1. ĆĚŁŠŐŘŊŻĚ Ĺ ŇĂŠŘĹŮŊŻĚ ŊŐŘŇŻ

1.1. Ŕřěďćăřĺšěńĳŋżě ğăňěůăŋĺ£

Ćěłšőřŋżě ŋőřňż. Ŕşśšĳ ćěźěśšćěŋŋőňş ĺńĺ łőňŕńěłśŋőňş n-ćěłšőřş x = (x_1, . . ., x_n)^T

(T | őŕěřăűĺ£ šřăŋśŕőŋĺřőćăŋĺ£) ŕőśšăćńěŋő ć śőőšćěšśšćĺě ćěźěśšćěŋŋőě ůĺśńő ‖x‖, šăłőě, ůšő ćżŕőńŋěŋż śńěďş¿źĺě ăłśĺőňż:

‖x‖ > 0 , ěśńĺ x ≠ 0 , ‖0‖ = 0, ‖αx‖ = |α| ‖x‖, (ăłśĺőňă ăąśőń¿šŋőľ őďŋőřőďŋőśšĺ) ‖x + y‖ ≤ ‖x‖ + ‖y‖ (ăłśĺőňă (ŋěřăćěŋśšćő) šřěşčőńĳŋĺłă)

ďń£ ń¿ąőčő ůĺśńă α ĺ ń¿ąőčő n-ćěłšőřă ‖y‖. Šőčďă ůĺśńő ‖x‖ ŋăğżćăěšś£ ŋőřňőľ ćěłšőřă ‖x‖.

Ŋăĺąőńěě şŕőšřěąĺšěńĳŋżňĺ ŋă ŕřăłšĺłě £ćń£¿šś£ śńěďş¿źĺě ćěłšőřŋżě ŋőřňż: | ăąśőń¿šŋă£ ŋőřňă (ŋőřňă l_1, ĺńĺ 1-ŋőřňă) ‖x‖1 =^{n∑}_{i=1} |xi|; | ěćłńĺďőćă ŋőřňă (ŋőřňă l_2, ĺńĺ 2-ŋőřňă)

‖x‖2 = |(x, x)| =^|x^T x^| =^{( n∑}_{i=1} x^2_i^{)1/2},

čďě ůěřěğ ( , ) őąőğŋăůěŋő śłăń£řŋőě ŕřőĺğćěďěŋĺě ćěłšőřőć;

| ňăłśĺňăńĳŋă£ ŋőřňă (ŋőřňă l_∞, ĺńĺ ∞-ŋőřňă) ‖x‖∞ = max_{1≤i≤n} |xi|. İšĺ ŋőřňż £ćń£¿šś£ ůăśšŋżňĺ śńşůă£ňĺ ŋőřňż Čěńĳďěřă (ĺńĺ ŋőřňż l_p) ś ŕőłăğăšěńěň p, p ≥ 1: ‖x‖p =^{( n∑}_{i=1} |xi|^{p)1/p}. Ďćě ćěłšőřŋżě ŋőřňż ‖ · ‖_I ĺ ‖ · ‖_{II} ŋăğżćă¿šś£ ¡łćĺćăńěŋšŋżňĺ, ěśńĺ śşźěśšćş¿š šăłĺě ŕőńőęĺšěńĳŋżě ćěźěśšćěŋŋżě ůĺśńă c_1 ĺ c_2, ůšő ďń£ ń¿ąőčő ćěłšőřă x ćżŕőńŋ£¿šś£ ŋěřăćěŋśšćă (śőőšŋőÿěŋĺ£ ¡łćĺćăńěŋšŋőśšĺ)

c_1 ‖x‖_I ≤ ‖x‖_{II} ≤ c_2 ‖x‖_I

ŕřĺůěň c_1 ĺ c_2 ŋě ğăćĺś£š őš ćżąőřă x. Řăśśňőšřěŋŋżě ćżÿě ŋőřňż ¡łćĺćăńěŋšŋż.

Śőąśšćěŋŋżě ğŋăůěŋĺ£ ňăšřĺű. Ůĺśńő λ ŋăğżćăěšś£ śőąśšćěŋŋżň ğŋăůěŋĺěň łćăďřăš-

ŋőľ ňăšřĺűż A, ěśńĺ śşźěśšćşěš šăłőľ ŋěŋşńěćőľ ćěłšőř x, ůšő Ax = λx. Ń¿ąőľ ćěłšőř x ≠ 0, şďőćńěšćőř£¿źĺľ ¡šőňş şřăćŋěŋĺ¿, ŋăğżćăěšś£ śőąśšćěŋŋżň ćěłšőřőň ňăšřĺűż A, śőőšćěšśšćş¿źĺň śőąśšćěŋŋőňş ğŋăůěŋĺ¿ λ. Śőćőłşŕŋőśšĳ ćśěţ śőąśšćěŋŋżţ ğŋăůěŋĺľ ŋăğżćăěšś£ śŕěłšřőň ňăšřĺűż, ă ňăłśĺňăńĳŋżľ ĺğ ňőďşńěľ ěě śőąśšćěŋŋżţ ğŋăůěŋĺľ ŋăğżćăěšś£ śŕěłšřăńĳŋżň řăďĺşśőň. Śőąśšćěŋŋżě ğŋăůěŋĺ£ λ (ć őąźěň śńşůăě łőňŕńěłśŋżě) £ćń£¿šś£ ŋşń£ňĺ ţăřăłšěřĺśšĺůěśłőčő ňŋőčőůńěŋă det(A − λ E), š.ě. ŋşń£ňĺ (łőřŋ£ňĺ) ćěłőćőčő şřăćŋěŋĺ£ det(A−λ E) = 0. Śőąśšćěŋŋżě ğŋăůěŋĺ£ ňăšřĺű A ĺ A^T śőćŕăďă¿š. Ěśńĺ ňăšřĺűă A ŋěćżřőęďěŋŋă£ ĺ λ | ń¿ąőě ěě śőąśšćěŋŋőě ğŋăůěŋĺě, šő λ ≠ 0 ĺ λ^{−1} £ćń£- ěšś£ śőąśšćěŋŋżň ğŋăůěŋĺěň ňăšřĺűż A^{−1}. Ěśńĺ λ | śőąśšćěŋŋőě ğŋăůěŋĺě ňăšřĺűż A, šő ůĺśńő λ − μ £ćń£ěšś£ śőąśšćěŋŋżň ğŋăůěŋĺěň ňăšřĺűż A − μ, E, čďě E | ěďĺŋĺůŋă£ ňăšřĺűă. Ůĺśńő λ^2 | śőąśšćěŋŋőě ğŋăůěŋĺě ňăšřĺűż A^2.

Őřšőčőŋăńĳŋżě ňăšřĺűż. Ćěźěśšćěŋŋă£ (n×n)-ňăšřĺűă Q ŋăğżćăěšś£ őřšőčőŋăńĳŋőľ,

ěśńĺ Q Q^T = E. Ňăšřĺűă Q^T šăłęě őřšőčőŋăńĳŋă£. Łřőňě šőčő, det(Q) = ±1 ĺ Q^{−1} = Q^T . Ŕřőĺğćěďěŋĺě őřšőčőŋăńĳŋżţ ňăšřĺű ěśšĳ őřšőčőŋăńĳŋă£ ňăšřĺűă.

Śĺňňěšřĺůŋżě ŕőńőęĺšěńĳŋő őŕřěďěńěŋŋżě ňăšřĺűż. İšő šăłĺě ňăšřĺűż A, ďń£

łőšőřżţ łćăďřăšĺůŋă£ ťőřňă x^T A x = (A x, x) > 0 ďń£ ćśěţ ŋěŋşńěćżţ ćěłšőřőć x. Ďń£ ¡šĺţ ňăšřĺű ŕřĺŋ£šő őąőğŋăůěŋĺě A = A^T > 0. Ĺţ ďĺăčőŋăńĳŋżě ¡ńěňěŋšż ĺ śőąśšćěŋŋżě ğŋăůěŋĺ£ ŕőńőęĺšěńĳŋż. Ěśńĺ B | ŕř£ňőşčőńĳŋă£ ňăšřĺűă ś ńĺŋěľŋő-ŋěğăćĺśĺňżňĺ śšőńąűăňĺ (śšřőłăňĺ), šő ňăšřĺűă A = B^T B £ćń£ěšś£ śĺňňěšřĺůŋőľ ŕőńőęĺšěńĳŋő őŕřěďěńěŋŋőľ; ěśńĺ ş B śšőńąűż (śšřőłĺ) ńĺŋěľŋő-ğăćĺśĺňż, šő A = B^T B | śĺňňěšřĺůŋă£ ŕőńőęĺšěńĳŋő ŕőńşőŕřěďěńěŋŋă£ ňăšřĺűă.

Śĺŋčşń£řŋőě řăğńőęěŋĺě ňăšřĺű. Ďń£ ń¿ąőľ ćěźěśšćěŋŋőľ (n × m)-ňăšřĺűă řăŋčă r

śşźěśšćş¿š őřšőčőŋăńĳŋă£ (n × n)-ňăšřĺűă U ĺ őřšőčőŋăńĳŋă£ (m × m)-ňăšřĺűă V , šăłĺě, ůšő U^T A V = ˚, čďě ˚ | ŕř£ňőşčőńĳŋă£ ďĺăčőŋăńĳŋă£ (n × m)-ňăšřĺűă ś ŋěćőğřăśšă¿źĺňĺ ŋěőšřĺűăšěńĳŋżňĺ ¡ńěňěŋšăňĺ σ_i (i = 1, . . ., m) ŋă ďĺăčőŋăńĺ. İšő řăğńőęěŋĺě ňăšřĺűż A ŋăğżćăěšś£ śĺŋčşń£řŋżň, ă ¡ńěňěŋšż σ_i | śĺŋčşń£řŋżňĺ ůĺśńăňĺ, ŕřĺůěň

σ_1 ≥ σ_2 ≥ . . . ≥ σ_r > 0 ĺ σ_{r+1} =_m= 0.

Łćăďřăšż ŋěŋşńěćżţ śĺŋčşń£řŋżţ ůĺśěń ňăšřĺűż A śőćŕăďă¿š ś ŋěŋşńěćżňĺ śőąśšćěŋŋżňĺ ğŋăůěŋĺ£ňĺ ňăšřĺű A^T A ĺ A A^T , ă łőńĺůěśšćő ŋěŋşńěćżţ śĺŋčşń£řŋżţ ůĺśěń řăćŋő řăŋčş ňăšřĺűż A. Śĺŋčşń£řŋőě řăğńőęěŋĺě ěďĺŋśšćěŋŋő ś šőůŋőśšĳ¿ ďő ňăšřĺű U ĺ V .

Ňăšřĺůŋżě ŋőřňż. Ŕşśšĳ ćěźěśšćěŋŋőľ ĺńĺ łőňŕńěłśŋőľ (n × m)-ňăšřĺűě A ŕőśšă-

ćńěŋő ć śőőšćěšśšćĺě ŋěłőšőřőě ćěźěśšćěŋŋőě ůĺśńő ‖A‖, šăłőě, ůšő ćżŕőńŋěŋż śńěďş¿źĺě ăłśĺőňż:_‖ A‖ > 0, ěśńĺ A ≠ 0 , ‖0‖ = 0, ‖α A‖ = |α| ‖A‖, ‖A + B‖ ≤ ‖A‖ + ‖B‖, ‖A C‖ ≤ ‖A‖ ‖C‖ (ăłśĺőňă ňşńĳšĺŕńĺłăšĺćŋőśšĺ)

ďń£ ń¿ąőčő ůĺśńă α ĺ ń¿ążţ ňăšřĺű B ĺ C, ďń£ łőšőřżţ śőőšćěšśšćş¿źĺě őŕěřăűĺĺ ĺňě¿š śňżśń. Šőčďă ůĺśńő ‖A‖ ŋăğżćăěšś£ ŋőřňőľ ňăšřĺűż A.

Ěśńĺ ‖A‖ şďőćńěšćőř£ěš šőńĳłő ŕěřćżň šřěň ăłśĺőňăň, šő šăłş¿ ŋőřňş ŋăğżćă¿š ăďďĺšĺćŋőľ (őąőąźěŋŋőľ) ňăšřĺůŋőľ ŋőřňőľ. Ěśńĺ şďőćńěšćőř£¿šś£ ćśě ůěšżřě ăłśĺőňż, šő šăłă£ ŋőřňă ňăšřĺűż ŋăğżćăěšś£ ňşńĳšĺŕńĺłăšĺćŋőľ. Ćś£łş¿ ăďďĺšĺćŋş¿ ŋőřňş şňŋőęěŋĺěň ŋă ďőśšăšőůŋő ąőńĳÿş¿ ŕőńőęĺšěńĳŋş¿ łőŋśšăŋšş ňőęŋő ŕřěćřăšĺšĳ ć ňşńĳšĺŕńĺłăšĺćŋş¿. Ćěğďě, čďě ŋě őčőćőřěŋő ŕřőšĺćŋőě, ŕőď ňăšřĺůŋőľ ŋőřňőľ ąşďěň ŕőŋĺňăšĳ ňşńĳšĺŕńĺłăšĺćŋş¿ ňăšřĺůŋş¿ ŋőřňş.

Ŋăĺąőńěě şŕőšřěąĺšěńĳŋżňĺ ŋă ŕřăłšĺłě £ćń£¿šś£ śńěďş¿źĺě ňăšřĺůŋżě ŋőřňż:

| ŕěřćă£ ŋőřňă (śšőńąűőćă£ ŋőřňă, ĺńĺ 1-ŋőřňă) ‖A‖_1 = max_{1≤j≤m} n∑ i=1 |a_{ij}|; | śŕěłšřăńĳŋă£ ŋőřňă (ćšőřă£ ŋőřňă, ĺńĺ ŋőřňă Čĺńĳąěřšă)

‖A‖_2 = max_{1≤i≤m} σ_i = ( max 1≤i≤m λ_i(A^T A)

)_1/_2 = ( max 1≤i≤n λ_i(AA^T )

)_1/_2 , čďě σ_i | śĺŋčşń£řŋżě ůĺśńă ňăšřĺűż A, λ_i(A^T A) | śőąśšćěŋŋżě ğŋăůěŋĺ£ ňăšřĺűż A^T A ĺ λ_i(AA^T ) | śőąśšćěŋŋżě ğŋăůěŋĺ£ ňăšřĺűż AA^T ;

| ąěśłőŋěůŋă£ ŋőřňă (śšřőůŋă£ ŋőřňă, ĺńĺ ∞-ŋőřňă) ‖A‖_∞ = max_{1≤i≤n} n∑ j=1 |a_{ij}|; | śťěřĺůěśłă£ ŋőřňă (ŋőřňă Ťřőąěŋĺşśă, ĺńĺ ěćłńĺďőćă ŋőřňă)

‖A‖_F = ‖A‖_E = N(A) = n∑ i=1 m∑ j=1 |a_{ij}|^2 1/2 = m∑ j=1 σ^2_j 1/2 = m∑ j=1 σ_j(A^T A). Ćżŕĺśăŋŋżě ňăšřĺůŋżě ŋőřňż ¡łćĺćăńěŋšŋż.

Ňăšřĺůŋă£ ŋőřňă ‖ · ‖_M ŋăğżćăěšś£ śőčńăśőćăŋŋőľ ś ćěłšőřŋżňĺ ŋőřňăňĺ ‖ · ‖_V , ěśńĺ ‖Ax‖V ≤ ‖A‖M ‖x‖V ďń£ ń¿ąőľ ňăšřĺűż A ĺ ćśěţ ćěłšőřőć x. Ćś£łă£ ŋőřňă ňăšřĺűż śőčńăśőćăŋă ś łăłĺňĺ-ŋĺąşďĳ ćěłšőřŋżňĺ ŋőřňăňĺ.

Ŕşśšĳ ğăďăŋă ćěłšőřŋżňĺ ŋőřňă ‖ · ‖_V . Šőčďă ůĺśńőćă£ ťşŋłűĺ£ ‖A‖ = sup_‖ x‖V ≠0 ‖A x‖V ‖x‖V = sup_‖x_{‖V =1}^{‖A} x^{‖V}

£ćń£ěšś£ ňăšřĺůŋőľ ŋőřňőľ ĺ ŋăğżćăěšś£ ŋőřňőľ ňăšřĺűż, ŕőďůĺŋěŋŋőľ ćěłšőřŋőľ ŋőřňě ‖ · ‖V . Śřěďĺ ćśěţ ňăšřĺůŋżţ ŋőřň, śőčńăśőćăŋŋżţ ś ğăďăŋŋőľ ćěłšőřŋőľ ŋőřňőľ, ŕőďůĺŋěŋŋă£ ŋőřňă £ćń£ěšś£ ňĺŋĺňăńĳŋőľ ć šőň śňżśńě, ůšő ć ŋěřăćěŋśšćě ‖Ax‖_V ≤ ‖A‖_M ‖x‖_V ůĺśńő ‖A‖_M ŋěńĳğ£ şňěŋĳÿĺšĳ. Śŕěłšřăńĳŋă£, 1- ĺ ∞-ŋőřňż ňăšřĺű £ćń£¿šś£ ŕőďůĺŋěŋŋżňĺ ŕő őšŋőÿěŋĺ¿, śőőšćěšśšćěŋŋő, ł ěćłńĺďőćőľ, 1- ĺ ∞-ŋőřňăň ćěłšőřőć, ă ğŋăůĺš ĺ śőčńăśőćăŋŋżňĺ ś ŋĺňĺ.

Őřšőčőŋăńĳŋő ŕőďőąŋżě ňăšřĺűż. Ňăšřĺűă A ŋăğżćăěšś£ őřšőčőŋăńĳŋő ŕőďőąŋőľ

ňăšřĺűě B, ěśńĺ śşźěśšćşěš šăłă£ őřšőčőŋăńĳŋă£ ňăšřĺűă Q, ůšő A = Q^T BQ. Őřšőčőŋăńĳŋő ŕőďőąŋżě ňăšřĺűż ĺňě¿š őďĺŋăłőćżě śőąśšćěŋŋżě ğŋăůěŋĺ£.

Ğăďăůĺ ĺ řěÿěŋĺ£

1. Ŋăľšĺ łőŋśšăŋšż ¡łćĺćăńěŋšŋőśšĺ, ść£ğżćă¿źĺě ŋőřňż ||x||_∞, ||x||_1, ||x||_2, ă šăłęě ćěłšőřż, ŋă łőšőřżţ őŋĺ ďőśšĺčă¿šś£.

Řěÿěŋĺě. Ĺğ ŋěřăćěŋśšć max1≤i≤n |xi| ≤^{∑n}_{i=1} |xi| ≤ n max1≤i≤n |xi| śńěďşěš ||x||∞ ≤ ||x||1 ≤ n ||x||∞ . Ŕőśłőńĳłş ∑_n i=1 x^2_i ≤ ( ∑_n i=1 |xi|) 2, šő ||x||_2 ≤ ||x||_1. Ĺğ ŋěřăćěŋśšćă Łőÿĺ{Ąşŋ£łőćśłőčő ĺňěěň n∑ i=1 |x_i| ≤ (_n ∑ i=1 1 )_{1/2} (_n ∑ i=1 x^2_i )_{1/2} = n^{1/2} (_n ∑ i=1 x^2_i )_{1/2} . Śńěďőćăšěńĳŋő, n^{−1/2}||x||_1 ≤ ||x||_2 ≤ ||x||_1 . Ĺğ ŋěřăćěŋśšć max_{1≤i≤n} x^2_i ≤ ∑_n i=1 x^2_i ≤ n max_{1≤i≤n} x^2_i śńěďşěš ||x||∞ ≤ ||x||2 ≤ n^{1/2} ||x||∞ . 2. Ŕőłăğăšĳ, ůšő ťşŋłűĺőŋăń ĺğ őŕřěďěńěŋĺ£ ŕőďůĺŋěŋŋőľ ŋőřňż ďěľśšćĺšěńĳŋő £ćń£ěšś£ ňăšřĺůŋőľ ŋőřňőľ.

Řěÿěŋĺě. Ŕěřćżě ďćă şśńőćĺ£ ńěčłő śńěďş¿š ĺğ şśńőćĺľ ďń£ ćěłšőřŋőľ ŋőřňż. Ŕőłăęěň, ůšő şďő-

ćńěšćőř£ěšś£ šřěšĳě şśńőćĺě. Ďěľśšćĺšěńĳŋő, ć śĺńş ŋěřăćěŋśšćă šřěşčőńĳŋĺłă ďń£ ćěłšőřŋőľ ŋőřňż ĺňěěň ||A + B|| = sup_{||} x||=1^{||} (A + B) x|| ≤ sup_{||} x||=1^{||A} x|| + sup_{||} x||=1^{||B} x|| = ||A|| + ||B|| . Ĺğ őŕřěďěńěŋĺ£ ŕőďůĺŋěŋŋőľ ŋőřňż śńěďşěš, ůšő ||A x|| ||x||^{≤ ||A||} ďń£ ćśěţ x̸= 0^.

Šăłĺň őąřăğőň, śŕřăćěďńĺćő ŋěřăćěŋśšćő ||AB|| = sup_{||} x||=1^{||AB} x|| ≤ sup_{||} x||=1 ( ||A|| ||B x|| ) = ||A|| sup_{||} x||=1^{||B} x|| = ||A|| ||B|| , ĺğ łőšőřőčő śńěďşěš, ůšő şďőćńěšćőř£ěšś£ ĺ ůěšćěřšőě şśńőćĺě.

3. Ŋăľšĺ ňăšřĺůŋżě ŋőřňż, ŕőďůĺŋěŋŋżě ćěłšőřŋżň ŋőřňăň || · ||_∞ ĺ || · ||_2. Řěÿěŋĺě. Ŕőńşůĺň őűěŋłş śćěřţş ďń£ ćěńĺůĺŋż ||Ax||∞: ||Ax||∞ = max_i | | | | ∑ j a_{ij}x_j | | | | ≤ max_i (∑ j |a_{ij}| max_j |x_j| ) ≤ max_i (∑ j |a_{ij}| ) ||x||∞ Ŕőłăęěň, ůšő ¡šă őűěŋłă ďőśšĺčăěšś£. Ŕşśšĳ ňăłśĺňşň ŕő i ĺňěěš ňěśšő ŕřĺ i = l; šőčďă ćőğĳňěň

x =^(sign (al1), sign (al2), . . . , sign (aln)^). Ĺňěěň ||x||∞ = 1 ĺ šőůŋżě řăćěŋśšćă ćő ćśěľ űěŕőůłě ćżÿě.

Šăłĺň őąřăğőň, ‖A‖_∞ = max_i (_n ∑ j=1 |a_{ij}| ) . Ŕő őŕřěďěńěŋĺ¿ ňăšřĺůŋőľ ŋőřňż, ŕőďůĺŋěŋŋőľ ěćłńĺďőćőľ ćěłšőřŋőľ ŋőřňě, ĺňěěň

||A||_2 = sup

x≠0 ||Ax||2 ||x||2 = supx_{≠0} √ (Ax, Ax) (x, x) = supx_{≠0} √ (A^T Ax, x)

(x, x)^.

Őšňěšĺň, ůšő (A^T A)^T = A^T (A^T )^T = A^T A, š.ě. ňăšřĺűă B = A^T A | śĺňňěšřĺůŋă£, ĺ (A^T Ax, x) =

(Ax, Ax) ≥ 0; śńěďőćăšěńĳŋő, ćśě λ(B) ≥ 0. Řăśśşęďă£ ďăńěě, łăł ĺ ć ğăďăůě 4, ŕőńşůĺň

sup_{x≠0}

(Bx, x) (x, x) = maxi^{λi}(^B)^,

ă řăćěŋśšćő ďőśšĺčăěšś£ ŋă śőőšćěšśšćş¿źěň śőąśšćěŋŋőň ćěłšőřě. Ŕő¡šőňş ||A||_2 = √ max_i λ(A^T A) .

Śńěďşěš őšňěšĺšĳ ćăęŋżľ ůăśšŋżľ śńşůăľ śĺňňěšřĺůŋőľ ňăšřĺűż: A = A^T . Ğďěśĳ ||A||_2 = max_i |λ(A)|. Ěśńĺ ęě ¡šă ňăšřĺűă ł šőňş ęě ŕőńőęĺšěńĳŋő őŕřěďěńěŋă, š.ě. A = A^T > 0, šő ||A||_2 = max_i λ(A). 4. Ŕşśšĳ A | ćěźěśšćěŋŋă£ (n × m)-ňăšřĺűă, x | ćěźěśšćěŋŋżľ m-ćěłšőř ĺ y | ćěźěśšćěŋŋżľ n-ćěłšőř. Ďőłăğăšĳ śńěďş¿źĺě šřĺ śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż ‖ · ‖:

||A||_2 = max_{||}x_{||2=1} ||y||2=1 |y^T Ax|, ||A^T ||2 = ||A||2, ||A^T A||2 = ||AA^T ||2 = ||A||^2. Řěÿěŋĺě. Ďń£ ďőłăğăšěńĳśšćă ŕěřćőčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż ŋăďő ŕőłăğăšĳ, ůšő śşźě-

śšćş¿š šăłĺě ćěłšőřż x ĺ y ěďĺŋĺůŋőľ ďńĺŋż, ŋă łőšőřżţ ňăłśĺňşň ďőśšĺčăěšś£. Ć śĺńş ŋěřăćěŋśšćă Łőÿĺ{Ąşŋ£łőćśłőčő ĺ şůĺšżćă£, ůšő śŕěłšřăńĳŋă£ ŋőřňă ŕőďůĺŋěŋă ěćłńĺďőćőľ ćěłšőřŋőľ ŋőřňě, ŕőńşůĺň ŋěřăćěŋśšćő | |y^T Ax^| = (y, Ax) ≤ ||y||2 ||Ax||2 ≤ ||y||2 ||x||2 ||A||2 = ||A||2 . Ŕşśšĳ ćěłšőř x šăłőľ, ůšő ||Ax||_2 = ||A||_2, š.ě. ŋă ŋěň ďőśšĺčăěšś£ ňăłśĺňşň ć őŕřěďěńěŋĺĺ ŕőďůĺŋěŋŋőľ ŋőřňż, ĺ ćőğĳňěň y = Ax/||Ax||_2. Šőčďă ||y||_2 = 1 ĺ | |y^T Ax^| = (^Ax)^T_{||A}x_{||2} Ax = (^Ax^{, A}x)_{||A}x_{||2} = ||Ax||2 = ||A||2 .

Śńěďőćăšěńĳŋő, ĺśłőňżě ćěłšőřż x ĺ y ŕőśšřőěŋż ĺ ŕěřćőě śćőľśšćő śŕěłšřăńĳŋőľ ŋőřňż ďőłăğăŋő.

Ĺğ ŕěřćőčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż ĺ ĺğ řăćěŋśšćă

||A^T ||_2 = max_{||}x_{||2=1} ||y||2=1 | |y^T A^T x^| = max_{||}x_{||2=1} ||y||2=1 ( y, A^T x^) = max_{||}x_{||2=1} ||y||2=1 ( Ay, x^) = max_{||}y_{||2=1} ||x||2=1 | |x^T Ay^| = ||A||2 śńěďşěš ěě ćšőřőě śćőľśšćő. Ğăňěšĺň, ůšő ŕőśłőńĳłş ğďěśĳ ňż ŕřĺňěŋ£ěň ŕěřćőě śćőľśšćő ł ňăšřĺűě A^T , šő ć őąőğŋăůěŋĺ£ţ, ŕřĺŋ£šżţ ć ¡šőň řăćěŋśšćě, ćěłšőř y ĺňěěš řăğňěřŋőśšĳ m, ă ćěłšőř x | řăğňěřŋőśšĳ n.

Ŕőłăęěň šěŕěřĳ śŕřăćěďńĺćőśšĳ šřěšĳěčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż. Ĺğ ćšőřőčő śćőľśšćă śńěďşěš ŋěřăćěŋśšćő ||A^T A||_2 ≤ ||A^T ||_2||A||_2 = ||A||^2. Ćőğĳňěň šăłőľ ćěłšőř x, ůšő ||x||_2 = 1 ĺ ||A x||_2 = ||A||_2, ĺ ŕřĺňěŋĺň ŕěřćőě śćőľśšćő ł ňăšřĺűě A^T A, ŕőńőęĺć y = x. Šőčďă ŕőńşůĺň ŋěřăćěŋśšćő ||A^T A||_2 ≥ | |x^T A^T Ax^| = (Ax, Ax) = ||A x||^2 = ||A||^2.

Ĺğ ¡šĺţ ďćşţ ŋěřăćěŋśšć śńěďşěš ||A^T A||_2 = ||A||^2. Ăŋăńőčĺůŋő ŕőłăğżćăěšś£, ůšő ||AA^T ||_2 = ||A||^2. Šăłĺň őąřăğőň, šřěšĳě śćőľśšćő śŕěłšřăńĳŋőľ ŋőřňż ďőłăğăŋő.

5. Ŕşśšĳ A | ćěźěśšćěŋŋă£ ŕř£ňőşčőńĳŋă£ ňăšřĺűă. Ŕőłăğăšĳ, ůšő şňŋőęěŋĺě ěě śŕřăćă ĺńĺ śńěćă ŋă őřšőčőŋăńĳŋş¿ ňăšřĺűş Q śőőšćěšśšćş¿źĺţ ŕőř£ďłőć ŋě ňěŋ£ěš ěě śŕěłšřăńĳŋş¿ ŋőřňş.

Řěÿěŋĺě. Ĺğ šřěšĳěčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż śńěďşěš ||QA||^2 = || ( QA )_T QA||_2 = ||A^T Q^T QA||_2 = ||A^T A||_2 = ||A||^2. Ĺğ ćšőřőčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż ĺ ŕőńşůěŋŋőčő řăćěŋśšćă śńěďşěš ||AQ||_2 = || ( AQ )_T ||2 = ||Q^T A^T ||_2 = ||A^T ||_2 = ||A||_2. Ć ůăśšŋőśšĺ, ĺğ

||Qx||^2 = (Qx, Qx) = (Qx)^T Qx = x^T Q^T Qx = x^T x = (x, x) = ||x||^2

śńěďşěš, ůšő şňŋőęěŋĺě ćěłšőřă x ŋă őřšőčőŋăńĳŋş¿ ňăšřĺűş śőţřăŋ£ěš ěčő ďńĺŋş.

6. Ŕőłăğăšĳ śŕřăćěďńĺćőśšĳ ŋěřăćěŋśšćă ‖A‖^2 ≤ ‖A‖_1‖A‖_∞. Řěÿěŋĺě. Ďń£ śőčńăśőćăŋŋżţ ćěłšőřŋżţ ĺ ňăšřĺůŋżţ ŋőřň ĺğ

Ax = λx

ĺňěěň |λ| ‖x‖ ≤ ‖A‖ ‖x‖, |λ| ≤ ‖A‖, š.ě. ňőďşńĳ ń¿ąőčő śőąśšćěŋŋőčő ğŋăůěŋĺ£ ňăšřĺűż ŋě ąőńĳÿě ń¿ąőľ ěě ŋőřňż. Ĺğ ¡šőčő ğăłń¿ůěŋĺ£ ĺ ĺğ šřěšĳěčő śćőľśšćă śŕěłšřăńĳŋőľ ŋőřňż ŕőńşůĺň řěÿěŋĺě ğăďăůĺ:

‖A‖^2 = max λ(A^T A) ≤ ‖A^T A‖_1 ≤ ‖A‖_1‖A^T ‖_1 = ‖A‖_1‖A‖_∞.

7. Ďőłăğăšĳ, ůšő ůĺśńőćă£ ťşŋłűĺ£ M(A) = n max_{ij} |a_{ij}| őš ¡ńěňěŋšőć ňăšřĺűż A £ćń£ěšś£ ňăšřĺůŋőľ ŋőřňőľ.

Řěÿěŋĺě. Ğăňěšĺň, ůšő

η(A) = max_{i,j} |a_{ij}| = sup

x≠0 ||Ax||∞ ||x||1^, ŕőśłőńĳłş ||Ax||∞ = max_i | | | ∑ j a_{ij}x_j | | | ≤ max_{i,j} |a^{ij}| ∑ j |x_j| ĺ ∑ j |x_j| = ||x||_1, ŕřĺůěň řăćěŋśšćő ďőśšĺčăěšś£, łőčďă ćśě ¡ńěňěŋšż ňăšřĺűż A őďĺŋăłőćż.

Ŕőńşůĺň őűěŋłş śŋĺğş: n max_{i,j} |a_{ij}| = n sup x≠0 ||Ax||∞ ||x||1^≥ supx≠0 n ||Ax||_∞ n ||x||_∞ ≥ ||A||_∞, š.ě. ||A||_∞ ≤ M (A). Ğďěśĳ ňż ĺśŕőńĳğőćăńĺ ŋěřăćěŋśšćő ||x||∞ ≤ ||x||1 ≤ n ||x||∞. Őűěŋłă śćěřţş ŕőńşůăěšś£ ăŋăńőčĺůŋő: n max_{ij} |a_{ij}| ≤ n sup x≠0 ||Ax||∞ ||x||∞^{≤ n ||A||∞,} š.ě. M (A) ≤ n ||A||_∞. Ŕőńşůěŋŋżě ŋěřăćěŋśšćă őŕřěďěń£¿š śőőšŋőÿěŋĺě ¡łćĺćăńěŋšŋőśšĺ ďń£ M (A) ĺ ‖A‖_∞.