Y-
0TCs (POPMYJIBL I YaCTHRIX TpOou3BoIHBIX. OMHAKO OGBIBaeT Tak, YTO DTUME (POPMYJIaMu He BCerja
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y106HO BOCTIONB30BATHCA. [[0DTOMY Mid BEIYUCAHNS YACTHHIX TPOU3BOTHLIX TPUMEHAIOTCA (POPMYIET
YHCAEHHOTO MudpepeHInpoBatis, HalpuMep, (POPMYJIbl TepBoro nopsika mo Ay’

aff [yt A M) - eyt M)
dy? Ayl

(37)

H BTOPOT'O nopsiaka mo Ay’

ff _ filey's Ty Ay M) Pyt Ty - Ay Y
dy? 2AyJ '

(38)
[Ipn Borancaennn MaTpuubl Jkobn ¢ momombio (37) Tpebyercst M + 1 BEIYHCIEHHN TPaBOH dacTn
flz, )= (f(z,y), ..., fM(2,y)), a c momombio (38) — 2M BBIYACICHTI.

4. MeTog T'mpa. 4.1. Bvicod dopmya uucaennozo unmezpuposanus. llepeigeM K M3/I0KeHHIO
ellie OHOIO MeTO/a pellleHus KeCTKAX CUCTeM. DTOT MeTO[ CTPOUTCA Ha oCHOBe (GpopMya nudde-
peHunpoBaHnus Hazan (21).

[peanoao:kum, 970 HadaabHOe NPUOINKeHe s pellleHns ypaBHenus (21) Haxogures mo gpop-
myae (36). O6osnadnm m = n + k u nepenumreM gpopmyay (36) B cieayioniem Buie:

k
Y = = > QW iYmi + Wt f (Tt Y1)

=1

O6osnaanm A; = —ay_;, By = B;_1 n samenum m ua n. Torma

k
Yn = Z Azyn—z + hBlf(xn—h yn—l)-

=1
Amnanorndno npeobpasyem opmyay (21):

k
Ym = — Z Ok iYm—i T hﬁkf(xwu ym)

=1

O6osHauuM a; = —ag_;, by = B u 3aMmenum m Ha n. Torga

k
Yn = Z AiYp—; + thf(xny yn)

=1

Pacemorpum caenyioiunii #TepaluoHHEI MPOIECe:

k
yO =" Ay + hBi fuoi, (39)

=1
k
yD =3 agya; + hbof(an,y), v =0,1,2,.. (40)

1=1
U3 (40) nony4aem
gt =yl (b () = Bf (e ™), v =120
Oupenernm v-e npubianzKenne mis NpousBogHon hy'(z,) mo Gopmyie
hy ") = hf(a,, yV=), v=1,2,...; (41)
MO pelHocTh 5Toro npubauxenns 11a hy'(z,) nmeer nopsrok O(h*+2). Toraa

et =yl (b (e yl) =y ), v=12.. (42)
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Brrarenm (39) u3 (40) npu v = 0:

k
) =yl £ 57 (@0 = A i + hbof (@0, ylD) = hBy ooy =

=1

(43)
(0) (0) YA - By
=Yn +b0 hf($n7yn )_Z yn—i_h_fn—l .
=1 bo bo
Ai —q By )
O6osHadNM v; = T = 5 1 OUperelnM HatalbHoe npubanzKenne LIS IpOU3BOLHON
0 0
hy'(z,) o gpopmyae
k
hy,© =37 iyn—i + ho1 fumr (44)

=1

3aMeTHM, ITO MOTpentHoCTh >Toro npubanzxenns ¥ hy'(z,) umeer mopazox O(h*1). Torga (43)
IpHMeT BH
ui =y + bo(hf () = Dy, ). (45)
(0)

s (45) crenyet, uto popmyra (42) cnpaBemanBa Takxke gis v = 0. [Ipn sTom hy;2 onpeenseTcs C
nomortbio (44).

BBe,Z[eM B pacCMOTpeHne BeKTOPHI

T
Yn — (yn7 hy;w Yn—1y--- 7yn—k+1)

Y (20) = (y(@n), by (20) y(@not)s o y(@nmir))

[TepBas KOMIIOHEHTA Y, BeKTOpa Y, alipokcuMupyet y(,,), Bropas KoMnoHeHTa hy!, BekTopa Y, ar-
npoxkcumupyet hy'(x,). OcTaibHble KOMIOHEHTHI ¥f,— ANTPOKCHMHUPYIOT 3HAYEHNS TOTHOTO peIIeHs
y(xn_1), {=1,2,... k- 1. Oupeneanm Tak:ke BEKTOp

Y7(1y) = (%(11/)7 hy;z(y)v Yn—1,--- 7yn—k+1)T

u MaTpULy

Ay Br Ay A Ay

Y101 Y2 oo Yh—1 Yk

1 0 0... 0 O
D=

00 1... 0 O

0O 0 0... 1 0

Torma npegckassiBatonine GopMyast (39) n (44) s pemtenus y(z,) u npousBogHon hy'(z,) MoryT
OLITH IpeICTaBIeHbl B BIJE CIeAYOIIero pa3HOCTHONO BEKTOPHOIO COOTHOUICHMS:

YO =Dy, ;. (46)

[TorpemHocTh MepBO I BTOPOI KOMIIOHEHTHI BEKTOPa YO ymeer nopsa ok O(h*1) a mis ocTarbubx

paBHA HYJII0, €l Yn_; = Y(Tp_i)y & = 1,.... k — 1, w O(h**?), ecan y(z,_;) — yoi = O(RF+?).
CaeloBaTelbHO,

Y(z,) — YO = O(nr . (47)

Us (41) caenyer, 110
hy D =y b f (s ) = by, (48)

n
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Bregem BekTop ¢ = (bo, 1,0,...,0)" n dpynkunio nesasxn
F(YY) = hf (@ y) = hy, . (49)

Torna ucnpaastoniue popmyast (42) u (48) mas petenus y(,) u npousBogHoi hy'(x,) MOryT GHITH
IpeJCTaBIeHbl B BIIe

YD =YW 4 eF(YW). (50)
[MorpetiiHocTh mEepBOll KOMIIOHEHTHI BEKTOPa Y7(f+1) nMeeT MOPATOK O(hk‘"l)7 HOT'PEITHOCTEL BTOPOH

0
KOMIIOHEeHTbI — O(hk—l_z)7 a [OJIs1 OCTaJbHBIX KOMIIOHEHT IIOI'PEIIHOCTDb TaKad Ke, KaK 1151 Y7(1 ) Cie-
JOBaTeJJbHO,

Y (2,) — YY) = O(hF. (51)

n

Urepannonusiii npouecc (39), (40) cxogures K y, , ecan h gocrarodno Majto. CileroBaTenbno, OygeT
CXOMUTBCA HTepanuonubil npouecc (46), (50):

YV Y,
i
Y (z,) - Y, = O(hFY). (52)
Onpeennm AnHeitHoe Mpeo6pazosanne (), mepesosiiee sekTop Y (z,) B BekTop Z(z,,) + O(hF*1),
rje
hzy// T, hky(k) T, T
Z(z,) = [y(z,), hy'(z,), 7( ), ceey 7'( ) ,
2 k!
T.e
QY (2,) = Z(x,) + O(hH1), (53)
WIH, 3alUCHIBas TOKOMIIOHEHTHO,
y(@n)
hy' () h2y" (x,)
2
y($n—1) Q k
—~ + O(h*th). (53')
Y(Tn—2) hy" (xn)
6
Y(@n—t1) By (z,)
k!

Bexrop Z(z,) nassBaeTcst 6exmopon Hopdcuxka.

Marpuny () Takoro npeobpaszoBaHus MOXKHO HalTH caenyioium obpazom. Tak kak mpeobpa-
30BaHIe () He MeHsieT NepBhle TBe KOMIOHEHTH BeKTopa Y (2,), TO MepBhe IBe CTPOKN MATPUILL ()
HMEKT BH

10 0 ... 0
0 1 0 0
Yr1o6bI HaUTH [-10 CTPOKY MaTPHILL ()
Qs Qs - - Gt (1>3),

Ha O Pa3JIOZKUThL BCe ClaraeMbie B JeBOH 9acTH PaBeHCTBa

hl—ly(l—l) ($n)

a—or Tor

a1y (zn) + q2hy' (z0) + @ay(Tn—1) + « - + Q1Y (Tp—pt1) =
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IO CcTelleHsIM h7 a 3aTeM ONpPpUpPaBHATDHL KOBqZ)qZ)I/IHI/IeHTbI IIprl ONMHAKOBBIX CTeIleHAX h ClIpaBa 1 CJjeBa.

Moayuaum k+ 1 ypaBuennu c k+ 1 HensBecTHbIMHE. Peltas 5Ty cucremy, HaligeM dJeMeHTHI [-II CTPOKI.

Taknum cmocob6oM HAXOmATCA CTPOKN TpeThsd, deTBepTad, ..

MaTpulla npeoOpa3oBaHud

., (k + 1)-a. Hanpuwmep, ecan k = 3, To

y(@n)
hy'(z,
y' (@) i} h2y”($n) —|—O(h4)
y(@n-1) 2
Y(Tn—2) Wy (@)
6
paBHa,
1 00 0
0 1.0 0
Q= _7 3, 1
4 2 4
31,1
4 2 4

DJeMeHTE TpeTbefI CTPOKN SBJAAIOTCA peualeHneM CHUCTeMBbL ypaBHeHI/IfI

431+ q33+ q34 = 0,
32 — @33 — 234 = 0,

433 1
12 19 I
2 + 2q34 5%
g3 8
—_— = = = 0,
6 6 434

a dJeMeHTbI quBepTOfI CTPOKMN — pelleHneM CHUCTeMBbl ypaBHeHI/Ifl

41 +qa3 + qaa = 0,
(42 — q43 — 2qaa = 0,

q4—3-l-2f]44 =0,
2

_ds B E
6 6™ 6

SameTum, 4To MaTpuna ¢ He 3aBucuT oT h. [lpu k = 4 marpuna npeoGpaszoBanus

y(z,)
hy'(xn)
h2y//($n)
2
h3y///($n)
3!
h4y4($n)
4!

+O(h?)
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paBHa

1 0 0 0 0
0 1 0 0 0
85 11, 3 1

o=\ 36 6 9
5 1
N _é 1 —=
3 2
m 1 1 1 1

36 6 2 4 18
DaemenThl [-ii ctpoku, [ = 3,4, 5, ABAAIOTCS pellleHueM CleIyiolieil CUCTeMbl YpaBHeHUN:

g+ g3+ qat+qs = 0 — xoopdunuent npu  h°,
qQi2 — qi3 — 2q14 — 3qis = 0 — xod(ppunmenT npu  h,

9 0

f]2£ + 2q14 + 5 W5 = f — Koadduuuent npu  h?,
8 27 0

_(]6ﬁ i % — Koadduuuent npu A3,
16 81 0

g% + o 214 + s = ﬁ — kooduuuent npu At

31ech 03, 04, 015 — cuMBoa Kponekepa.
[IpeobpazoBanue () mepeBoguT BeKTOp Y, B BEKTOP

Zo = QY. = Q(Y(2,) + O(W*1)) = QY () + O(H*1) = Z(e,) + O, (54)

Ecan 3anucars >To IIOKOMIIOHEHTHO, TO NMeeM

y(@n)
hy;, h2y" (z,)
Yn-1 Q 2 k1
— O(h™ ). 54/
Yo h3y///($n) + ( ) ( )
6
Yn—k1 WFy® (@)
k!
Teneps mpumennm npeobpaszoBanue () K (46). O6osnadnm Z%O) = QY%O)7 Zy, 1 =QY, 1, unycrs
Y,.-1=Y(z,-1). Torma
QYY) =QDY,.1 =QDQ7'Q) Y1 = (QDQ™HQY o1 = (QDQ™)Zy-1. (55)

YuanroBas (47), norydaem
QYY) = Q(Y(2a) + O(W™1) = QY (24) + O(W**!) = Z(w,) + O (W)

nJiain

7O = Z(x,) + O(R*1). (56)

CaeloBaTelbHO,

(QDQ™NYZ,_1 = Z(x,) + O(h**1). (57)

100



Bocnoassyemcs (54), samenss n wa n — 1. Torga us (57) cregyer
Z(x,) = (QDQ™")Z(2n1) + O(K*H). (58)

O6oznatnm P = QDQ~! u pacnmmem (58) mokoMIOHEHTHO:

24" T, Lk (k) Ty
y(xn) = pry(@n—1) + pr2hy’ (xn—1) + P13 % + .o PR % + O(hk+1)7
24" T, Lk (k) Ty
hy'(z,) = p2a1y(Tn—1) + p22hy/ (2n-1) + pas % + ...+ pP2r % + O(hk+1)7
h2y" T, h2y" Ty hk (k) Ty
% = p31y(@n_1) + pazhy’ (2,-1) + pas % + ...+ P3r % + O(hk+1)7
Lk (k) z, 24" T, Lk (k) T,
yT() = pr+11Y(@n_1) + Pry120Y (2n_1) + Prt13 % + .o Peri k1 % +

+ O(hF1).

PacknanbiBas fieBeie acTu 3TuxX paBeHcTB 1o (opumyte Teinopa u npupaBHuBas KO>PPUIHEHTHI TPU
O/IMHAKOBBIX CTeMeHsAX h cieBa U cIpaBa, MOAyYaeM, 4To MaTpulla PP aBiseTcs TpeyroabHOU MaTpHIlel

[Mackans:
T 1 1 1 1 1 1 1
1 2 3 4 5 6 k
1 3 6 10 15 M
2
1 4 10 20
1 5 15
P= 16 (59)
1
0 .
k(k—1)
2
k
1
O6osHanM ng) = QY%U). Us (51) cremyer
Z) = QYY) = Q(Y(2,) + O ) = QY (w,) + O(W*) = Z(w,) + OB, (60)

[Ipumennm npeo6pasosanne () k (50). Torga

QY(U—I—l) _ QY7(11/) + QCF(Y%U)) — Z%V) +1I. P’(Y;ll/))7

n

rre I = Qc = (lo,l1,...,l)T. Tak kak GyHKIUA HEBAZKN F(Ygf)) 3aBHCHT TOJALKO OT NEpPBLIX ABYX

v
KOMIIOHEHT Be€KTOpa Yn y Hpeo6pa30BaHHe Q IepBhble 1B€ KOMIIOHEHTHLI He MeHdeT, TO OTH KOMIIO-

(»)

v
HEeHTbI BEKTOpa Y7(1 ) COBIIa TaKOT C MEePBbIMU IBYMS KOMIIOHEHTaMN BEKTOPa Zn . HOBTOMy

7zt = 720 L 1. Pz,
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(v) (v)

N3 cxomgumoctn Y, ' K Y, clefyeT cXOAuMOCTh Zy ' K Z,. TakuMm o6pa3oM, MBI IPUXOANM K CAETY-

omeMy CXoasimeMycas nTepalliOHHOMY ITpoleccy:

7 = PZ,_,, (61)
Z0t) =z L 1. Pz, v=0,1,.... (62)
U3 (62) crexnyet, 4o
26 = 20+ 1(F(@O) 4 FED) + ..+ FZD)).
U3 cxognmoctn (62) BEITEKAET, 4TO AR CXOJUTCA K
Z, =7 4+ 1w, (63)
— i J
rge w = yh_}n(r)lo ;F(Zn), npudeM, Kak ciaenyer u3 (62),
]_
F(Z,)=0. (64)
Hogcrasass (63) B (64), monydaem ypaBHeHIe
F(Z©) + 1) = 0. (65)
Pemraem ypaBuenne (65) oTHOcHTENbHO w MeTOg0M HbloTOHA:
(0) v -1
ol = ) _ (P T ) g | g,
0Z
YuuoxuMm obe qacTn paBeHcTBa Ha I:
FZY + 1wy 1\~
Lo+ =) _p [ PEZ ) ) 0 4 ),
0Z
[TpubaBuM K 06eHM JacTIM paBeHCTBA Z%O) 7 0003HAYUM ng) = Zgzo)—l—Iw(”). Torma nuMmeeMm clrenyomni

I/ITGp&HI/IOHHbeI IIponecc:

-1

or(z)y
(1) — 7 _p (95 T) (v)
z z I( 1) F(E).

Hawanrbnoe npubimkenue Jig 5TOro Ipolecca onpefeisercs ¢ nomoupio (61). U3 (49) maxongnm

8_F . oF OF oF _ ha_f o .

8Z_ 8Z17az27---7azk+1 - ayv y Uy ooy .
O603Ha4uM

OF(Z) - Of (e, y) =
W:(T'I) :(MOT—h) .
Torma
Z{t) = 20 — W F(Z),

nan

(v)

-1
ZUH) Z 700 _ (hlo f(@nyyn ) ll) (hf () — by ).

dy
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Ta6aumna?2

Kosfduyuenmot memoda Iupa I = (los 11, 11)7
Ilopagok meToma k
Kosdpdbunnenter 2 3 4 5 6
! 2 6 12 60 20
0 3 11 25 137 49
I 1 1 1 1 1
! 1 6 7 225 58
? 3 11 10 274 63
1 1 85 5
ls — - = 2
11 5 274 12
15 25
Iy — = =
50 274 252
1 1
Is — —
274 84
1
I _—
¢ 1764

Urepannonusit mpomece (66) oTandaeTcs OT NTEPANNOHHOTO mponecca (62) TeM, YTO CIOKEHHIO BeK-
Topa Il-F ¢ ng) B (62) mpemmecTByeT ymHOXKeHne I’ Ha marpuny W B (66) n ToabKo mOCIe 5TOTO

NPOW3BOANTCA KOPPEKINSA 3HATEHUS Zny).

3aMeTnM, 9TO ecin mpaBas dacTh AudQepeHnnaIbHoro ypaBaenns f(x,y) AnHelHa N0 Y, TO
HTepalnoHHbIll mponecc (66) coimeTcs 3a OTHY HTEpPAIHIO.

Kommnonents Bektopa I = (lg, [y, . .. 7lk)T MLIST METOJOB PA3HOTO TMOPS KA aAlNPOKCHMAINH TTPH-
BeleHBI B TadI. 2.

4.2. Ouenra noepewnocmu. Asemomamuueckut ebibop wa2a v nopiadxa. llepBoie 1Be KoMIo-
HEHTH BeKTOpa Y, PaBHLI HEPBBIM ABYM KOMIIOHeHTaM BekTopa Z,, Tak Kak IpeobpasoBanue () He
MeHSeT IepBble 1Be KoMIoHeHThl. CleloBaTelbHO, IS ONeHKH HOTPEIIHOCTH IepBOT KOMIOHEHTHI ¥,
petennust Z,, ypaBHeHus (64) MOXKXHO BOCIOJMB30BATHCA ONEHKON (22) JOKAJIBHON MOTPENIHOCTH (POp-
Myasr (21)

pn = Crpr By D (2) 4 O(RFH2), (67)
rire
B
Crsr=—7 1

OG6cy M, KaK TPaKTHY9ecKH BOCIONB30BaThCs onenkon (67). HemsBecTHon Beamdannon B (67) sBisi-
eTcs y(k"'l)(acn). Ecan 3aMeRnM IpoH3BOIHYIO hy(k"'l)(acn) PasHOCTLI0 Ha3a,l Vy(k)(xn), TO IIPH DTOM
gonycruM norpemnocts nopsgka O(h?). Ecaun samenua A¥ 1yt (2 na pasnocrs 7 (hFy (2,)),
To gonycTuM omubKy nopsika O(hF+?):

Wy (@) = V(W (@) + O ().

ko (k) i
Kouneunyio pasnocts V(h*y'"(z,)) MOXKHO HOXy4INTH, eCau U3 HOCHeTHEH KOMIOHEHTEL 2 ki1
BeKTOpa Z, BbI1eCThb NOCIeJHION KOMIOHEHTY Z,_1 k1 BeKTOpa Zj,_1 1 NOJyYeHHYIO Pa3HOCTh yMHO-

KuTh Ha k!. CrefoBaTeabHo,
hk+1y(k+1)($n) o VZn,k-I-l e
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B pesyabTaTre nmeem

Pn = Ck-HVZn,k-I—l . k' (68)

njan, paciucbiBas IIOKOMIOHEHTHO,
P Co VZ oy -k i=1,2, ..., M.

SaMeTI/IM7 q9TO nnocjensiss KOMIIOHeHTa BeKTOpa Zn—l COBllaaeT C HOCJIG,[[HGI(/JI KOMHOHGHTOI?I BeKTOpa
. . :
Z7(1 ). Beamsmma pL, — abconioTHaA TOTPEITHOCTS ¥,,. BBeleM Takxke Apyriue XapakKTepHCTHKN TOYHO-
CTH: OTHOCI/ITeJIbHyIO HOFpeHlHOCTb
7
Pl
Z’ bl
|y

TaK Ha3bIBaeMYIO cmaHdapmHym nozpewrocms

ecan it # 0,

L
max_Jyl]
o<j<n 7/

MEPY NO2PEUHOCTY '
K3
Pn

ik ectn  |yt| > pi,
e

ll/: . .
pn. ecam |y [ <pi.

Bce nepeducijennible XapaKTepUCTUKN TOYHOCTHU MOXZKHO 3alliCaThb B O6HleM BRiIe

7
Pn
Z' 1
PTL
rje
1 JIs aBCOMOTHON MOIPEIIHOCTH,
|yt | JIA OTHOCHTETHHON MO PeITHOCTH,
T . .
Py = max [y} JUISA CTaHIapTHON TOTPeNIHOCTH,
0<5<n
ecan |y, | <p;, To 1, uHadge |y, | IS MepEl 0T PeIlHOCTH.

By/:[eM BeCTU KOHTPOJb TOYHOCTH IIO HOpMe

M CoaVZE kN M (V7 :

n,k+1 2 n,k+1
S s = (Cppr -EN2 Y [ —2L) 69
o1 B (i )iﬂ B o

O603Ha4uM - )
F=(——
(C’k+1k! ) ’

rae € — 3aJaHHad TOIYHOCTH BBIIHNCJIEHUA HpI/I6JII/I)KeHHOFO pelneHns, n

" 2
_ M Zn,k—l—l
=1 Pfl
Torga, ecin
V>FE, (70)

TO CYNTaeTCs, YTO Ha JAaHHOM IIare MeTO[I He JOCTHDaeT TpebyeMOll TOYHOCTH H BHIYHCICHHOE 3Ha-
denne Z, BMeCTe ¢ TOYKOH &, HCKIIOYAIOTCA U3 pAcCMOTpeHns. BribupaeTcs HOBHII pa3Mep IIara ¢
IOMOIIBIO cooTHOMIenns (2.154)

h™ = &h,
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rie BeanduHa & BeIOHpaeTcs TaK, 4TOOH Ha 1nare h* gocTuratach TpedyeMas TOYHOCTh. JTO MPUBO-
THT K CIeAyIoleMy 3Hadernto jaisg £:

€= (g) T (71)

dopmyaa (71) anarorndna (opmye (1.97) 1is oIHONIATOBBIX METOTOB.
BumecTo (71) MOXKHO B3ATh HECKOIBKO MeHbIIIee 3HATEHNe

1

€= % (5) T (72)

Teneps BeIUHCIEHNE MOKHO TOBTOPUTH 10 (popmyaam (61), (66), ncxoms us Toukn &,—1. [las sroro
HeoOXOTMMO TepecinTaTh BeKTop Z,_1. HoBble 3HaYeHNS KOMIIOHEHT 3TOIO BeKTOpa Z) | BLIYHC/ISA-
I0TCS 10 POCTHIM (popMyaaMm

1y = ISR/ j=1,...,k+1.

Ecan (70) He BBINOJHAETCS, TO CYNTAETCH, ITO MOLYIeHHOE TMPHUOINKEHNE Y, VIOBIETBOPIET Tpe-
6yeMOll TOYHOCTH W 3HadeHle T, NPUHUMaeTcd B KadecTBe TeKyllero ysaa nHTerpupoBanud. [lamib-
Helllllee HHTer pHpOBaHue MOXKHO BeCTH, HCXOIA M3 TOYKH T, C MIaroM h*, KOTOpHII BHIOHpaeTCH 110
dopmyae (72).

I'mp BMecTe ¢ aBTOMaTHYeCKHM BBIOGOPOM IlIara pellaeT BONPOC 06 aBTOMATHIECKOM BHIGODE
IOpAJKa TOYHOCTH MeToja. IlpeinonoKnuM, 9To pelieHine B TOYKe &, OBLIO NMOJIYIEHO HE MeTOJIO0M
nopaaka k, a MeTOZOM HOpsIKa Ha efuHnny MeHnblie k — 1. Torga JoKalbHas NOIPEIIHOCTL pellerns
paBHa

pn = CyphFy®(2,) + O (K,

nan
pr = CrZy pyr - k!

Anajoruvno (69) HOpMa A8 HOIPEIHOCTH 3alllllIeTCsa B CAelYyIolleM BHUIe:

M i S\ 2 M i 2
Can,k—I—l k! Zn,k—l—l

) i = (Cr- kD) pi

O603Ha4uM '
E . ( € )2 ‘v/ . f: Zfz,k+1
CNCL kY T« pi

Ecau mpoBecTn Bce paccykJeHUs aHAJOTHYIHO TOMY, KaK 3TO OBLIO cleJaHo JAas MeToma k-To
TOpAJKA, TO MBI TOAYINM aHAJOTHIHOE BHIpaKeHne MIs KOHCTAHTH & W3MEHeHNs IMara B MeTOo/e
nopsigka k — 1:

v

v BN 5%
€= (5) (73)
BumecTo (73) MOXKHO B3ATH HECKOIBKO MEHbIIee 3HAUCHIE
o L
s 1 (E\*F
=137 (7

Tenepsr paccMOTpuM, KaK ciaefoBago OB W3MEHNTDL 1Al WHTErPHUPOBAHUA, ecan OBl pelleHue
B TOUKe &, OBLIO MONYIeHO MeTOJOoM MOpAlKa Ha eIuHUNY OoJblle. B »ToM ciaydae mOrpeliHocThb

pelilenns ObLIa OBl PaBHA
Pn = Ck+2hk+2y(k+2) (wn) T O(hk-I—S)

Buipazum h¥+2y(5+2) (2, ) wepes paznocts

PR (@) = RO a,) + O(H).

105



Naiee,

VAR (2,)) 2V Zy g1 - k) = V(Y Zy g1 - kD) = KIV(V Z p1).

B pesyabTaTre nmeem

Pn = Ck+2V(VZn7k+1)k!. (75)

Ananoruvno (69) HopMa HOTDEILIHOCTH 3alUIIETCA B BIE

M [ CrpaV(VZi, RN M N
+1 k-|—1
— kY
2 P (e ;
O603Ha4uM
- e 2 M k-|—1 :
F=(——"— Zy
eom) V= > (*

=1
AH&JIOFI/I‘{HO npeablaymeMy IpuXoaInM K 3Ha9eHHIO KOHCTaHTEI H3MeHeHHIs IIal'a HHTeI'pHPpOBaHusl B
MeToIe mopaiska k + 1

Yy

_ (g)wf—m (76)

BuecTo (76) MOXKHO B3ATH HECKOIBKO MEHbIIee 3HAUCHIE
R 1 [ DR —
f= — (_) 24D (77)

Bri6opoum nonosanTenbHEIX MEOKITENH B (74), (77) oTHaeTcs npeanodTeHne MeTOLy MOpsAKa k min
k—1.

[st 5pPeKTHBHOTO HCTIOAB30BaHUs ONeHKH (77) clelyeT npn epexojie OT TOUKHU Zy,—1 K TOUKe
Xy, COXPAHATH 3HAUYEHTE VZm 1,k+1, KOTOpOe ucnogabsyercd B (75) u V.

[Mocae Brraucaenus &, 5 £ BLIGpaeTCH TOT METOJ, A1 KOTOPOTO COOTBETCTBYIOMIAs KOHCTAHTA
H3MeHeHUs [ara MakKCUMaJabHa.

[IpeumyuiecTBo Merona ['pa mo cpaBHEHHIO ¢ APYIHME MHODOIIATOBEIMH MeTOJaMU YHCAEH-
HOT'O HHTEeTI pUPOBAaHIS, PACCMOTPEHHBIME B 1. 2 [aHHOU TVIABEI, COCTOUT B JEI'KOCTH U3MEHEeHHs I1ara
HHTErPUPOBaHUS.

Onucannas mpollegypa BbIOOpa Iara W MHOPSIKa B AeHCTBUTEIbHOCTH HECKOJBKO BHIOU3Me-
HsieTcs. Bo-mepBhiX, ecin HOBasd mpefnojaraeMas [inHa h* [ara HHTEIPUPOBAHUA YBEIUYUBAETCH
MeHee, yeM B 1.1 paza 1o cpaBHEHWIO CO CTaphIM 3HadYeHHeM fi, TO 1ar He usmeHseTcs. Bo-BTOPHIX,
H3MeHeHe [1ara U MopsIKa He JonyckaeTcs B Tederue k+1 maros nocje mocaefHero uaMeHeHus, eciu
TOJBKO HCIOJAb3yeMOe 3HadeHle lara o0ecnevnBaeT 3aaHHy0 ToYHOCTh. [Ipudnna sToro 3akimoda-
eTcs B TOM, 4TO Oojee dacThie HW3MEeHeHUs Iara UHTEerPHPOBAaHUS MOI'YT BBI3BATh JOMOJHUTEIbHEINT
pocT morpeiiiocTu. B-TpeThux, ecan nocie k -+ 1 miaroB yBeandeHue iara HeBO3MOKHO, TO TaJdbHei-
[as MpoBepKa BO3MOKHOCTH YBeJAUYEHHs Ialra OTKIAIBBA€TCH 1O JeCATH IAroB, 4TOOLI COKPATHTh
HaKJIa/THbIe PACXO[bl, CBA3aHHEIE C BRIYHCJICHHEM KOHCTAHT W3MeHeHUs [Iara.

Brrancaenne nrepannonnon marpuusl W B (66) BkiaodaeT Haxox feHne MaTpuibl Jko6u n o6pa-
[IeHne MaTPHIHI (aF(ng))/8Z) -1. Kaxx gasg Takas omepamnusi [0CTaTOYHO TpyjoeMKa. Ecan MmaTpuia
Jf /0y mano uzMeHsieTcsi, TO W UTepAlHOHHAS MATPHIlA MAJO H3MEHSeTCS OT HTepaln K HTepalini
U Jayke OT OJHOIO y3Jja HHTerpupoBaHus K apyromy. [losTomy npumensercs moudpuxamnus MeTora
Hbrorona, npu KoTopoul uTepannonHas marpuita W onpegeiasercs oJfuH pa3 U He NEePEBHIYUCIALTCS
HI BO BpeMs UTepaluil, HU [IpHU Iepexojfe OT TOYKN K TOUYKE [0 TeX MOP, NOKa He MPOU30UIeT usMe-
HeHHe [Iara WHTEerPHPOBAHUS WIH HOPSIKAa METOTa WK MOKa He OyaeT 00HapPYKeHO, 4TO MaTpuia
Axobu cymecrBenno uzMenmgack. O6 uzmeneHnn MaTpuiibl fAkobu cyasT Mo KOAUYECTBY BHITOJHS-
eMbIX nTepanuii. Ecim 3a Tpu nTepanunm monpaBKa WF(Z%U)) = WF(Z%S)) He CTaHeT JOCTATOYHO
MaJoll, TO CYUTAETCS, YTO MaTpHuia JAKOOH CYLIeCTBEHHO U3MEHWIACh W WTepalluoHHas MaTpuna W
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BEIUUCASETCA BHOBD. [LCaW ONATE 32 TP HTepalui YKaszaHHad TOYHOCTE KOPPEeKINN He TOCTHTaeTcs,
TO mar i COKpaIllaeTcs 10 3HadeHus h/4 i BRIYHCIEHe TOBTOPIETCS U3 TOYKN X,—| C HOBBIM IIIATOM.

Ecau B mporecce aBToMaTH4eckoro BeIGOpa MOpsjiKa MeTOMa TMOCJAeTHUN OKa3ajcs CAUIIKOM
OOJbIINM, TO TPU U3BECTHOM 3aKOHe paclpocTpaHeHls MONYIIEHHBIX B XO/Me YUCAeHHOT'O MHTErPUpO-
BaHNA OIMINOOK B Y, Ha KOHeUHBIe pa3HOCTH QYHKIUU f, (m < n) crapiime Tpon3BOIHBE, BXOIAIINe

B Z,, CTAHOBATCA JUIICHHBIME MaTeMaTHIeCKOI'0 CMBICIAa. DTO NPUBOJAUT K TOMY, YTO B OIHOH U
TOIl JKe TOYKe OTBepraeTcs MOApA]l HeCKOAbKO IIAroB ¢ MOCIef0BATEIbHO YMeHbIIAIOIeNcs [INHOIM.
K TakoMmy e ILIOXOMY NOBeJeHHIO Pa3HOCTel MOXKeT IPUBECTH Pa3phbiB B KAKOH-HIOY b 1POU3BOTHOI
perenus. B oToMm ciydae pekoMeHayeTcs YMEHBIIATH MOPSIOK METOAa HaCTOALKO, YTOOB KOHeTHbIe
pasHocTn Beau cebs raagko. B merome I'mpa mpuHATO, 9TO ecim B OZHOH M TOH JKe TOYKE MOAPA]T
OTBepraloTCA TPH IIara, TO NOPALOK MeTO/Ia MoJaraeTCA PaBHBIM eINHHUIe W BLIYHCACHIS TPOBOIITCS
3aHOBO M3 DTOH TOYKH.

Metoy I'upa oTHOCHTCS K MeTogaM nepemenno2o nopadka. CaMblil MepBLIH AT BHITOAHAETCS
MeTOJOM TepBoTo Topska. /s oToro TpebyeTcs 3narh BekTop Zg = (Yo, hyh)!. Tax kax yo ms-
BECTHO, TO MOXKeT 6BITh Bhrdecteno u hyy = hf(xo, yo).

YMeHblIeHHe TOPAIKA Ha eUHALY IPUBOJUT K OTOPACHIBAHUIO MOCAe[HEH KOMIOHEHTHL Ly, ki1
BekTopa Z(x,), pauoit h¥y¥) (2,) /k!. YBenruuenne nopsxa na e uauny TpeGyeT MPUCOSTHHEHNS €Ie
OIHOI KOMIOHEHTH K BekTopy Z(x,), pasmoit A1yt (z ) /(k + 1)!. B xagectne AF1ylh+D (g )
MOYKHO B3ATh KOHeYHYIO passocth o1 hFy¥) (z,):

Wy (a) 2 VRO (2,).

[Tpu »ToMm 6yaeT momyllena ommnéKa TMOPSAKA O(hk"'?). Torga megocTalylo KOMIOHEHTY Z, j42
BeKTOpa Z, MOXKHO HaUTH 110 (GOpMY.Jie

VZn,k—l—l

Zn,k—l—? = L T 1

5. DKCIOHEHITUAILHBIA MeTo . B 5ToM IyHKTe n3/1ararTcs MeTo Ibl THCIeHHOI 0 HHTEr PHPO-
BaHUs JUHEHHBIX CHCTeM OOBLIKHOBEHHBLIX MudpepeHnaJbHbIX YPABHEHUN CIIeNNalbHOTO BH A, OCHO-
BaHHBbIE HAa TOYHOM IPEJICTABIEHUE PEIIeHus B aHAJIUTUYeCKOH pOpMe U BHIYUCACHUN MATPHIHOU BKC-
noHeHTH. [IperraraeMbie aiTOpuTME 0cO6eHHO 2(P(EKTUBHEL A pellleHns BaKHOTO KJIacca CHCTEM
¢ GoabION KOHCTaHTON JIUmIua, B 9aCTHOCTH [Jsi YKECTKUX CHCTeM YPaBHEHHH.

5.1. Humeepuposanue aunetinvlir 0dHOPoIubIE cucmem ¢ nocmosuubimy xkoadduyuenmanu. Ecan
dopmyay Pyrare-Kyrra werBepToro nopsjgka Toqrnoctn (1.22) IpEMEeHNTDH K NHTET PUPOBAHNIO JHHEN-
HOM OTHOPOTHON CHCTeMbI OOBIKHOBEHHBIX TH((epeHInalbHBIX YpaBHeHNN epBoro nopsigka (1.120),
(1.121), To mosy4nM creayiollee BHIpayKeHne Msi TPUOINKEHHOTO 3HAYEHNUS PEIIeHNs Ha OJHOM IIare

HHTEr pHPOBAHMNS: , , \
Y = (E—|— hA+ (h;l) + (h?) + (h;i) ) Yo- (78)
CpasuuBasg (78) ¢ TounbM pemennem 3agaqn (1.120), (1.121)
y(zo+h) = eMyo, (79)
rie
et = ; %, (30)

BUJIUM, 9TO MpHOIMKeHHOe 3HAUeHNe pellleHns, moaydaemMoe no MeTony Pyure-KyTra, yunmToiBaeT
TOJbKO YaCTHYHYIO CYMMY

(hA) | (hA? | (h)!

F=F+hA
+ + 2 6 24

(81)
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U3 NEePBLIX IATH 4ieHoB pata (80). Ecau maTpuna A umeer 6ouabline 10 MOIYII0 COGCTBEHHBIE YHCIIA,
TO amnpokcumanug (81) mis marpudanonl skcnouenTsl (80) 6yger rpy6ol mis GONBIINX 3HAYCHHN
mara h. CregoBarensuo, cieT 1o gopumylte Pyure-Kyrra npuseger K IHcIeHHON HEYCTOHIHBOCTH.
Ecin meron Pyure-KyTTa npuMeHATH IPH MAJbIX i, TO OH HOTpeGyeT O POMHBIX 3aTPaT MAIITHHODO
BpeMeHH Ha GOJBIINX IPOMEKYTKAX HHTerDHPOBAHNA, IpHYeM ¢ yBeIHIeHHeM IINTeJbHOCTH CYeTa
BCJIEICTBHE GOIBIIONO YNCIa OKPYIVIeHHI HAKAIINBAeTCS BEIYHCINTENbHAS O PEIIHOCTb.

B oToum cayuae gus onpegenenns peutenns 3agaqn (1.120), (1.121) B 3a 1amnoll Touke 2, = 29+nh
nesecoobpa3sHo Opralu30BaTh BLIMHCICHUA clegyiomuM o6pasoM. CHadala alllpOKCHMHIPOBATDH IpH
MajtoM h MaTpudnylo skcnonenTy (80) Boipaxenmem (81); 3aTeM, HCIOIB3YS AIlOPHTM OGLICTPOrO
YMHOJKEHIHS, BEIYHCINTE pellleHie

(hA)? (A (hA)!

= | 4+ hA
y(-l—-|-2—|-6—|-24

) Yo = F"yo

B 3aIaHHON TOYKE T, . 3aTpaThl MAITUHHOIO BpeMeHH Oy Iy T NOopsiKa [ogan, 4TO CyIIeCTBEHHO MEHbIIIe
BpeMeHnH, 3aTpadnBaeMoro MeTogoM Pyrre-KyTTa, KOTOpoe MpONOpuuOHATBHO 7.
Paccmorpum annpokcuMaliiio MaTPUYHOU DKCIOHEHTHI OoJee 00Iero Buga u omnperennM

Yo = F"yo = (ZS: %)nya (82)

k=0

[TokazkeM, 9TO MOXKHO BHIOpATH S TaknM, 9TOOHl MONy4nTh pemmenne cuctemsr (1.120), (1.121) Ha
OJHOM mIare h ¢ 3agaHHON TOYHOCTBIO £.
[Togoxum
R + R
I PacCMOTPUM COOTHOIIEHUS
y=eyo m yr = Fyo.

Beemem oTHOCHTEIBHYIO OMIUOKY & IS BEKTOPA YF:

oy —vell _ lyal

= N9rll (83)
lyr|l lyrl|

S BBIGHpaeM Tak, YTOOBI BBEIIOJHAIOCH YCJIOBHE § < £, KOTOPOE O3HAYaeT, YTO HA (PUKCHPOBAHHON

ceTKe y3/10B MBI IpUMeHAeM TaKoll MeTor (82) 4HCIEHHONO HHTErPUPOBAHUL, JIf KOTOPOI'O OTHOCH-
TelbHas OTPEIIHOCTH § IPHOIIKEeHHOT O PellleHns Ha OTHOM IIare He IPEBOCXOIUT HALePe] 32 TaHHON
BeJIMMHHEL €.

B panbHelimeMm mox HOPMOH MaTPHIBLL MOHIMaeM HOPMY, COMJIACOBAHHYIO C HOPMOH BEKTOpA.
[Nas ||R|| nMeeM clelyIoniyio OneHKy:

o~ (ARF (AR (S + DS+ 2)%p
1B =1 = Fl= | 3 | < (EEES =Y
k=S+1 : k= :
rue
LAl
S+2
[IycTh So — HamMeHblIee 3HadeHne S Takoe, ITO
p <1, (85)

u noxoxuM S > Sp. Torga cymma B HepasencTBe (84) orpamntena BelndnHON

o0 1
k_
];Jp =15
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TaK 9YTO

Allh)SH 1
g < AW L (56)
S+1! 1-p
Naiee,
F=e - R=eME-e"R).
[Ipernonoxum, 110
AR < 1. (87)
Torma mas
F—l — (E _ e_AhR)_le_Ah — Z(e—AhR)ke—Ah
k=0
CIpaBelInBa CIeIVIONIas OleHkKa;:
I1E~Y| < i(ellAlthRH)kellAllh - ﬂ_ (88)
=L I [[RIAT
Ncmonbsys HepaBeHCTBa,
lyrll <IIE] yoll
n
lyell > 11E~H ™ loll,
nonydaeM u3 (83)
S<IRIIEH. (89)

Honcrasuss (88) B (89), nmeem
|| R|[ellAllR
< —— 5T
=1 —||R]]ellAllr
Tax kax B mpaBoil wacTn HepaBeHcTBa (86) cTouT y6bIBaollas K HyIO GyHKIHS oT S, TO Beerja
HallfeTcs Takoe 3Hadenne S > .Sy, 4T0 O6yAyT HMETh MECTO HEPABEHCTBO

_ Al (lAfR>+ 1

. 1
CE TR

q

1 olleHKa

q
5<ﬂ<€. (90)

ITokaxkeMm Telepb, 9TO €CJAN BBIIIOJHACTCS yCJI0OBHE
][ (1 +2) <1,
TO

n—0oo

B camom mene,
ly(2a) = yall <[ = F*|l - llyoll <(IFI + IRID™ = 11F1™) llyol -

Naiee,
Q1+ 1D < (191 + 7 ) < QL2

Ns IIocjegHero HepaBeHCTBa U HepaBeHCTBa

1y [ <IEN" 9ol
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BBITEKAET CIPaBe[INBOCTDL Halllero yTBepxkjenud. Orciofa clelyeT yCTONYHBOCTDL alropuTMa (82)
1as pettenns 3agaqn (1.120), (1.121) npu nocrosunoM h 1 n — oo.

3aMeTHM, 4TO MaTpudnas skcnonenTa (80) ABigeTcs 3HadenneM npu & = h QyHjaMEeHTAIbHON
MaTpHIBI peltenuii e%
CBECTH K YHCICHHOMY HHTerpHpoBanuio cucrTeMsl (1.120) ¢ Ha9albHBIMI yCJIOBUAMH

y'(0) =1,
y(0)=0, j#i i=12 ..., M,

Ha otrpeske [0, h]. [[aHHBIT MeTO BBITHCAEHIST MATPUIHL €

cuctembl (1.120), HopMupoBauHOU B HyJe. [losToMy ee HaxoOXKTeHHe MOKHO

A% cocronT, cregoBaTenbo, B M-KpaTHOM

petennn 3aga4vu Kom mas cucremsr (1.120) vHa Magom oTpeske nHTerpupoBanus. [losTomy Bce sTn
sagadn Kot MOTYT ObITh pellleHbl OBICTPO ¢ TPeOyeMOll TOYHOCThIO KAKUM-HUGYIh METOMOM 4i-
CJEHHOI'O HHTErpUpOBaHUs W3 PAcCMOTPEHHBIX B M. 1, 2.

5.2. Humeepuposanue aunetinblies 00Hopodnble cucmem ¢ nepemenubimy koadduyuenmanu. JLus
JHHEHHOU OJTHOPOIHOU CUCTEMBI ¢ MepeMeHHbIMU KODPQUITHEH TaM i

y'(x) = A(2)y(x),
(92)

Y (900) =Y
ANNPOKCUMUPYEeM MaTpuuy A(x) KYCOYHO-TIOCTOAHHON MaTpuner. /as >Toro BozbMeM HEKOTOPOE
pa3bueHne WHTepBaJIa NHTErPUPOBAHUA

o<1 <1< . .. <xj=a0+X

Il Ha KayKIOM cerMeHTe [2;, ;4] 6y, 1eM peliaTs 3agady Kol mis InHeHHON CHCTeMBI ¢ TOCTOSHHBIMI
KO>(ppuumenTamMmmu

dyD(e) —@) @

T dr ATy (), (93)

y (s =y (@), (94)
rue Z(i) = A(1), T € [xi,2ip1], 1= 0,1,...,0—1, yO(z0) = yo. yuxunu y)(z) npumem B KagecTBe

NPHOINKEHHOTO PeIIeHns Ha [&, T;41] NCXOAHON 3aga4u (92).
Haiigem yxaonenne y(©(z) ot pemenns ncxoguoi 3agaun y(x) B yare 1 = xo + 1. Tlomomum

2(2) = y(2) = y©(2), wo<a<ar.
dynkuns z(x) ygoBrerBopser udQepeHInaIbHOMY YPaBHEHTIO
2 (x) = A(2)z(2) + ((A(2) = A7)y (2) (95)

1 Ha9aJbHOMY YCJIOBUIO

z(z9) = 0. (96)

Peutenne (95), (96) MoxHO IpejcTaBUThL B BHIE
)= [N - AN YOE dE, ro<r<an, 7

rae Q(&, ) — marpununant Marpunsl A(z). [Ipeanonoxum, 9To Mmarpuna A(z) TPHIK Ll HEPEPEIBHO
mudpepenunpyema. Torga Beipazkenne (97) mis z(z) MOXKHO NpeoOpPa3oBaTh TakK:

_ [ / " (5_7—)2 0 4y
()= [ 2069 (e =+ 40 E5TE) O ag+ o1 = 0
— v(2) +O(T*)
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rjae v(xz) — peitenne caefyormen sagaqn Korrm:

(x —7)2

v(a) = Ale)o(e) + (A7) (@ = 1) + A"(r)

)y (), wo<a<an, (99)

v(zg) = 0. (100)
Pasaoxkus v(z1) mo dpopmyae Teinopa, nmeem
7 T2 " T3 1224 4
z(xy) = Tv'"(20) + 5 v"'(xo) + o v"(zg) + O(T?). (101)

[Marnee, mocrenoBarenbuo guddepennupys (99) u yuureBas (100), Haxognm

v'(z0) = Dyo,
v"(w0) = A(wo) Dyo + D'yo + DA(T)yo,
v"(x0) = 24 (o) Dyo + A*(z0) Dyo + A(zo) D'yo + A(zo) DA(T)yo +
+ A"(T)yo + 2D" A(T)yo + DA*(T)yo,
rue
D =A(r)(xo— 1) + A”(7) (&0 = 7)” ; T>27
D'= A1)+ A" (1) (x0 — 7).
Honcrasisist HaileHHble Tpon3BoaHbe B (101) U TPYNIUPYs HIEHB OJTHOTO MOPS KA MAJIOCTH, TOJTY-
JaeM
2

e (e L P (L A P i P

T T3 T? T3

+ A(zg)A'(T) ((aco — 7)7 + F) yo + A'(1) A(T) ((aco — 7-)7 +2- F) Yo + O(TH).

[Monaras 7 = 29 + 7 IPUXOJNM K CJAeIyIOUIeMy BHIpaKeHnio mis (21 ):

1
24

KOTOpO€e MOXKHO 3alllICaTh TaKzKe B BH e

2(a1) = = (A"(r) = 2(A(wo) A'(r) — A'(T)A(T))) T?y0 + O(TY),

1

y(a1) =y (a) = 51

(A"(r) = 2(A(1)A'(7) = A (1) A(7))) TPyo + O(T"). (102)
Ormernm, uro sagadn Komn (93), (94) ¢ mOCTOAHHLIME MaTpPHIAMH MOXKHO DEIIATh ONHCAH-
HBEIME B 1. 5.1 MeTOomaMu.
5.3. Huwmeepuposanue aunetinblr HeodHOpodublE cucmenm co cneyuasbnoti npasoti wacmbio. Pe-
mieHune 3ajga4vn Komn IS JII/IHGI?IHOI?I HeO,[[HOpO,Z[HOfI CUCTEeMBbI C TOCTOAHHBIMHUT KOB(I)(I)I/IHI/IGHT&MI/I

y = Ay + f(z),
{ () (103)
9(900) =Y
MOXKeT 6bITb Hpe,Z[CTaBJIeHO CJIe,[[yIOHH/IM 06pa30M:
y(z) = eAlrmmly, +/€A(x_7)f(7) dr. (104)
Zo
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[Ipeobpasyem 5To mpecTaBIeHne B TPEANOJOKEHNH, 9TO CBOOOTHBIN wieH f(T) 3a1aH B Bue

BekTop €; = (0, ...,0,1,0, ...
(-1t opt). llogcrasus (105) B

nMmeeM

flr) = (04165177 ge®”

M
, oaMeﬁMT)T = Z e’ e,

Felim — eﬁiE7'7

y(a) = eAHOyo+Z/

0

a T dr e =

eA(x g yO‘I’ZOQ/ (z—7)+B8:E7 dr - e;.

=1 Zo

Mogoxum T = x — g, TOrIa

y(o)=

BBojas o6o3HaveHus

M
($0‘|‘T = A ‘|’Zaz

=1
T

T
/eA (T-O)+Bi 8B gy o —
0

yO—I—Zae Pi(zo+T) /eA FENT =) gy . e;.

T -~
@Z(T) :/eA(T_
0

0

T
0 dt = / (A=GENT=) gy
0

g:(T) = ®;(T) e,

noJydaeM clefyioliee BeIpakeHune mis y(z):

Marpumsr €47 ®,(T) n BexTophr g;(1") yIOBIETBOPAIOT PeKYPPEHTHHIM COOTHOIICHISIM

rie

u, KpoMe TOT'O,

M
y(@) =yleo+T) = e Ty + > a;e? ot g (1),

eAT —

O,(T) =

=1

AT/2 AT[2

®;(T/2)(E + eAT/?),

:(T) = (E+ eMT72) gi(1/2),

GAT/2 _

GAT/2 ~BiT/2

(105)

,0)T umeer Bce komnomenTHI, pashbie 0, KpoMe i-ii, KoTopas paBHa 1
(104) 1 BoCHOAB30BABIINCH COOTHOLICHHEM

(106)

(107)

(108)
(109)

(110)

(111)



[TokakeM, HapuMep, cIpaBeInBOCTE (Gopmy.abl (108):

T/2

T
A1) gt = / AT gp 4 / AT gt =

0 T/2
2 T/2 T/2 T/2

T
/
T/
_ / AT=) gy 1 / (AT /2-7) g /eA(T/z—t)JrAT/zdt_l_ / AT /2—1) gy
0 0 0
T/
/

0

AT270 g (AT/2 4 B) = &,(T/2)(E + 317/2).

U3 (108) n nepecranoBounoctu Marpun ®;(1/2) u F+ eAT/2 1pi yMHOKeHUH BEITEKaeT cooT-
notenne (109):

gi(T)=®:(T) e; = &;(T/2)(E + eAT/2) e; = (E + eAT/2) 0,(T/2) &; =
= (E+MT12) ,(1/2).
Peutenne 3agan (103) moxker 6bITH HalleHO, €CI H3BECTHLI MaTPUIA eT u BexTOpHI g:i(T). A
OTHU MaTpHula I BEKTOPLL MOI'yT OLITL BHIUHCJICHBL Ha OCHOBE IIocjae 10BaTeIbHOI'O IPUMEeHeHUsT peKyp-

penTHEIX cooTHowennit (107), (109) u soruucaenns e, g;(h) npu gocrarouno marom h = T/2N ¢
MOMOIIBIO YaCTHYHBEIX cyMM psgos (110), (111):

r k s Ak—1pk s Ak—1pk—1 s=1  Xipi
oy B e =y Ay Ay A
€ - b 1 - - - .

gi(h) = ®;(h) e;.

[Manee pemtenne 3araqn (103) Beraucasercs mo popuyse (106), KOTOPYIO MOKHO IPEJCTABUTH B
BH,Te
M

Y(@n1) = y(x, +T) = A Ty(,) + Zaieﬁ"(x""'T) ¢:(T), n=0,1,.... (112)
=1

[IpuBeem erre ofMH alroOpnTM BhIMHCIeHns peinerns 3amgaqdn (103), (105). [Ipegmoraras, aro

06GpaTHBIE MATPHUILl CYMIECTBYIOT I MOTYT OBITH d(pdekTnBHO onperenensr, naTerpanl ®;(7") moxHo
IpeicTaBUTh CAEMYIOMIUM 00pa3oM:

T
¢,(T)= —(A -5, F ) (A=BiE )(T—t)‘0 = (A- ﬁiE)_l (e(A—ﬁ,'E)T ~E).
Torna gopmyay (112) MoxkHO 3anucaTh TakK:

Y(@ni1) =y, +T) = eATy(z,) —I—Zm i@t D) (g = g By WO ET _ e, =

M (113)
= ATy(xn) + Z i (A — ﬁiE)_leﬁm" (eAT B eﬁiTE) e

=1

Ecan kaxgas KoMIOHeHTa BeKTOPp-PYHKIUN f(T) ABISETCH CyMMON SKCIIOHEHT:

M p
= > aielie, (114)

=1 7=1
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T0 B (112) momkHa 6BITH ABONHAS cyMMa n (opumyra (113) npuaEMaeT BuI

M p
Y(@np1) =yl +T) = e Ty(a,) + 33w (A — 3 E) 7 x

=1 7=1
x et (AT — ePuT ) e;.

Ananorndno samuceiBaercs (opmyaa (112).

[IpuBegennble B JaHHOW TviaBe MeTonbl npumensinch B HUBI MI'Y nis pemenns psiga 3amgad
BEIUUCANTEILHOTO DKCTIepUMeHTa B (pU3NKe N TeXHUKE.

Taxk, aaropurmsbl 1. 5.1, 5.2 6bIN HCHOJb30BAHBl B (PU3HYECKON KHHETHUKEe [ YHCJIEHHOTO HC-
cleJOBaHUS MTHHAMHUKH 3acejeHus dHepreTHYecKuX ypOBHEH aToMma U HoHa reqaus. Maremarudeckas
MO/IeJb COOTBETCTBYIOIIUX HEPEXOTHEIX ITPOIECCOB CBOJIUTCH K JHHEHNHOU cHCTeMe ¢ GOJIbIIIM YUCAOM
YPpaBHEHUN U ¢ GOJNBITUME IO MOJYJIK OTPUIATEIbHBIME COGCTBEHHBIME YUCJIaMU MaTPHIIE CHCTEMBI.
[MonkiTka peliaThk Takue 3afadu TPAJIUIHOHHBIMU YHCJIeHHBIME MeTogamu Pyare-Kyrra m Agamca
OPUBOINT K HeOOXOMUMOCTH BHIOOpA ITara NWHTEr PHPOBAHNS, MHOTO MEHBIIEro PO IOJKATETLHOCTH
nHTepBata HabJIIOeHNd pellleHns, U 3HATYNTeILHOMY BO3pacTaHNIo MAIIHHAOT O BpeMenn. Mcnoab3oBa-
HIle MeTOIOB, OCHOBAHHBIX Ha BHIYHCJIEHUN MATPUYHOU DKCIOHEHTHI, MO3BOAAeT H(PPEKTHBHO pellaTh
DTH 3a1a49u, TPUIeM Bech MPollecc pellleHns YKAaTLIBaeTcs B OTAAMOYHOE BpeMs.

YenemrneIM 0Ka3aJcsa 3TOT MeTOI U A YUCAeHHOTO NCCaeTOBaHNSA HaJeXKHOCTH HEKOTOPLIX CH-
cTeM yIpaBieHUs, MOJEJUPYEMBEIX € MOMOIIBI0 MApPKOBCKHX CJIYYalHBIX MPOIECCOB € MUCKPETHBIME
COCTOAHUAMNA W HEPEePHIBHLIM BpeMeHeM W OMHCHBaeMbIX TudepeHnnalIbHEMI ypaBuenuaMu Koa-
MOT'OpPOBa [IJisi BEPOSTHOCTEH COCTOSHUM.

Paccmorpennsiii B 1. 5.3 MeTOI IPUMEHSJICS B JIeKTPOTEXHUKE IPH pacyeTe HaBeJTeHHBIX TOKOB
B DJIEKTPHYECKUX IeMAX HArPY3KN KabGeabHBIX JUHUN CBA3U NPHU BO3MEHCTBUN HA HUX OJUHOYHBIX HM-
MyJAbCOB I'p0O30BOro paspsga. CooTBeTCTBYWOIIAS HEOTHOPOIHAS cucTeMa MuddepeHIHaJbHbIX YpPaB-
HeHUIl XapaKTepusyeTcs OOJBbIINM pazbpocoM U HaJdu4dueM KOMILIEKCHBIX COOCTBEHHBIX BHAYEHUU U
nMeeT OLICTPO 3aTyXalollle N CHILHO OCHUAANPYIONe KOMIOHEHTH pelllennd. Boamyinalomas pyHK-
unst umeeT Bu (114) n Kax mas ee HeHyIeBas COCTABIAIONIAS ABITETCA CYMMON HECKOIBKIX DKCIIOHEHT
€ Pa3INYHBIME KO>(PPUIMEeHTaMHI «;; I NOKa3aTeldMN cTemeHell [3;;. Pemenne 5Toi 3ama4m BeIYHCIA-
JOCH C HCMONB30BaHNEM AITOPUTMa ¢ OOPATHREIMI MATPHUIAMA ¢ YABOSHHLIM YHCIOM 3HAYAIIAX THPP
Ha IBM BOCM-6. Pentenne Tak:ke GbLIO HPOBEIEHO 34 OTIAJI0YHOE BPEMS.

6. HesBuble meToabl Pyare—KyTTa. BaxubiM KJ1accoM 0THONIATOBHEX METOTOB pelleHns
JKECTKHUX 3ajad ABAAITCA HesiBHBIe MeTobl Pyure—KyTTa, uMeroline caeayommi Bui:

Y1 = Yo + piki(h) + paka(h) + ... 4 pokq(h), (115)

rie

ki(h) = hf(zo+ arh, yo+ Briki(h)+ Biakz(h) + ... + Bigke(h)),

ka(h) = hf(zo+ agh, yo+ Barki(h) + Bagka(h) + ... + Bogky(R)), (116)

kq(h) = hf(zo+ agh, yo+ ﬁqlkl(h) + ﬁq2k2(h) +o.F ﬁqqkq(h))-

Hucna o, B;;, pi BEOHpaOTCH Tak, YTOOB pasioKenne Beipazkenus (115) mo cremensm h coBmagalo
¢ pasaoxenueM (1.6) 1o HeKoTOpON cTenenn h° BKIOINTENbHO. [IponIIIIOCTpEpPYEM BBIBO HEsBHBIX
dopmya Pynre—KyrTa Ha npumepe ABY4JIeHHOU (POPMYJIbI

y1 =yo+ piki(R) + peka(h),
ki(h)=hf(zo+ arh,yo + Biiki(R) + Bi2ka(R)), (117)
ko(h)=hf(xo+ ash,yo + Barki(h) + Bazka(h)).
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Haxogum mepByro Opou3BOIHYIO
Ky (h) = f(zo+ arh,yo + Briks 4 Broka) + h(frar + f(Buik] + Br2k))).

HaxomuM BTOpYIo TPOU3BOTHYIO

kL (h) = 2(flan + fl(Bik] + Brzky)) + hap (h),

rie
¥(h) = flaf +2 (ﬁnk/ + Bi2kh) oy + f;y(ﬁnk/ + Brokb)? + f;(ﬁuk/l’ + Br2kl).

HaxomuM TpeTbio TPOU3BOTHYIO

K'(h) = 3¢ (h) + hy'(h).
Ananorndno Berancasiores npoussonsie ky(h), ky (h), ky (h). Mogcrapisem h = 0 u moryTaem

k1(0) =0, k2(0) = 0,
k1 (0) = f(zo,90) = fo,  Kk3(0) = fo,

kY (0) =2(fran + Bun S, fo + Braf, fo) = 2(fren + [y fo(Bir + Br2)),
k//(o)

(
2(foo2 + fyfo(B21 + Ba2)),
K{'(0) = 3(fiaf + 21, fo(Bin 4 Bra)on + fiy, S5 (Bur + Bra)* + 2, f1. frion+
+ 2,7 foli(Buy + Bra) + 2 freaBra + 21,7 folh2(Bar + Bas)),
k5'(0) = 3(fr a3 + 2£1, fo(Bar + Baz)aa + f1, £3 (Bar + Baz)® + 2, f1.Ba100+
+ 2,2 foBa1 (Buy + Bra) + 2 frevaBaz + 21,2 follaz(Bar + Pas)).-
Haii teHHbie TPON3BOINbE HOICTABIAIOTC B PABIOAKEHTe

Y1 = Yo + prki(h) + paka(h) = yo + (p1k1(0) + p2k3(0)) h +

2 3

h h
+ (R 0) + P2 (0)) o + (AL (0) + Pk (0) T+ .

(118)

Kosdppuunent npu b B pasaoxenun (118) umeer Bug (p1 + p2) fo. llpupaBruBas ero x koadpuinenTy

npu h B pazaokennu (1.6), mosydaem ypaBHeHIHe

p1+p2=1.

[IpupaBHuBas Ko>(OUITEHTH NP MOAOGHEIX "WieHax, cojepxamux h? B pazaoxenusx (118) u

HoIydaeM ypaBHeHHS
prog + poy = -

1

p1 (P11 + Biz) + p2 (P21 + Pa2) = 7

(119)

(1.6),

(120)

(121)

[IpupaBHuBas Ko>(pGUINEHTHI NpH MOZOGHEIX WIeHax, cojepxkammx h® B pazioxkenusx (118)

n (1.6), mosydaem ypaBHeHH: , ,
3proq + 3paag = 1,

3p1aq (P11 + Bi2) + 3paca(Ba1 + Pa2) =1
3p1(Bi1 + Br2)? + 3p2(Bar + Ba2)? = 1,
6p1 (o111 + aafi2) + 6pa(aifBa1 + azflag) = 1,
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6p1(B11(B11 + Br2) + Br2(Ba1 + B22)) + 6p2(Ba1(Bir + Bi2) + B2z (B21 + Ba2)) = L. (126)
Bocems ypasuennit (119)— (126) obecnednBaioT JOKAIbHYIO TOTPEIHOCTE (popMyasl (117) mopsika
O(hY).

[loaoxum

o = B + B,
g = 391 + Baa.

Torga ypasuenne (121) coBnagaer ¢ ypaBuennem (120), ypaBuenns (124) n (123) coBmagyT ¢ ypas-
nenneMm (122), a ypaBuenne (126) — c ypaBuenuem (125). Bumecro BocbMmu ypaBHeHnil 6ymeM paccMma-
TpHUBaTh 4eThipe ypasuenus (119), (120), (122), (125). Us ypasuenns (119) nmeem

(127)

p1=1—pa.

Honcrasasem »To Boipaxenne B (120):

o) — 1Py + paog = >

nin
1

pQ(OéQ — 041) = 5 — Q. (128)

Ypasuenne (122) samumercs Tak:
1
(1= p2)ai + p2as = 3

nJiain

1
p2(as —af) = 3~ of. (129)
Hogenus (129) na (128), nmeem
1
5~
azt oy =7 ;
p
OTKy1a
1 2
5
Oy = —0q + 1
2

Haitgem peutenne ypasuennn (119), (120), (122), (125) B HecKOIbKIX YacTHHIX caydaax. [lycTs

3+43 3—-+3 1 1
6

. Torga ag = , pp==,p2==-.8B

B11 = B2z, f12 = 0. Torga 811 = «ay. [onoxnm oy = 5 5 5

pesyabTaTe IPUXOAUM K HeSIBHOU (hopMmy.Jie

1 1
y1:y0—|—§k1—|-§k2,

3++vV3 3++vV3
6\/_ h, yo + 6\/_ k1)7

3-V3 @k+3+x/§k2>‘

h7 Yo — 1 6

iy :hf(xo + (130)

kzzhf<900 +

3
[oxydennas (popmyra umeer Jdokaabuyto norpemnocts O(h*). CreroBaTeabno, 5To METO TpeThero

IOpAAKa TOYHOCTH.
[Ipumennm dopmyny (130) x anueitnon cucreme (1.120), (1.121). dopmyna mis ki npuHEMaeT

BUT

k= hA(yo + Oé1k1) = hAyo + a1 hAkq.
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OTcroa HAXO0IIM

kl = (E — OélhA)_lhAyo.

Dopmyaa mas ke IpUHUMAET BH
ko = hA(yo + (@2 — ) (B — anhA) " hAyo) + anhAlky.
OTcroa HAXO0IIM
ko = (E = arhA) T hA(E + (a2 — a1) (B — arhA) " hA ) yo.
[logcTaBasem HaligeHHbIe BEIpakKeHus 4is ky u ky B (130):
= (F+ %(E — arhA) " hA + %(E — arthA) T RA(E + (a2 — a1) (B — arh A) 7 hA) Jyo =

= (B + (B = arh ) hA 4 2o — ) (E - a1hd) ™) 247y =

= ((E — OélhA)_l)Q((E — OélhA)z + (E - OélhA)hA + %(042 — 041)h2A2)y0 =

= (B = 2010 A + a3h?A%) 7 (B + (1 = 2a1)hA + (o - ; ay + % a2)h? A?) yo.

HpI/IXO,Z[I/IM K COOTHOIIEHUIO

y1 = F(Ah)yo, (131)

rie

-1
F(Ah) = (E _ 3 +3*/§ Ah+ 2 +6\/§ A2h2) (E —~ ? A2 +6*/§ A2h2) : (132)

3 coornoutenns (131) moxyaem

Ynt1 = F(AR)y,. (133)

Paccmorpum mesiBHyIo gopmyay Pyure—Kytra (117) Broporo nopsigka. B sTom caywae 1o-
CTATOYHO ynoBIeTBOPHTH ypaBHenus (119) u (120). Ilycts $11 = f12 = 0. Torga a; = 0. [omoxnwm
(22 = B U paccMOTPUM HEABHYIO (POPMYIY BH A

Y1 ="Yo + prki + p2k2,
ki=hf(xo, o), (134)
ko ="hf(xo+ azh,yo + (a2 — B) k1 + Bks).
[Ipumennm dopmyay (134) x sunennon cucreme (1.120), (1.121). dopmyaa gis k; mpuHEMaeT BT
k1 = Ahyo.
Dopmyaa mas ke IpUHUMAET BH
ky = Ahyo + (o — ﬁ)Azhzyo + BAhk;.

OTcroa HAXO0IIM

ky = (E — BAR) ™Y (Ah + (ay — B)A2h2) yo.

[logcTaBasem HalileHHbIe BEIpakKeHus 4is ki u ky B (134):
y1=(E+p1Ah+ pa(E = BAR) ™ (Ah + (az — B)A%h?)) yo =
= (2= BAR) (= BAR)(E + pr Ah) + pa(Ah + (a2 — B) A2h2)) yo =
= (E = BAR)THE + (p1 — B) Ah — Bp1 A’h? + pyAh + pa(ay — B) A*h?) yo =

= (E = BAR) " (E+ (b1 + p2 — B) Ah + (paca — B(p1 + p2)) A2h?) o,
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YuanroBag (119) u (120), monydaem
y1 = (E = BAR)TH(E + (1= 5) Ah+ (1/2 = 8) A*h?) yo.

1
Monoxum § = 3 Torga npuxomum x coorHommenno (131), B koTopom

1 -1 1
F(Ah) = (E - 5 Ah) (B + 5 AR). (135)
N3 (119) u (120) nmeem
1 2051
P2 = 20y | P1= 20y

[Ipn ag = 1 popmyaa (134) npnobperaer Bug

1 1
Yi="Yo+ §k1‘|‘ §k27
kv ="hf(zo,yo), (136)

1 1
kzzhf(ﬂﬁo—l-f% y0—|—§k1—|—§k2),

1
ampu az = 3
Y1 =1Yyo + ko,

ky=hf(zo,v0), (137)

kzzhf(ﬂﬁo—l-%f% yo-l—%kz)-

Bo Bcex paccMOTpeHHBIX clIyvasgx NpUMeHeHHe HesiBHoro Meroga Pynre—KyTra K JnHeilHom
cucteme (1.120), (1.121) npuBoguT K pasHocTHOMY ypaBHenuio (133), B koropom F(Ah) — dyHKuNS
OT MaTpPHIBl, 3aBUCANIAA OT HCIOAL3YeMOHl HesBHOI (opMyabl. PackiagbiBas iy, M0 COGCTBEHHDLIM
BeKTOpaM MaTpHIL A, nMeem

M
Ynt1 = F(AR)y, = F(AR)Ce;.

i=1

Y4auTbiBasg cCOOTHOIICHTE

F(Ah)e; = F(A;h) e,

KoTopoe nofiydaercs u3 (opmyanl Jarpanka—CuibBecTpa s MATPUIHOU (DYHKIUE, BEIpaKeHue
OIS Ypy1 MOKHO IPENCTABUTE CleJyIOUNM 00pa3oM:

M
Ynt1 = 3 F(Ajh) Cle;.

J=1

Orciona noaydaercs popMya npeobpaszoBatus KO3(P(UIUEHTOB

n n?

¢, = F(\h)C
KOTOpas COBNAJaeT ¢ GOpPMYJIOH YHCIEHHONO HHTErpUPOBaHis ypaBHeHus (5)
Ynt1 = F(AjR)y,. (138)

[Tosromy o moBegernn cocraBisioweil (7) perrenns y, ypaBHeHus (133) MOXKHO CyIHTH 11O TOBEIEHHIO
pemennst ypaBrerus (5).
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[Nas (130) Boipaxkenue pis F(A;h) umeer Bujg

1
1 - ? b — +6*/§ A2p2
F(\h) =
(3f) 3+ V3 243
1-— /\]‘h—l—
3 6
Ecan A; < 0, To |F(A;h)] < 1. [lokazano, aro ecan A; = a+bina <0, o |F(A;h)| < 1. Jas popmyn
(136), (137)

212
A2h

1
1+ 5 /\]‘h
F(/\]‘h) =—71 (139)
=S A

Ecan A; =a+binua <0, 1o |[F(XhR)| <1

TaknM 06pa3oM, IpHMeHeHne YKa3aHHBIX (POPMYJ IS WHTErpHpoBaHus ypaBHeHus (5) obec-
nednBaeT yObIBaHHe pelreHns ypaBHenns (138) mpm n —o npm mpomsBoabHOM h. CrrefoBaTelbHO,
06ecrevdnBaeTCs CTpeMIeHNe K HYJ0 BCeX cOCTaBasfonux (7) peleHns pasHOCTHOTO ypaBHeHns (133),
KOTOpHIE COOTBETCTBYIOT COOCTBEHHBIM 3HAYEHUSIM C OTpUIlATeNbHOU AellcTBUTeAbHON YacThio. Ilo-
BTOMY JUIS YCTOMYHBBIX CUCTEM MOCJe TTPOXOXK TeHHS TONPAHUYHOT'O CJIOS IIal HHTer PUPOBAHUA MOXKET
ObITE yBeaudeH. [Ipu »ToM coxpaHsieTcs ducieHHas YCTOUYHBOCTE NPUOAUKEHHODO PellleHus.

Mgzt mocTpounn HesBHLIE ABYyXWiaeHHLIe PopMyJIbl Pyare—KyTTa BTOPOTO I TpeThero mopsaaxa,
npuMeHeHNe KOTOPHIX JIf KeCTKAX CHCTeM MO3BOASeT YBEJINUHBATD IAT NHTET PHPOBAHUSA, OT paHu-
YHBas ero eIMHCTBEHHBIM TpebGoBaHUeM MTOCTHXKEeHUS 3aMaHHOU ToYHOCTH. BaTyep mokazad, 4To s
KaJKJOT'0 ¢ CYIIeCTBYeT eINHCTBeHHAs HesBHas (opMmyra Pyure—Kyrra (115), (116) nopsigka Tod-
HOCTH 2¢, TpuyeM KO3(PPUIHEHTH DTOH (POPMYJbLI YIOBJISTBOPAIOT CASAVIONIUM YCJIOBHAM:

g
1) koappuIueHTH o; = Zﬁmi = 1,...,q, ABAAIOTCS HYJAAMH MHOTrOWIeHa JleaHapa ¢-u
—
cTenenn ! ,
1 di(z® —1)¢
Lqy(2a—1) = 21! dzd 7
r=2a-1
2) KO>(P(PUUNEHTHI P; yIOBIETBOPAIOT YPABHEHMAM
YNNI
Zpiai_ =5 E=1,...,q (140)
=1
3) ko>(pPUUUEHTEL 3;; YIOBICTBOPAIOT yPABHEHUAM
: k—1 1 k
zy%%_zz%,i%:L”wq (141)
J=1

OTHW METOJBI HA3BIBAIOTCA METOMAME ONMUMAALHOZ0 NOPAIKA.
[TocTpoum HesBHBEE MeTonH Pynre-KyTTa onTuManbHoro nopsaika mag ¢ = 1,2, 3. Muorodaen
JlexkaHIpa mepBOUl CTENeHW UMeeT BH I

Li(z) ==.
CaeloBaTelbHO,
L1200 —1) =2a — 1.
1
Otcioa o = 3 Koasppuunent p onpegensiercs u3 ypasrernns (140) ssuo: p = 1. Taknm obpazom,

OJTHOYJIeHHas qﬁ)OpMyJIa BTOPOI'O INOpAdKa nMeeT BU I

Ynt1 = Yn + k,
142)
1 1 (

ke :hf@n+§h4m+§k)
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Dopuyaa (142) moxkeT ObITh HaszBaHA HeA6HOU Bopmyaol cpednur npamoyzoavruros. TlpuMeHenue
dopmyant (142) mas sagaqn (1.120), (1.121) npuBognT K CIEAYIONIEMY BHIPAKEHUIO TS k:

1
k= Ahy, + 3 Ahk.
Orcroga

k= (E- %Ah)_lAhyn

Y1 = Yo + (E - %Ah)_lAhyn - (E—|— (£ - %Ah)_lAh) -

:(E—%Ah)_l(E—%Ah—l—Ah) v = (E - %Ah)_l(EJr%Ah) "

CrenoBatenbro, MmaTpndnas Gpyukuus F(Ah) mas gansoro merojga mMeet Buj (135), T.e. Takon xe,

KaK I JJIf JBYX4JIeHHBIX (opMmysa BrTOporo mopsinka. [lpnvenenne (142) k ypaBHeHmio (5) Takike

IPHUBOAUT K pasHOCTHOMY ypaBHenuio (138), B xotopom F(A;h) 3agaercs ¢ momomsio (139).
Mruorounen Jleskaupa BTOpORl CTeNeHl UMeeT BH

Lo() = 5 (327~ 1).

CaeloBaTelbHO,
1
Ly(20 = 1) = 5 (3(2a — )2 —1)
Orcroga
T2 TP 2T 6

Koadppuunentsr p; n pp onpenensiores n3 ypasuennit (140)
prt+p2=1,

1

P1og 4 paog = >

pellenne KOTOPLIX JaeT CAelyIollne 3HaYeHns:

1
P1:72 =5 DP2=

ap — 27 5

Koadppuunentsr f11 un F12 onpenensiores n3 ypapuennit (141) mpu ¢ = 1:
B11 + P12 = a,
1
frian + Praog = B af,
pellierne KOTOPHIX JaeT CIeIyIolne 3HaTeHs:
fru=——=~-, Pr2=
ap — 4
Koasdppuunentsr 91 u F22 onpenensiorcs n3 ypapuennin (141) mpu ¢ = 2:
P21 + Paz2 = az,

1
Baron + PBaaog = B 04%7
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pellenne KOTOPLIX JaeT CAelyIollne 3HaYeHns:

1
2
__052

Bn=—2— =
Qp — Qg

_I_

-[%

1
) ﬁ22: Z

E

Takum o6pazom, IByUIeHHAS (POPMYIa IeTBEPTOTO MOPATKA HMeeT BT

1 1
n — UYn —k _k7
Ynt1 y—|—2 1-|-2 2

klzhf($n+<l—£)hy yn+ik1+<l—£)kz)7 (143)

2 6 4 6
1 V3 1 V3 1
kz—hf($n+<§+?)h7 yn+<1+?)kl+1k2)-

[Ipnmenenne (143) x ypaBHeHno (5) IPUBOINT K pasHOCTHOMY ypaBHeHHo (138), B KoTOpOM

12+ 6Xjh — A2R?
F(Xh) = —
Wih) = 35~ 6A;h + A2h?

Hoxasano, aro ecain Re(A;) < 0, o |F(A;h)] < 1.
Muorounen Jlexanipa TpeTbell cTeleHN HMeeT BH[

La(a) = % (52°  32).

CaeloBaTelbHO,

Orcroga
1
2 10
KoadpunuerTol p; onpefendoTcs U3 CHCTEMbl ypaBHeHHI
p1+p2+p3=1,

prog + paag + p3oy =

9

W= N =

piaf + paaj + psaj =
Koadppuunentsr (11, F12, 13 onpegensioTcs n3 cucreMbl ypasuennit (141) mpu ¢ = 1:

Bi1 + Bre + Pis = aq,

2
Oy,

Brio + Bracg + Braas =

3
al-

51104% + 51204% + 51304;25 =

Wl N =

Kosdpdpunnentsr Bo; u B35, j = 1,2,3, onpefgensioTca U3 aHaJOTHMYHBIX ypaBHeHui. Onpegenrnrenn
DTUX CUCTEM ABIAIOTCA OMpeIelnTeddMu BanrepMon1a, MTOTOMY KaxK Tad Takad cCUCTeMa NMeeT eTnH-
CTBEHHOE pellleHne.
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B pesyabTare MBI HPHXOAUM K CAEIVIOUIEH TPEXUIeHHOU (POPMYJie MIeCTOr0 MOps IKa:

5 4 5
a1l =Yy + —k —k — ks,
Ynt1 y+18 1-|-9 2-|-183

1 V15 5 2 V15 5 V15

kl—hf(xn+(§——10)h7 yn-l-%lﬁ—l-(g——w)k2+<%——30)k3)7
(144)

1 5 V15 2 5 V15
ka=hflan+=h, yo+|(—+Z)k+-k = XV ks,
2 f(ﬂC -|-2 y+<36+24)1+92+(36 24)3)

1 V15 5 V15 2 V15 5
kg—hf(xn+(§+—10)h, yn+(%+—30)k1+(§+—15)k2+%k3).

[Ipnmenenne (144) x ypaBHeHno (5) IPUBOINT K pa3sHOCTHOMY ypaBHeHno (138), B KoTOpoM

120 + 60X ;7 + 1202h% + A2h?

F(X\h) = .
(Aif) 120 — 60A;h + 120202 — A2h3

Hoxasano, aro ecain Re(A;) < 0, o |F(A;h)] < 1.

Taknum ob6pazom, npuMeHeHne HeABHEX (opMyad Pyare—KyTTa 118 HHTerpupoBanus KeCTKIX
cuctem (1.120), (1.121) obecneynBaeT mpu n —X IPH MPOU3BOJIBHOM h 3aTyXaHHe BCEX COCTABIAIO-
mnx (7) pelrernsi pa3HOCTHOTO ypaBHeHns (133), KOTOpbIe COOTBETCTBYIOT COGCTBEHHBIM 3HATEHHIM
€ OTPUIATENbHOU JeHCTBUTEIBHOU 9acThi0. DTO 06CTOATENBCTBO O3BOJSET YBEJININBATD 1Al HHTE-
PPUPOBAHUSA MOCHe MPOXOXKIeHUsS MOTPAHUYHOrO CJI0s, COXPAHAS YHCICHHYIO YCTONYHUBOCTH HpubJIi-
JKEHHOT'O peleHus.

B sakitodenne npuBeneM CINHCOK JATEPATYPHI, peKoMeHryembii k ra.3: [1, 3—5, 7, 16, 18, 19,
22,24, 32, 34, 41, 42].
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